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 a b s t r a c t

Although much progress has been made in simulation optimization, problems involving computationally ex-
pensive simulations having high-dimensional, discrete decision-variable spaces have been stubbornly resistant to 
solution. For this class of problems we propose Dice and Slice Simulation Optimization (DASSO). DASSO is a 
form of Bayesian optimization that represents the prior on the objective function implied by the simulation as 
a sum of low-dimensional Gaussian Markov random fields. This prior is consistent with the full-dimensional ob-
jective function, rather than assuming that it is actually separable. By working iteratively between posteriors on 
these low-dimensional “dice” and a full-dimensional “slice” of the decision-variable space, DASSO makes rapid 
progress with little algorithm overhead even on problems with more than a trillion feasible solutions. We achieve 
further computational savings by showing that we can find the best solution to simulate on each iteration without 
having to assess the potential of all solutions—as is traditionally done in Bayesian optimization—by identifying 
a small set of Pareto-optimal solutions in subsets of the dimensions. We prove that DASSO is asymptotically 
convergent to the optimal solution, while emphasizing that its most important feature is the ability to find good 
solutions quickly in problems beyond the capability of other methods.

1.  Introduction

Simulation optimization (SO) is a technique for improving the per-
formance of complex systems under uncertainty, where the design pa-
rameters of the simulation model represent the controllable decision 
variables of the system. Unlike deterministic optimization and stochas-
tic programming problems, the objective function in SO has no explicit 
form and can only be estimated using simulation experiments. SO prob-
lems with discrete decision variables are known as discrete simulation 
optimization (DSO) problems and arise in many areas of operations re-
search and management science.

For large-scale DSO problems, where only a small fraction of feasible 
solutions can reasonably be simulated, one can employ metaheuristics, 
adaptive random search, or inference-based algorithms. Metaheuristics 
typically provide no statistical performance guarantees. Adaptive ran-
dom search algorithms, on the other hand, can be shown to achieve 
asymptotic convergence to the global or a local optimum. However, 
such convergence results have little practical meaning for large-scale 
problems if it is not possible to simulate even a modest fraction of the 
feasible solutions. See Fu et al. (2015) for a review of DSO algorithms.
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Inference-based algorithms are closely related to Bayesian optimiza-
tion (BO), a popular technique for optimizing black-box functions that is 
known for making rapid search progress. BO provides guidance for the 
search based on the conditional (posterior) distribution of a stochastic 
process representing the unknown objective function. A popular choice 
for the prior on the objective function is a Gaussian process (GP) due to 
its posterior being Gaussian if the simulation output distribution is also 
Gaussian. Although GPs with a continuous domain have been adapted to 
solve DSO problems (see, e.g., Quan et al. 2013, Sun et al. 2014, Xie et al.
2016), Salemi et al. (2019) demonstrate empirically that continuous-
decision-variable covariance functions may fail dramatically when used 
for guidance and optimality-gap inference in discrete problems. They 
also show that using a Gaussian Markov random field (GMRF) prior, as 
an alternative to a continuous GP, provides much better search guid-
ance and stopping inference for DSO. Our new methods start from the 
foundation of the Gaussian Markov Improvement Algorithm (GMIA) of 
Salemi et al. (2019) but are dramatically different.

A GMRF is a multivariate Gaussian random vector associated with 
an undirected graph where the nodes represent feasible solutions and 
the edges determine correlation structure. Unlike GPs with a continuous 

https://doi.org/10.1016/j.ejor.2026.01.005
Received 22 April 2025; Accepted 5 January 2026

European Journal of Operational Research xxx (xxxx) xxx 

Available online 10 January 2026 
0377-2217/© 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

Please cite this article as: Harun Avci et al., European Journal of Operational Research, https://doi.org/10.1016/j.ejor.2026.01.005 

https://www.elsevier.com/locate/eor
https://www.elsevier.com/locate/eor
https://orcid.org/0000-0003-3973-6456

$(s, S)$


$s$


$S$


$\mb {y}({\x }) = \Exp {\simOutput (\x )}$


$\x \in \Xset $


$\Xset $


$\numDim $


$\mb {y}({\x })$


$\simOutput _j(\x ) = \mb {y}({\x }) + \noise _j(\x )$


$\x $


$j = 1,2,\ldots ,$


$\{ \noise _j(\x ) \}$


$\Iva {\x }$


$\x $


$\x $


$\simOutput (\x )$


$\mb {y}({\x })$


$\Yrv = [\Yrv _{1}, \Yrv _{2}, \ldots , \Yrv _{\numSol }]^\top $


$\graph = (\nodes , \edges )$


$\nodes $


$\numSol $


$\edges $


$\x _{i}$


$\Yrv $


$\pm 1$


$\m $


$\Q $


$\Yrv $


$f(\mb {y} \vert \m , \Q ) = (2 \pi )^{-\numSol /2} \lvert \Q \rvert ^{1/2} \exp \left (- \frac {1}{2} (\mb {y} - \m )^\top \Q (\mb {y} - \m ) \right ).$


$\edges $


$\Q $


$(2\numDim +1)\numSol $


$\Q $


$Q_{ii} = \mathrm {Prec}(\Yrv _{i} \mid \Yrv _{\setexclusion {\nodes }{i}})$


$\Yrv _{S}$


$\Yrv $


$S \subset \nodes $


$Q_{ij} = - \mathrm {Corr}(\Yrv _{i}, \Yrv _{j} \mid \Yrv _{\setexclusion {\nodes }{i, j}}) \sqrt {Q_{ii}Q_{jj}}$


$\Yrv $


$\Yrv _{i} \perp \Yrv _{\setdifference {\nodes }{(\neigh {i}\cup \{i\})}} \mid \Yrv _{\neigh {i}}$


$\neigh {i} = \{j \colon \{i, j\} \in \edges \}$


$i$


$\graph $


$\Yrv _{i}$


$Q_{ij} \neq 0$


$\{i, j\} \in \edges $


$\mb {y} = [\mb {y}(\x _{1}), \mb {y}(\x _{2}), \ldots , \mb {y}(\x _{\numSol })]^\top $


$\Yrv = \left [ \Yrv (\x _{1}), \Yrv (\x _{2}), \ldots , \Yrv (\x _{\numSol }) \right ]^\top \sim \normal {\m , \Q ^{-1}}$


$\m $


$\numSol \times 1$


$\Q $


$\numSol \times \numSol $


$\D \subseteq \Xset $


$\Xset $


$\D $


$\U = \setdifference {\Xset }{\D }$


$\D $


$\U $


$\Yrv $


$\Yrv _{\U }$


$\Yrv _{\D }$


$\Yrv $


$\U $


$\D $


$\Yrv = \left (\begin {array}{c} \Yrv _{\U } \\ \Yrv _{\D } \end {array}\right )$


$\m $


$\m _{\U }$


$\m _{\D }$


$\mean $


$\Yrv _{\D }^{\noise } = \Yrv _{\D } + \noiseVec $


$\Yrv _{\D }$


$\noiseVec $


$\noiseVec \sim \normal { \zerov {\card {\D }}, \covMat ^{\noise } }$


$\zerov {\card {\D }}$


$\card {\D }$


$\covMat ^{\noise }$


$\mean $


$\covMat ^{\noise }$


$\Yrv $


$\Yrv _{\D }^{\noise } = \mean $


\begin {equation}\label {eqn:posterior single GMRF} \begin {aligned} &\normal { \left (\begin {array}{c} \m _{\U } \\ \m _{\D } \end {array}\right ) + \Qbar ^{-1} \begin {pmatrix} \zerov {\card {\U }} \\ {[}{ \covMat ^{\noise } }]{}^{-1} \left (\mean - \m _{\D }\right ) \end {pmatrix},\Qbar ^{-1} },\\ &\quad \text { where } \Qbar = \Q + \begin {pmatrix} \zerom {\card {\U } \times \card {\U }} & \ \zerom {\card {\U } \times \card {\D }} \\ \zerom {\card {\D } \times \card {\U }} & \ [{ \covMat ^{\noise } }]{}^{-1} \end {pmatrix} \end {aligned}\end {equation}


$\zerom {a\times b}$


$a\times b$


$\best $


$\D $


$\best = {\rm argmin}_{\x \in \D } \mean (\x )$


$\mean (\x )$


$\mean $


$\x $


$\x \in \Xset $


$\best $


$\cei {\best , \x } = \Exp {\max \{\Yrv (\best ) - \Yrv (\x ), 0 \} \mid \Yrv _{\D }^{\noise } = \mean }$


$\mb {m}{(\x )}$


$\mb {v}(\x )$


$\Yrv (\x )$


$\mb {c}(\best , \x )$


$\Yrv (\best )$


$\Yrv (\x )$


$\Yrv (\best ) - \Yrv (\x )$


$\mb {v}(\best , \x ) = \mb {v}(\best ) + \mb {v}(\x ) - 2 \mb {c}(\best , \x )$


$\x \in \setexclusion {\Xset }{\best }$


\begin {equation*}\cei {\best , \x }\!=\! (\mb {m}{(\best )} - \mb {m}{(\x )}) \ \cdf {\frac {\mb {m}{(\best )} - \mb {m}{(\x )}}{\sqrt {\mb {v}(\best , \x )}}} + \sqrt {\mb {v}(\best , \x )} \ \pdf {\frac {\mb {m}{(\best )} - \mb {m}{(\x )}}{\sqrt {\mb {v}(\best , \x )}}},\end {equation*}


$\phi $


$\Phi $


$\best $


$\cei {\best , \x }$


$\mb {m}{(\x )}$


$\mb {v}(\best , \x )$


$\Q $


$\Q $


$\mb {y}({\x })$


$\x \in \Xset $


$\Xset $


$\numDim $


$\Xset = \bigtimes _{i=1}^{\numDim } \Xset _{i}$


$\Xset _{i}$


$\numSol _{i} = \card {\Xset _{i}}$


$\numSol = \prod _{i=1}^{\numDim } \numSol _{i}$


$\numDim $


$\card {\Xset _{i}}$


$\Xrv = [\Xrv _{1}, \Xrv _{2}, \ldots , \Xrv _{\numDim }]^{\top }$


$\Prob {\Xrv = \x } = \prod _{i=1}^{\numDim } \Prob {\Xrv _{i} = \xcomp {i}}$


$\forall \x = [\xcomp {1}, \xcomp {2}, \ldots , \xcomp {\numDim }]^\top \in \Xset $


$\Prob {\Xrv _{i} = x} = 1 / \numSol _{i}$


$\forall x \in \Xset _{i}$


$\Xrv _{i}$


$\Xrv $


$\xcomp {i}$


$i$


$\x $


\begin {equation}\label {eqn:product measure} \Prob {\Xrv = \x } = \prod _{i=1}^{\numDim } \Prob {\Xrv _{i} = \xcomp {i}} = \frac {1}{\prod _{i=1}^{\numDim } \numSol _{i}} = \frac {1}{\numSol }, \ \forall \x = [\xcomp {1}, \xcomp {2}, \ldots , \xcomp {\numDim }]^\top \in \Xset .\end {equation}


$\uSet $


$\dSet = \{1,2,\ldots ,\numDim \}$


$\x _{\uSet } = (\xcomp {i})_{i \in \uSet }$


$\x $


$\uSet $


$\uSet $


$\numSol _{\uSet } = \prod _{i \in \uSet } \numSol _{i}$


$\Xset _{\uSet } = \bigtimes _{i \in \uSet } \Xset _{i}$


$-\uSet $


$\setdifference {\dSet }{\uSet }$


$\mb {y}_{\emptyset }(\x ) = \frac {1}{\numSol } \sum _{\x \in \Xset } \mb {y}({\x }) \triangleq \anovaMean , \ \forall \x \in \Xset .$


$\mb {y}_{\emptyset }(\x )$


$\x $


$\uSet \subseteq \dSet $


$\x _{\uSet }$


$\mb {y}_{\uSet }(\x ) = \frac {1}{\numSol _{-\uSet }} \sum _{\x _{-\uSet } \in \Xset _{-\uSet }} \left ( \mb {y}({\x }) - \sum _{\vSet \subset \uSet } \mb {y}_{\vSet }(\x ) \right ), \ \forall \x \in \Xset .$


$\mb {y}_{\uSet }(\x )$


$\x $


$\x _{\uSet }$


$\x _{-\uSet }$


$\mb {y}({\x })$


$\mb {y}({\x }) = \sum _{\uSet \subseteq \dSet } \mb {y}_{\uSet }(\x ).$


$\Xrv $


$\Exp {\mb {y}(\Xrv )} = \anovaMean ,$


$\Exp {\mb {y}_{\uSet }(\Xrv )} = 0$


$\forall \uSet \subseteq \dSet $


$\uSet \neq \emptyset $


$\Exp {\mb {y}_{\uSet }(\Xrv ) \mb {y}_{\vSet }(\Xrv )} = 0$


$\forall \uSet , \vSet \subseteq \dSet $


$\uSet \neq \vSet $


$\Var {\mb {y}(\Xrv )} = \sum _{\uSet \subseteq \dSet } \Var {\mb {y}_{\uSet }(\Xrv )}$


$\mb {y}(\Xrv )$


$\anovaMean $


$\mb {y}_{\emptyset }(\x )$


$\mb {y}_{\uSet }(\Xrv )$


$\mb {y}_{\uSet }(\Xrv )$


$\mb {y}_{\vSet }(\Xrv )$


$\uSet \neq \vSet $


$\mb {y}(\Xrv )$


$\mb {y}(\cdot )$


$\Yrv $


$\dSet $


$\numGroup \ge 1$


$\gSet {1}, \gSet {2}, \ldots , \gSet {\numGroup }$


$\bigcup _{\rho \in \Gset } \gSet {\rho } = \dSet $


$\gSet {\rho } \cap \gSet {\varrho } = \emptyset $


$\rho \neq \varrho $


$\Gset = \{1, 2, \ldots , \numGroup \}$


$\g $


$\rho $


$\varrho $


$\rho \in \Gset $


$\Xset ^{(\rho )}$


$\x ^{(\rho )}$


$\Xset $


$\x $


$\gSet {\rho }$


$\Xset ^{(\rho )} = \bigtimes _{i \in \gSet {\rho }} \Xset _{i}$


$\x ^{(\rho )} = (\xcomp {i})_{i \in \gSet {\rho }}$


$\Xset ^{(\rho )}$


$\numDim ^{(\rho )}$


$\numSol ^{(\rho )}$


$\numDim ^{(\rho )} = \card {\gSet {\rho }}$


$\numSol ^{(\rho )} = \card {\Xset ^{(\rho )}} = \prod _{i \in \gSet {\rho }} \numSol _{i}$


$\sum _{\rho \in \Gset } \numDim ^{(\rho )} = \numDim $


$\numSol = \prod _{\rho \in \Gset } \numSol ^{(\rho )}$


$\gSet {1} = \{2, 3\}$


$\gSet {2} = \{1\}$


$\numSol = 12$


$\rho \in \Gset $


$\mb {y}^{(\rho )}(\x ) = \sum _{\uSet \subseteq \gSet {\rho } \colon \uSet \neq \emptyset } \mb {y}_{\uSet }(\x ).$


$\mb {y}^{(\rho )}(\x )$


$\gSet {\rho }$


$\mb {y}^{(\rho )}(\x )$


$\x ^{(\rho )}$


$\mb {y}^{(\rho )}(\x ^{(\rho )})$


$\mb {y}({\x })$


$\mb {y}({\x }) = \paramM + \sum _{\rho \in \Gset } \mb {y}^{(\rho )}(\x ^{(\rho )}) + \mb {y}^{(\rest )}(\x ),$


$\paramM =\anovaMean $


$\mb {y}^{(\rest )}(\x )$


$\mb {y}^{(\rest )}(\x )$


$\mb {y}_{\uSet }(\x )$


$\uSet \subseteq \dSet $


$\uSet \neq \emptyset $


$\uSet \not \subseteq \gSet {\rho }$


$\rho \in \Gset $


$\mb {y}^{(\rest )}(\x )$


$\x $


$\mb {y}^{(\rho )} = \left [\y ^{(\rho )}(\x _{1}^{(\rho )}), \mb {y}^{(\rho )}(\x _{2}^{(\rho )}), \ldots , \y ^{(\rho )}({\x _{{\numSol ^{(\rho )}}}^{(\rho )}}) \right ]^\top $


$\rho $


$\y ^{(\rest )}$


$[\y ^{(\rest )}({\x _{1}}), \mb {y}^{(\rest )}(\x _{2}), \ldots , \mb {y}^{(\rest )}(\x _{\numSol })]^\top $


$\mb {y}^{(\rho )}$


$\y ^{(\rest )}$


$\Xset $


$\mb {y} = \paramM \onev {\numSol } + \sum _{\rho \in \Gset } \tr \mb {y}^{(\rho )} + \y ^{(\rest )},$


$\onev {\numSol }$


$\numSol $


$\tr $


$\rho $


$(k,l)$


$\tr $


$\x _{l}^{(\rho )}$


$\x _{k}$


$\tr $


$\numSol \times \numSol ^{(\rho )}$


$\mb {y}$


$\mb {y}^{(\rho )}$


\begin {equation*}\Yrv ^{(\rho )} = \left [ \Yrv ^{(\rho )}(\x _{1}^{(\rho )}), \Yrv ^{(\rho )}(\x _{2}^{(\rho )}), \ldots , \Yrv ^{(\rho )}(\x _{{\numSol ^{(\rho )}}}^{(\rho )}) \right ]^\top \sim \normal {\zerov {\numSol ^{(\rho )}}, [\Q ^{(\rho )}]^{-1}}\end {equation*}


$\Q ^{(\rho )}$


$\numSol ^{(\rho )} \times \numSol ^{(\rho )}$


$\Yrv ^{(\rho )}$


$\y ^{(\rest )}$


$\Yrv ^{(r)} \sim \normal {\zerov {\numSol }, [\Q ^{(\rest )}]^{-1}}$


$\Q ^{(\rest )}$


$\numSol \times \numSol $


$\Yrv ^{(r)}$


$\mb {y}(\cdot )$


$\mb {y}$


\begin {equation}\label {eqn:additive model remainder} \Yrv = \paramM \onev {\numSol } + \sum _{\rho \in \Gset } \tr \Yrv ^{(\rho )} + \Yrv ^{(r)}.\end {equation}


$\Yrv $


$\numGroup $


$\Q ^{(\rest )}$


$\numSol \times \numSol $


$\Q ^{(\rest )}$


$\mb {y}^{(\rest )}(\x )$


$\mb {y}({\x })$


$\mb {y}({\x })$


$\Yrv $


$\Yrv ^{(r)}$


$\tr $


$\Yrv $


$\Yrv $


$\mb {y}$


$\Yrv $


$1,2,\ldots ,\numGroup -1$


$\g $


$\Yrv $


$\tr ^{(\g )} \Yrv ^{(\g )} + \Yrv ^{(r)}$


$\Wrv \sim \normal {\zerov {\numSol }, \Gva \identity {\numSol }}$


$\Gva $


$\identity {\numSol }$


$\numSol \times \numSol $


$\mb {y}$


\begin {equation}\label {eqn:additive model random-effect} \Yrv = \paramM \onev {\numSol } + \sumrho {{\Gset ^{(-\g )}}} \tr \Yrv ^{(\rho )} + \Wrv ,\end {equation}


$\Gset ^{(-\g )} = \setexclusion {\Gset }{\g }$


$\g $


$\Wrv $


$\g $


$\g $


$\Yrv $


$\Gset $


$\Yrv $


$\x ^{(-\g )} = (\xcomp {i})_{i \in \setdifference {\dSet }{\gSet {\g }} }$


$\numGroup - 1$


$\numGroup - 1$


$\g -1$


$\Xset ^{(-\g )} = \bigtimes _{i \in \setdifference {\dSet }{\gSet {\g }} } \Xset _{i}$


$\g $


$\numSol ^{(\g )}$


$\numGroup -1$


$\g $


$\numGroup -1$


$2+ \sum _{\rho =1}^{\g } (\numDim ^{(\rho )}+1)$


$\numDim ^{(\rho )}+1$


$\D \subseteq \Xset $


$\U = \setdifference {\Xset }{\D }$


$\Wrv $


$\Wrv _{\U }$


$\Wrv _{\D }$


$\Wrv $


$\U $


$\D $


$\rho \in \Gset $


$\D ^{(\rho )} \subseteq \Xset ^{(\rho )}$


$\D $


$\rho $


$\Xset ^{(\rho )}$


$\D ^{(\rho )}$


$\U ^{(\rho )} = \setdifference {\Xset ^{(\rho )}}{\D ^{(\rho )}}$


$\Yrv ^{(\rho )}$


$\Yrv ^{(\rho )}$


$\Q ^{(\rho )}$


\begin {equation*}\Yrv ^{(\rho )}= \begin {pmatrix} \Yrv _{\U }^{(\rho )} \\ \Yrv _{\D }^{(\rho )} \end {pmatrix} \sim \normal { \begin {pmatrix} \zerov {\card {\U ^{(\rho )}}} \\ \zerov {\card {\D ^{(\rho )}}} \end {pmatrix}, \begin {pmatrix} \Q _{\U \U }^{(\rho )} & \ \Q _{\U \D }^{(\rho )} \\ \Q _{\D \U }^{(\rho )} & \ \Q _{\D \D }^{(\rho )} \end {pmatrix}^{-1} },\end {equation*}


$\Yrv _{\U }^{(\rho )}$


$\Yrv _{\D }^{(\rho )}$


$\Yrv ^{(\rho )}$


$\D ^{(\rho )}$


$\U ^{(\rho )}$


$\Yrv _{\D }^{(\rho )}$


$\covMat _{\D \D }^{(\rho )} = \left [ \Q _{\D \D }^{(\rho )} - \Q _{\D \U }^{(\rho )} [\Q _{\U \U }^{(\rho )}]^{-1} \Q _{\U \D }^{(\rho )} \right ]^{-1}$


$\tr $


\begin {equation*}\begin {pmatrix} \tr _{\U \U }^{(\rho )} & \ \tr _{\U \D }^{(\rho )} \\ \zerom {\card {\D } \times \card {\U ^{(\rho )}}} & \ \tr _{\D \D }^{(\rho )} \end {pmatrix}.\end {equation*}


$\x ^{(\rho )} \in \D ^{(\rho )}$


$\x \in \D $


$\D ^{(\rho )}$


$\Yrv _{\D } = \paramM \onev {\card {\D }} + \sumrho {{\Gset ^{(-\g )}}} \tr _{\D \D }^{(\rho )} \Yrv _{\D }^{(\rho )} + \Wrv _{\D }$


$\Yrv _{\D }$


$\m _{\D } = \paramM \onev {\card {\D }}$


$\covMat _{\D \D } = \sumrho {{\Gset ^{(-\g )}}} \tr _{\D \D }^{(\rho )} \covMat _{\D \D }^{(\rho )} [{\tr _{\D \D }^{(\rho )}}]^\top + \Gva \identity {\card {\D }}$


$\Yrv ^{(\rho )}$


$\rho \in \Gset ^{(-\g )}$


$\Wrv $


$\rho \in \Gset ^{(-\g )}$


$\Yrv ^{(\rho )}$


$\Yrv _{\D }^{\noise } = \mean $


$\mb {m}^{(\rho )}$


$\condCovMat ^{(\rho )} = [\Qbar ]^{-1}$


\begin {align*}&\mb {m}^{(\rho )} = {[}\Qbar ]{}^{-1} \begin {pmatrix} \zerov {\card {\U ^{(\rho )}}} \\ {[}\tr _{\D \D }^{(\rho )}]{}^\top \Emat \left (\mean - \m _{\D }\right ) \end {pmatrix}, \\ &\Qbar = \Q ^{(\rho )} + \begin {pmatrix} \zerom {\card {\U ^{(\rho )}} \times \card {\U ^{(\rho )}}} & \ \zerom {\card {\U ^{(\rho )}} \times \card {\D ^{(\rho )}}} \\ \zerom {\card {\D ^{(\rho )}} \times \card {\U ^{(\rho )}}} & \ {[}\tr _{\D \D }^{(\rho )}]{}^\top \Emat \tr _{\D \D }^{(\rho )} \end {pmatrix},\end {align*}


$\Emat = \left [ \covMat _{\D \D } - \tr _{\D \D }^{(\rho )} \covMat _{\D \D }^{(\rho )} [\tr _{\D \D }^{(\rho )}]{}^\top + \covMat ^{\noise } \right ]{}^{-1}$


$\Wrv $


$\Yrv _{\D }^{\noise } = \mean $


$\mb {m}^{(g)}$


$\condCovMat ^{(\g )} = [\Qbar ^{(\g )}]^{-1}$


\begin {equation*}\mb {m}^{(g)} = [\Qbar ^{(\g )}]^{-1} \begin {pmatrix} \zerov {\card {\U }} \\ \Emat ^{(\g )} \left (\mean - \m _{\D }\right ) \end {pmatrix}, \
\Qbar ^{(\g )} = \frac {1}{\Gva } \identity {\numSol } + \begin {pmatrix} \zerom {\card {\U } \times \card {\U }} & \ \zerom {\card {\U } \times \card {\D }} \\ \zerom {\card {\D } \times \card {\U }} & \ \Emat ^{(\g )} \end {pmatrix},\end {equation*}


$\Emat ^{(\g )} = \left [ \covMat _{\D \D } - \Gva \identity {\card {\D }} + \covMat ^{\noise } \right ]^{-1}$


$\condCovMat ^{(\g )}$


$\condCovMat ^{(\g )}$


$\numSol \times \numSol $


$\card {\D } \times \card {\D }$


$\Yrv = \paramM \onev {\numSol } + \sumrho {{\Gset ^{(-\g )}}} \tr \Yrv ^{(\rho )} + \Wrv $


$\Yrv $


$\Yrv _{\D }^{\noise } = \mean $


\begin {equation*}\condMean = \paramM \onev {\numSol } + \sumrho {{\Gset ^{(-\g )}}} \tr \mb {m}^{(\rho )} + \mb {m}^{(g)} \text { and } \condCovMat = \sumrho {{\Gset ^{(-\g )}}} {\tr } \condCovMat ^{(\rho )} [\tr ]^\top + \condCovMat ^{(\g )}.\end {equation*}


$\condVar = \diag {\condCovMat }$


$\condCovar = \condCovMat \ev _{\best }$


$\diag {\cdot }$


$\ev _{\best }$


$\numSol $


$\best $


$\condVar $


$\Yrv $


$\condCovar $


$\Yrv (\best )$


$\Yrv $


$\x $


$\mb {m}{(\x )}$


$\mb {v}(\x )$


$\mb {c}(\best , \x )$


$\condMean $


$\condVar $


$\condCovar $


$\x $


$\rho \in \Gset ^{(-\g )}$


$\condMean ^{(\rho )}({\x ^{(\rho )}})$


$\condVar ^{(\rho )}({\x ^{(\rho )}})$


$\condCovar ^{(\rho )}({\best ^{(\rho )}, \x ^{(\rho )}})$


$\mb {m}^{(\rho )}$


$\mb {v}^{(\rho )}$


$\condCovar ^{(\rho )}$


$\x ^{(\rho )}$


$\mb {v}^{(\rho )} = \diag {\condCovMat ^{(\rho )}}$


$\condCovar ^{(\rho )} = \condCovMat ^{(\rho )} \ev ^{(\rho )}_{\best }$


$\mb {m}^{(g)}(\x )$


$\condVar ^{(\g )}(\x )$


$\condCovar ^{(\g )}({\best , \x })$


$\mb {m}^{(g)}$


$\condVar ^{(\g )}$


$\condCovar ^{(\g )}$


$\x $


$\condVar ^{(\g )} = \diag {\condCovMat ^{(\g )}}$


$\condCovar ^{(\g )} = \condCovMat ^{(\g )} \ev _{\best }$


$\tr $


\begin {equation*}\mb {m}{(\x )} = \sumrho {{\Gset ^{(-\g )}}} \condMean ^{(\rho )}({\x ^{(\rho )}}) + \mb {m}^{(g)}(\x ), \ \mb {v}(\x ) = \sumrho {{\Gset ^{(-\g )}}} \condVar ^{(\rho )}({\x ^{(\rho )}}) + \condVar ^{(\g )}(\x )\end {equation*}


\begin {equation*}\mb {c}(\best , \x ) = \sumrho {{\Gset ^{(-\g )}}} \condCovar ^{(\rho )}({\best ^{(\rho )}, \x ^{(\rho )}}) + \condCovar ^{(\g )}({\best , \x }).\end {equation*}


$\mb {m}{(\x )}$


$\mb {v}(\x )$


$\mb {c}(\best , \x )$


$\mb {m}{(\x )}$


$\mb {v}(\x )$


$\mb {c}(\best , \x )$


$\x $


$\mb {m}{(\x )}$


$\mb {v}(\x )$


$\mb {c}(\best , \x )$


$\mb {m}{(\x )}$


$\mb {v}(\x )$


$\mb {c}(\best , \x )$


$\U $


$\numGroup - 1$


$\numGroup - 1$


$\x ^{(1)},\ldots ,\x ^{(\g - 1)}$


$\numGroup - 1$


$\zx $


$\zx $


$\numDim - \numDim ^{(\g )}$


$\Yrv $


$\Yrv (\cdot \vert \zx )$


$\x ^{(\g )}$


$\Yrv (\cdot \vert \zx ) = \trSlice _{\zx } \Yrv $


$\numSol ^{(\g )} \times 1$


$\trSlice _{\zx }$


$\x ^{(-\g )}$


$\zx $


$\Yrv (\cdot \vert \zx )$


$\Yrv $


$\zx $


$(k, l)$


$\trSlice _{\zx }$


$\x _{l}$


$\x ^{(-\g )} = \zx $


$\x _{k}^{(\g )}$


$\trSlice _{\zx }$


$\numSol ^{(\g )} \times \numSol $


$\Yrv (\cdot \vert \zx ) = \paramM \trSlice _{\zx } \onev {\numSol } + \sumrho {{\Gset ^{(-\g )}}} \trSlice _{\zx } \tr \Yrv ^{(\rho )} + \trSlice _{\zx } \tr ^{(\g )} \Yrv ^{(\g )} + \trSlice _{\zx } \Yrv ^{(r)}.$


$\trSlice _{\zx }$


$\tr $


$\trSlice _{\zx } \onev {\numSol } = \onev {\numSol ^{(\g )}}$


$\trSlice _{\zx } \tr \Yrv ^{(\rho )} = \Yrv ^{(\rho )} (\zx ^{(\rho )}) \onev {\numSol ^{(\g )}}$


$\rho \in \Gset ^{(-\g )}$


$\trSlice _{\zx } \tr ^{(\g )} = \identity {\numSol ^{(\g )}}$


$\zx ^{(\rho )}$


$\rho $


$\zx $


\begin {equation*}\Yrv (\cdot \vert \zx ) = \left ( \paramM + \sumrho {{\Gset ^{(-\g )}}} \Yrv ^{(\rho )} (\zx ^{(\rho )}) \right ) \onev {\numSol ^{(\g )}} + \Yrv ^{(\g )} + \trSlice _{\zx } \Yrv ^{(r)}.\end {equation*}


$\trSlice _{\zx } \Yrv ^{(r)}$


$\paramMslice {\zx } \onev {\numSol ^{(\g )}}$


$\Q ^{(\g )}$


$\Yrv (\cdot \vert \zx )$


$\paramMslice {\zx } = \paramM + \sumrho {{\Gset ^{(-\g )}}} \mb {y}^{(\rho )}(\zx ^{(\rho )})$


$\Yrv (\cdot \vert \zx )$


$\Q ^{(\g )}$


$\g $


$\Q ^{(\rho )}$


$\rho \in \Gset $


$\Xset _{\zx } = \{ \x \in \Xset \colon \x ^{(-\g )} = \zx \}$


$\numGroup - 1$


$\zx $


$\card {\Xset _{\zx }} = \numSol ^{(\g )}$


$\D _{\zx } = \Xset _{\zx } \cap \D $


$\numGroup - 1$


$\zx $


$\Yrv (\cdot \vert \zx )$


$\Yrv (\cdot \vert \zx )$


$\Yrv _{\D }^{\noise } = \mean $


$\numGroup - 1$


$\x $


$\g $


$\D $


$\D $


$\paramM $


$\D $


$\paramM $


$\maxcei \in \argmax _{\x \in \setexclusion {\Xset }{\best }}\cei {\best , \x },$


$\numGroup - 1$


$\maxcei ^{(-\g )}$


$\zx = \maxcei ^{(-\g )}$


$\Xset _{\zx } = \{ \x \in \Xset \colon \x ^{(-\g )} = \zx \}$


$\best $


$\Xset = \{1,2,3,4\}^3$


$\g =3$


$\x _{38}$


$\x _{39}$


$\x _{40}$


$\Xset _{\zx } = \{\x _{37},\x _{38},\x _{39},\x _{40}\}$


$\numSol = 64$


$\paramMslice {\zx }$


$\D _{\zx }$


$\D _{\zx } = \Xset _{\zx } \cap \D = \emptyset $


$\D _{\zx }$


$\Xset _{\zx }$


$\argmax _{\x \in \Xset _{\zx }} \cei {\best \vert \zx , \x }$


$\best \vert \zx = \argmin _{\x \in \D _{\zx }} \mean (\x )$


$\D _{\zx }$


$\D _{\zx }$


$\g $


$\Gset $


$\g $


$\g $


$\Xset _{\zx }$


$\D _{\zx } = \emptyset $


$\Xset ^{(\g )}$


$\x $


$\anotherx $


$\U $


$\cei {\best , \x } = \cei {\best , \anotherx }$


$\x ^{(\rho )} = \anotherx ^{(\rho )}$


$\rho \in \Gset ^{(-\g )}$


$\cei {\best , \x } \le \cei {\best , \anotherx }$


$\rho \in \Gset ^{(-\g )}$


$\x ^{(\varrho )} = \anotherx ^{(\varrho )}$


$\varrho \in \setexclusion {\Gset }{\rho , \g }$


$\condMean ^{(\rho )}({\x ^{(\rho )}}) \ge \condMean ^{(\rho )}({\anotherx ^{(\rho )}})$


$\condVar ^{(\rho )}({\best ^{(\rho )}, \x ^{(\rho )}}) \le \condVar ^{(\rho )}({\best ^{(\rho )}, \anotherx ^{(\rho )}})$


$\condVar ^{(\rho )}({\best ^{(\rho )}, \cdot }) = \condVar ^{(\rho )}({\best ^{(\rho )}}) + \condVar ^{(\rho )}({\cdot }) - 2\condCovar ^{(\rho )}({\best ^{(\rho )}, \cdot })$


$\x $


$\anotherx $


$\D $


$\cei {\best , \x } \le \cei {\best , \anotherx }$


$\x ^{(\rho )} = \anotherx ^{(\rho )}$


$\rho \in \Gset ^{(-\g )}$


$\mb {m}^{(g)}(\x ) \ge \mb {m}^{(g)}(\anotherx )$


$\condVar ^{(\g )}(\best , \x ) \le \condVar ^{(\g )}(\best , \anotherx )$


$\condVar ^{(\g )}(\best , \cdot ) = \condVar ^{(\g )}(\best ) + \condVar ^{(\g )}(\cdot ) - 2\condCovar ^{(\g )}({\best , \cdot })$


$\U $


$\numGroup - 1$


$\x $


$\anotherx $


$\x $


$\cei {\best , \cdot }$


$\mb {m}{(\cdot )}$


$\mb {v}(\best , \cdot )$


$\x $


$\anotherx $


$\U $


$\U $


$\D $


$\numGroup - 1$


$\D $


$\D $


$\U $


\begin {align*}&\F ^{(\rho )} (\x ^{(\rho )}) = \left \{\anotherx ^{(\rho )} \in \setexclusion {\Xset ^{(\rho )}}{\x ^{(\rho )}} \colon \condMean ^{(\rho )}({\x ^{(\rho )}}) \ge \condMean ^{(\rho )}({\anotherx ^{(\rho )}})\right .\\ &\left .\text { and } \condVar ^{(\rho )}({\best ^{(\rho )}, \x ^{(\rho )}}) \le \condVar ^{(\rho )}({\best ^{(\rho )}, \anotherx ^{(\rho )}}) \right \}\end {align*}


$\x ^{(\rho )} \in \Xset ^{(\rho )}$


$\rho \in \Gset ^{(-\g )}$


$\cei {\best , \x } \le \cei {\best , \anotherx }$


$\x $


$\anotherx $


$\U $


$\x ^{(\varrho )} = \anotherx ^{(\varrho )}$


$\varrho \in \setexclusion {\Gset }{\rho , \g }$


$\anotherx ^{(\rho )} \in \F ^{(\rho )} (\x ^{(\rho )})$


$\x ^{(\rho )} \in \Xset ^{(\rho )}$


$\rho \in \Gset ^{(-\g )}$


$\F ^{(\rho )} (\x ^{(\rho )}) = \emptyset $


$\rho \in \Gset ^{(-\g )}$


$\F ^{(\rho )} = \left \{ \x ^{(\rho )} \in \Xset ^{(\rho )} \colon \F ^{(\rho )} (\x ^{(\rho )}) = \emptyset \right \}$


$\F = \left \{ \x \in \U \colon \x ^{(\rho )} \in \F ^{(\rho )}, \ \forall \rho \in \Gset ^{(-\g )} \right \}$


$\U $


$\F $


$\U $


$\maxcei \in \argmax _{\x \in \setdifference {\U }{\F } } \cei {\best , \x }$


$\anotherx \in \U $


$\maxcei ^{(\varrho )} = \anotherx ^{(\varrho )}$


$\varrho \in \setexclusion {\Gset }{\rho , \g }$


$\anotherx ^{(\rho )} \in \F ^{(\rho )} (\maxcei ^{(\rho )})$


$\rho \in \Gset ^{(-\g )}$


\begin {equation*}\max _{\x \in \setdifference {\U }{\F }} \cei {\best , \x } = \cei {\best , \maxcei } \le \cei {\best , \anotherx } \le \max _{\x \in \F } \cei {\best , \x }.\end {equation*}


$\anotherx \in \F $


$\maxcei \not \in \argmax _{\x \in \setdifference {\U }{\F }} \cei {\best , \x }$


$\U $


$\maxcei \in \argmax _{\x \in \setdifference {\U }{\F } } \cei {\best , \x }$


$\anotherx $


$\maxcei ^{(\varrho )} = \anotherx ^{(\varrho )}$


$\varrho \in \setexclusion {\Gset }{\rho , \g }$


$\anotherx ^{(\rho )} \in \F ^{(\rho )} (\maxcei ^{(\rho )})$


$\rho \in \Gset ^{(-\g )}$


$\D \cup \F $


$\Xset $


$\setdifference {\Xset }{(\D \cup \F )} = \setdifference {\U }{\F }$


$\F $


$\F $


$\U $


$\F \subseteq \U $


$\numGroup - 1$


$\D \cup \Fr $


$\numGroup - 1$


$\Fr \subseteq \F $


$\numGroup - 1$


$\D \cup \Fr $


$\Xset $


$\Fr $


$\F $


$\left \{ \x \in \U \colon \x ^{(\rho )} \in \acute {\F }^{(\rho )}, \ \forall \rho \in \Gset ^{(-\g )} \right \}$


$\acute {\F }^{(\rho )}$


$\Xset ^{(\rho )}$


$\left \{ \x \in \U \colon \x ^{(\rho )} \in \F ^{(\rho )}, \ \forall \rho \in \Gset ^{(-\g )} \right \}$


$[\Qbar ]^{-1}$


$[\Qbar ]^{-1}$


$\best $


$\mb {m}^{(\rho )}$


$\rho \in \Gset $


$\Qbar $


$\covTmp = \covMat _{\D \D } + \covMat ^{\noise }$


\begin {equation*}[\Qbar ]^{-1} = \begin {pmatrix} [\Q _{\U \U }^{(\rho )}]^{-1} + [\Q _{\U \U }^{(\rho )}]^{-1} \Q _{\U \D }^{(\rho )} \schur \Q _{\D \U }^{(\rho )} [\Q _{\U \U }^{(\rho )}]^{-1} & \ - [\Q _{\U \U }^{(\rho )}]^{-1} \Q _{\U \D }^{(\rho )} \schur \\ - \schur \Q _{\D \U }^{(\rho )} [\Q _{\U \U }^{(\rho )}]^{-1} & \ \schur \end {pmatrix},\end {equation*}


\begin {equation*}\mb {m}^{(\rho )} = \begin {pmatrix} - [\Q _{\U \U }^{(\rho )}]^{-1} \Q _{\U \D }^{(\rho )} {\schur }[\tr _{\D \D }^{(\rho )}]^\top \Emat \left (\mean - \m _{\D }\right ) \\ {\schur }[\tr _{\D \D }^{(\rho )}]^\top \Emat \left (\mean - \m _{\D }\right ) \end {pmatrix},\end {equation*}


$\schur = \covMat _{\D \D }^{(\rho )} - \covMat _{\D \D }^{(\rho )} [\tr _{\D \D }^{(\rho )}]^\top \covTmp ^{-1} \tr _{\D \D }^{(\rho )} \covMat _{\D \D }^{(\rho )}$


$\Q _{\U \U }^{(\rho )}$


$[\Qbar ]^{-1}$


$\rho \in \Gset ^{(-\g )}$


\begin {equation*}[{\Qbar ^{(\g )}}]^{-1} = \begin {pmatrix} \Gva \identity {\card {\U }} & \ \zerom {\card {\U } \times \card {\D }} \\ \zerom {\card {\D } \times \card {\U }} & \ \schur ^{(\g )} \end {pmatrix}, \text { and thus } \mb {m}^{(g)} = \begin {pmatrix} \zerov {\card {\U }} \\ \schur ^{(\g )} \Emat ^{(\g )} \left (\mean - \m _{\D }\right ) \end {pmatrix},\end {equation*}


$\schur ^{(\g )} = \Gva \identity {\card {\D }} - \left ( \Gva \right )^2 \covTmp ^{-1}$


$\Q _{\U \U }^{(\g )}$


$[{\Qbar ^{(\g )}}]^{-1}$


$\schur ^{(\g )} \Emat ^{(\g )} = \identity {\card {\D }} - \frac {1}{\Gva } \schur ^{(\g )}.$


$\Emat $


$\rho \in \Gset ^{(-\g )}$


\begin {equation*}\Emat = \covTmp ^{-1} + \covTmp ^{-1} {\tr _{\D \D }^{(\rho )}} \left ( [\covMat _{\D \D }^{(\rho )}]^{-1} - [\tr _{\D \D }^{(\rho )}]^\top \covTmp ^{-1} \tr _{\D \D }^{(\rho )} \right )^{-1} [\tr _{\D \D }^{(\rho )}]^\top \covTmp ^{-1}.\end {equation*}


$\covMat _{\D \D } - \tr _{\D \D }^{(\rho )} \covMat _{\D \D }^{(\rho )} [\tr _{\D \D }^{(\rho )}]^\top + \covMat ^{\noise }$


$\card {\D } \times \card {\D }$


$\rho \in \Gset ^{(-\g )}$


$\card {\D ^{(\rho )}} \times \card {\D ^{(\rho )}}$


$\rho \in \Gset ^{(-\g )}$


$\covTmp $


$\card {\D } \times \card {\D }$


$\card {\D ^{(\rho )}}$


$\numSol ^{(\rho )}$


$\card {\D }$


$\card {\D ^{(\rho )}}$


$\card {\D }$


$\numSample $


$\numSample \numGroup $


$\numSample $


$\g $


$\numSample (\numGroup + 1)$


$r_0$


$\numSample $


$r_d$


$r_u$


$\numSample =100$


$r_0=r_d=r_u=10$


$\numSample =200$


$r_0=r_d=r_u=10$


$\numSample =15$


$r_0=20$


$r_d=4$


$r_u=10$


$k$


$\y ({\xcomp {1}, \xcomp {2}, \ldots , \xcomp {k}}) = \sum _{i=1}^k \xcomp {i}^2 + \left ( \sum _{i=1}^k 0.5 i \xcomp {i} \right )^2 + \left ( \sum _{i=1}^k 0.5 i \xcomp {i} \right )^4$


$\x = (0, 0, \ldots , 0)^\top $


$\Xset = \{-2,-1,0,1,2\}^{10}$


$10$


$[0, 9.15 \times 10^6]$


$1.8^2$


$2.6^2$


$3.9^2$


$5.2^2$


$k$


$\y ({\xcomp {1}, \xcomp {2}, \ldots , \xcomp {k}}) = \frac {1}{20} \sum _{i=1}^k ( \xcomp {i}^4 - 16 \xcomp {i}^2 + 5 \xcomp {i} )$


$\Xset = \{-6,-3,0,3,6\}^{10}$


$10$


$[-39, 375]$


$\x = (-3, -3, \ldots , -3)^\top $


$3^2$


$\Gset _5$


$\gSet {1} = \{1,2,3,4,5\}$


$\gSet {2} = \{6,7,8,9,10\}$


$\Gset _5$


$\Gset _5$


$\pm 2$


$\Gset _5$


$\pm 2$


$\Xset = \{-5,-4,\ldots ,5\}^{100}$


$[0, 2.54 \times 10^{16}]$


$1.8^2$


$\Gset _3$


$\gSet {i} = \{3i-2, 3i-1, 3i\}$


$i=1,2,\ldots ,32$


$\gSet {33} = \{97,98\}$


$\gSet {34} = \{99,100\}$


$\F $


$\left \{ \x \in \U \colon \x ^{(\rho )} \in \acute {\F }^{(\rho )}, \ \forall \rho \in \Gset ^{(-\g )} \right \}$


$\acute {\F }^{(\rho )}$


$\F ^{(\rho )}$


$\rho $


$\Gset ^{(-\g )}$


$\Xset ^{(\rho )}$


$\Gset _3$


$\pm 2$


$2.54 \times 10^{16}$


$(s, S)$


$\rho $


$\srho $


$\Srho $


$(s, S-s) = (18, 35)$


$\mb {y}({\x }) = \sum _{\rho \in \Gset } \mb {y}^{(\rho )}(\x ^{(\rho )}) + \mb {y}^{(\rest )}(\x ),$


$\mb {y}^{(\rho )}(\x ^{(\rho )})$


$\rho $


$\mb {y}^{(\rest )}(\x )$


$\x $


$(\srho , \Srho -\srho ) = (18, 35)$


$\mb {y}^{(\rest )}(\x ) = \prod _{\rho \in \Gset } \sqrt {(\srho - 18)^2 + (\Srho - \srho - 35)^2}$


$\x ^{(\rho )} = (\srho , \Srho - \srho )$


$\rho \in \Gset $


$\x = \{(\srho , \Srho - \srho )\}_{\rho \in \Gset }$


$\srho $


$\Srho - \srho $


$10 \le \srho \le 34$


$20 \le \Srho - \srho \le 44$


$\numSol = 25^{10} = 95{,}367{,}431{,}640{,}625$


$30$


$7500$


$\numSample =15$


$85\,\%$


$1.5\,\%$


$5\,\%$


$\D \cup \Fr $


$\card {\D \cup \Fr }$


$\numSol = \card {\Xset }$


$\card {\D \cup \Fr }$


$\card {\D \cup \Fr } \le 10^{-8} \numSol $


$({\srho }, {\Srho ^{(\varrho )}} - \srho ^{(\varrho )})$


$(\srho , \srho ^{(\varrho )})$


$(\Srho - \srho , \Srho ^{(\varrho )} - {\srho ^{(\varrho )})}$


$\rho \neq \varrho $


$\mb {y}({\x }) = (1 - \alpha ) \sum _{\rho \in \Gset } \mb {y}^{(\rho )}(\x ^{(\rho )}) + \alpha \lambda \mb {y}^{(\rest )}(\x ) \text { for }\x \in \Xset ,$


$\Xset = \{\xL , \xL + 1, \ldots , \xU - 1, \xU \}^{\numDim }$


$\xL $


$\xU $


$\numDim $


$\alpha \in [0,1]$


$\mb {y}^{(\rho )}(\cdot )$


$\rho \in \Gset $


$\mb {y}^{(\rest )}(\cdot )$


$f(\xcomp {1}, \xcomp {2}, \ldots , \xcomp {k}) = - \gamma _1 \exp \left \{ - \gamma _2 \sum _{i=1}^k i \xcomp {i}^2 \right \} + \gamma _1,$


$\gamma _1 = 1000$


$\gamma _2 = 0.001$


$k=\numDim ^{(\rho )}$


$\rho \in \Gset $


$k=\numDim $


$\xcomp {i} = 0$


$i = 1, 2, \ldots , k$


$\mb {y}({\x })$


$\x = (0, 0, \ldots , 0)^\top $


$\alpha $


$\mb {y}(\cdot )$


$\alpha $


$\lambda = \sum _{\rho \in \Gset } \y ^{(\rho )}({{\x ^{(\rho )}}^\star }) / \y ^{(\rest )}({\x ^\star })$


$\x ^\star $


$12$


$\numDim ^{(\rho )} = 2$


$\rho \in \Gset = \{1,2,\ldots ,6\}$


$\gSet {1} = \{1,2\}$


$\gSet {2} = \{3,4\}$


$\gSet {3} = \{5,6\}$


$\gSet {4} = \{7,8\}$


$\gSet {5} = \{9,10\}$


$\gSet {6} = \{11,12\}$


$\x ^{(\rho )}=(\xcomp {i})_{i \in \gSet {\rho }}$


$\xL = -2$


$\xU = 2$


$[0, 71.57]$


$\numSol = 5^{12} = 244{,}140{,}625$


$3^2$


$\Gset _2$


$\gSet {1} = \{1,2\}$


$\gSet {2} = \{3,4\}$


$\gSet {3} = \{5,6\}$


$\gSet {4} = \{7,8\}$


$\gSet {5} = \{9,10\}$


$\gSet {6} = \{11,12\}$


$\Gset _2$


$\Gset _1$


$\gSet {\rho } = \{\rho \}$


$\rho =1,2,\ldots ,12$


$\Gset _3$


$\gSet {1} = \{1,2,3\}$


$\gSet {2} = \{4,5,6\}$


$\gSet {3} = \{7,8,9\}$


$\gSet {4} = \{10,11,12\}$


$\Gset _4$


$\gSet {1} = \{1,2,3,4\}$


$\gSet {2} = \{5,6,7,8\}$


$\gSet {3} = \{9,10,11,12\}$


$\Gset _4$


$\alpha $


$\Gset _1$


$\Gset _2$


$\Gset _3$


$\Gset _4$


$\alpha \in \{0, 0.5, 1\}$


$\Gset _1$


$\Gset _2$


$\Gset _3$


$\Gset _4$


$\Gset _4$


$\Gset _1$


$\alpha =0$


$\Gset _2$


$\Gset _4$


$\Gset _1$


$\alpha =1$


$\Gset _1$


$\Gset _2$


$\Gset _3$


$\Gset _1$


$\alpha =0$


$\Gset _1$


$\Gset _1$


$\Gset _2$


$\Gset _3$


$\Gset _4$


$\alpha = 0$


$\Gset _1$


$\Gset _1$


$\Gset _2$


$\Gset _3$


$\Gset _4$


$\Gset _2$


$\hat {\Gset }_2$


$\gSet {1} = \{1,10\}$


$\gSet {2} = \{5,8\}$


$\gSet {3} = \{2,7\}$


$\gSet {4} = \{4,11\}$


$\gSet {5} = \{3,9\}$


$\gSet {6} = \{6,12\}$


$\tilde {\Gset }_2$


$\gSet {1} = \{1,7\}$


$\gSet {2} = \{2,6\}$


$\gSet {3} = \{3,8\}$


$\gSet {4} = \{4,10\}$


$\gSet {5} = \{5,12\}$


$\gSet {6} = \{9,11\}$


$\alpha $


$\Gset _2$


$\hat {\Gset }_2$


$\tilde {\Gset }_2$


$\alpha \in \{0, 0.5, 1\}$


$\Gset _2$


$\hat {\Gset }_2$


$\tilde {\Gset }_2$


$\alpha =0$


$\Gset _2$


$\tilde {\Gset }_2$


$\alpha =1$


$\Gset _2$


$\tilde {\Gset }_2$


$100$

https://orcid.org/0000-0002-1325-2624
https://orcid.org/0000-0002-5171-0614
https://orcid.org/0000-0002-3278-5637
mailto:havci@kennesaw.edu
mailto:nelsonb@northwestern.edu
mailto:esong32@gatech.edu
mailto:andreas.waechter@northwestern.edu
https://doi.org/10.1016/j.ejor.2026.01.005
https://doi.org/10.1016/j.ejor.2026.01.005


H. Avci et al.

domain, GMRFs can be naturally defined on a lattice, making it more 
suitable for DSO problems. The correlation structure is defined by a pre-
cision matrix, the inverse of the covariance matrix, where the nonzero 
elements correspond to edges in the defining, and ideally sparse, graph. 
The GMRF-based GMIA algorithm evaluates the complete expected im-
provement (CEI) of each feasible solution on each iteration to guide the 
search. CEI predicts each solution’s improvement in the objective func-
tion relative to the current sample-best solution based on the posterior 
distribution of the GMRF (Salemi et al. 2019, Semelhago et al. 2021).

Computing the full posterior distribution at every iteration of GMIA 
requires inversion of the precision matrix, a computationally expensive 
calculation. Fortunately, computing the CEI of each feasible solution re-
quires only the diagonal and a single column of the covariance matrix 
(i.e., the inverse of the precision matrix) of the posterior. While the ele-
ments of the required column can be obtained by a direct back-solve, ex-
tracting the diagonal elements is computationally more challenging. To 
address this, Semelhago et al. (2017) propose an efficient way to extract 
the diagonal elements by exploiting the sparse structure of the precision 
matrix. They further speed up GMIA by employing a divide-and-conquer 
strategy to restrict the search within a small promising subset of feasible 
solutions for several iterations (Semelhago et al. 2021). Alternatively, Li 
and Song (2020) apply the Sherman-Morrison-Woodbury formula recur-
sively, updating only the necessary elements of the covariance matrix 
until it is no longer cheaper than inversion.

These computational improvements greatly extend the reach of 
GMIA-based DSO. Nevertheless, even these variants encounter a limit on 
the problem size they can attack, for instance when the decision-variable 
dimension is high, since the computational cost of calculating the poste-
rior distribution increases at least quadratically in the number of feasible 
solutions. To reach significantly beyond this limit, we propose the Dice 
and Slice Simulation Optimization (DASSO) algorithm that decomposes 
the prior distribution into a rigorously justified additive form via a func-
tional analysis of variance (FANOVA). In this decomposition, the first-
order terms represent independent GMRFs and the higher-order terms 
form a random effect with a chosen first-order term. The decomposition 
reduces the problem dimension to facilitate efficient posterior updates, 
moving high-dimensional DSO problems that are too large to solve with 
current technology into the realm of possibility. Our numerical analysis 
reveals that DASSO can obtain good feasible solutions rapidly on prob-
lems with more than a trillion feasible solutions, far beyond the reach 
of any other algorithm.

Of course, no single SO algorithm is appropriate for all problems. Our 
particular interest is in stochastic DSO problems with integer-ordered 
decision variables, very large numbers of feasible solutions, and a sim-
ulation that itself is so computationally expensive that one only expects 
to simulate a tiny fraction of the solution space, even given substan-
tial time and high-performance computing. For such problems rapid 
progress toward better and better solutions, iteration by iteration, is es-
sential. Although we do prove that DASSO is “convergent,” this is more 
of academic than practical interest for the class of problems on which we 
focus. Examples of such computationally prohibitive problems include 
the design of a new fuel injector production line described in Tongarlak 
et al. (2010), where 20 replications of a single feasible solution took 8 
hours, and a “future mobility” problem that we worked on in collabora-
tion with an automotive manufacturer, where each replication of a sin-
gle feasible solution took a few hours. Computationally less expensive, 
yet still large-scale examples include the bike-sharing system modeled 
as a discrete-event simulation in Jian et al. (2016), and a multi-product 
inventory problem with an (𝑠, 𝑆) policy for each product, where 𝑠 and 
𝑆 are the reorder and order-up-to levels, respectively. We use this in-
ventory problem for our numerical analysis and as a running example 
throughout the paper.

In summary, we propose the DASSO algorithm, a type of BO for solv-
ing large-scale, computationally expensive DSO problems whose feasi-
ble solutions are defined on a finite subset of a high-dimensional in-
teger lattice. The key contributions are as follows: DASSO exploits an 

innovative representation that decomposes the prior on the objective 
function into an additive form, reducing the problem dimensionality to 
facilitate computationally efficient posterior updates, but without losing 
a full-dimensional representation as other additive decompositions do. 
Furthermore, DASSO achieves rapid search progress by identifying the 
best-CEI solution to simulate on each iteration while avoiding the com-
putational overhead of actually computing the CEI of all solutions. In 
brief, DASSO makes large-scale DSO computationally efficient without 
sacrificing what makes BO so effective in small-scale problems, facili-
tating the solution of far larger problems than can be attacked by any 
competing BO algorithm.

The remainder of this article is organized as follows: Section 2 re-
views the literature on high-dimensional BO and DSO. Section 3 briefly 
defines GMRFs and shows how they can be used to solve DSO problems. 
Section 4 explains how FANOVA justifies the prior distribution repre-
sentation that underlies the DASSO algorithm. Empirical performance 
evaluations are in Section 5. Finally, conclusions are provided in Sec-
tion 6. All proofs and many derivations are in the e-companion.

2.  Literature review

In their review paper, Binois and Wycoff (2022) classify the solution 
tactics for high-dimensional BO into three categories based on the struc-
tural model assumptions made to deal with the curse of dimensionality. 
Worth noting is that much of this literature addresses machine-learning 
problems or deterministic computer experiments, rather than stochastic 
simulation.

Under the assumption that only a subset of the decision variables are 
active, the first approach is to reduce the problem dimension by remov-
ing the decision variables that have little or no impact on the objective 
function. By doing so, a lower-dimensional problem with only influen-
tial decision variables can be solved instead. Such a lower-dimensional 
problem can be obtained by initially performing variable selection, if no 
expert knowledge is available. However, variable selection itself is more 
computationally challenging as the dimension increases. Also, when all 
decision variables have similar influence on the objective function, no 
such reduction is possible. Even when it can be done, the reduced-
dimension problem may still be relatively high dimensional depending 
on the actual number of influential decision variables.

Assuming the existence of a lower-dimensional active subspace, the 
second approach is to find a projection of the decision variables to ob-
tain an active subspace, then apply BO. Since such an active subspace, if 
it exists, is unknown, the projection must be estimated. One can param-
eterize the projection scheme (e.g., a projection matrix) and estimate 
the parameters (see, e.g., Garnett et al. 2014, Tripathy et al. 2016), ob-
tain the projection from a sensitivity analysis (see, e.g., Djolonga et al.
2013), or sample it randomly (see, e.g., Wang et al. 2016). Yet it is crit-
ical (especially, when such an active subspace does not exist) to figure 
out which feasible solution to simulate next in an optimization search 
because that decision involves projecting back to the full space, which 
is needed to parameterize the simulation. Such a projection back may 
be inefficient when a large part of the space is infeasible. Moreover, the 
computational savings from a projection-based approach relies heavily 
on the size of the active subspace’s dimension (Mathesen et al. 2019).

Under the assumption of an additive structure for the objective func-
tion, the third approach is to decompose the objective function into a 
sum of functions, each with fewer decision variables. The motivation is 
to perform the optimization component-wise, making the search much 
more efficient, and thus addressing the computational burden of high-
dimensional BO. Several papers in this stream assume that the objective 
function is a sum of independent low-dimensional functions with dis-
joint (separable) decision variable dimensions (see, e.g., Gardner et al.
2017, Kandasamy et al. 2015, Wang et al. 2018), while others allow 
possibly overlapping dimensions (see, e.g., Hoang et al. 2018, Rolland 
et al. 2018). They differ mainly in how they learn the additive struc-
ture. They all model the lower-dimensional functions as realizations of 
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independent GPs. This implies that the prior on the objective function 
values is a GP with an additive kernel. A potential downside of the ad-
ditivity assumption is that it implies that the interactions among the 
subsets of decision variables (which we refer to as groups) are assumed 
to be negligible. Further, the covariance matrix of the additive GP may 
not be invertible due to linear relationships among the solutions, which 
is more likely to occur when the feasible solution space is discrete (Dur-
rande et al. 2011).

Our DASSO methodology is superficially related to this last approach 
in terms of decomposing the objective function, but it does not enforce 
a separability approximation. Instead, it employs discrete FANOVA to 
include all high-order interactions among the groups by iteratively em-
ploying two steps: The “dice” step avoids the computational burden of 
the high-order interactions by forming a random-effect that combines 
the high-order terms with one of the lower-dimensional groups, and then 
selects a partial solution based on its posterior. Next, DASSO obtains a 
best-CEI solution from the posterior of the partial solution “slice,” a pos-
terior that has the same (low) dimension as the hold-out group and that 
fully accounts for all higher-order interactions. Details are in Section 4.

Although FANOVA has been used mostly as a basis for global sensi-
tivity analysis, some studies (see, e.g., Ginsbourger et al. 2016, Muehlen-
staedt et al. 2012, Ulaganathan et al. 2016) focus on high-dimensional 
GP modeling on a continuous domain and provide uncertainty measures 
over predictions or more computationally efficient GP models. Our aim 
is different in that we solve SO problems over a discrete domain.

To our knowledge, the only other inference-based algorithm that is 
designed for high-dimensional DSO problems is the projected Gaussian 
Markov improvement algorithm (pGMIA) of Li and Song (2024); see also 
Mes et al. (2011). pGMIA partitions the dimensions into two groups, 
called “region” and “solution” layers, and projects the latter onto the 
former. The region layer is represented as a graph, where the objective 
function value at a node is the average of objective function values at the 
feasible solutions projected onto that node. pGMIA alternates between 
choosing a node in the region-layer graph and deciding the next feasible 
solution to simulate from the solutions projected onto the chosen node. 
For both decisions, it models the objective function values as a GMRF 
and adopts CEI as the criterion to choose which feasible solution to sim-
ulate next. Li and Song (2024) also describe pGMIA+, a multi-layer 
extension of pGMIA, and both algorithms outperform the state-of-the-
art high-dimensional BO algorithms to which they compare. Therefore, 
pGMIA represents the state of the art against which we compare in Sec-
tion 5.

3.  Discrete simulation optimization with GMRFs

Our problem to minimize 𝒚(𝒙) = E[𝑌 (𝒙)] subject to 𝒙 ∈  , where 
is a finite subset of the 𝑑-dimensional integer lattice treated as a collec-
tion of (column) vectors. The objective, 𝒚(𝒙), can only be estimated via 
stochastic simulation. In particular, the output 𝑌𝑗 (𝒙) = 𝒚(𝒙) + 𝜖𝑗 (𝒙) can 
be observed for 𝒙 on replication 𝑗 = 1, 2,… , where {𝜖𝑗 (𝒙)} are indepen-
dent and identically distributed with mean zero and finite (unknown) 
variance 𝜎2(𝒙) that may depend on 𝒙. In the multi-product inventory 
problem, 𝒙 denotes the vector of reorder and order-up-to values for each 
product, 𝑌 (𝒙) represents the average cost per period obtained from a sin-
gle replication, and 𝒚(𝒙) is the true expected average cost per period. We 
define GMRFs and explain how they have been used to solve the DSO 
problem in Sections 3.1–3.2, deferring our approach to Section 4.

3.1.  Gaussian Markov random field (GMRF)

A GMRF is a multivariate Gaussian random vector 
𝕐 = [𝕐1,𝕐2,… ,𝕐𝑛]⊤ associated with an undirected labeled graph 
 = ( , ), where  is the set of 𝑛 nodes and  is the set of edges (Rue 
& Held 2005). In a DSO setting, each node represents a solution 𝒙𝑖
associated with the corresponding element of 𝕐 . Moreover, we impose 
the structure that solutions that differ by ±1 in one coordinate are 

connected by edges. Letting 𝝁 and 𝑸 be the mean vector and precision 
matrix of 𝕐 , respectively, the probability density function of the GMRF 
can be written as 𝑓 (𝒚|𝝁,𝑸) = (2𝜋)−𝑛∕2|𝑸|

1∕2 exp
(

− 1
2 (𝒚 − 𝝁)⊤𝑸(𝒚 − 𝝁)

)

.
The precision matrix is the inverse of the covariance matrix and 
is positive-definite. The choice of  makes 𝑸 have no more than 
(2𝑑 + 1)𝑛 nonzero elements. The diagonal elements of 𝑸 are the 
conditional precisions: 𝑄𝑖𝑖 = Prec(𝕐𝑖 ∣ 𝕐⧵{𝑖}), where 𝕐𝑆 denotes the 
subvector of 𝕐  including only the nodes in any 𝑆 ⊂  . The off-diagonal 
entries are proportional to conditional correlations; specifically, 
𝑄𝑖𝑗 = −Corr(𝕐𝑖,𝕐𝑗 ∣ 𝕐⧵{𝑖,𝑗})

√

𝑄𝑖𝑖𝑄𝑗𝑗 .
A GMRF 𝕐  is Markovian in the sense that it has the local Markov 

property: 𝕐𝑖 ⟂ 𝕐⧵( (𝑖)∪{𝑖}) ∣ 𝕐 (𝑖), where  (𝑖) = {𝑗 ∶ {𝑖, 𝑗} ∈ } is the set 
of neighbors of node 𝑖 in . This implies that the random variable 𝕐𝑖, 
conditional on the values of its neighbors, is independent of the values 
at non-neighboring nodes. Consequently, 𝑄𝑖𝑗 ≠ 0 if and only if {𝑖, 𝑗} ∈  .

3.2.  Gaussian Markov improvement algorithm (GMIA)

Since the vector of objective function values, denoted by 𝒚 =
[𝒚(𝒙1), 𝒚(𝒙2),… , 𝒚(𝒙𝑛)]⊤, is unknown, it can be modeled as a realiza-
tion of the GMRF 𝕐 =

[

𝕐 (𝒙1),𝕐 (𝒙2),… ,𝕐 (𝒙𝑛)
]⊤ ∼ N

(

𝝁,𝑸−1) with mean 
vector 𝝁 of size 𝑛 × 1 and precision matrix 𝑸 of size 𝑛 × 𝑛; this is the 
prior.

Suppose that only the “design points," a subset of the feasible solu-
tions, have been simulated. Let  ⊆  denote the current subset of de-
sign points, and partition  into the two disjoint sets  and  =  ⧵. 
Notice that  is the set of feasible solutions that have been simulated, 
and   is the set of feasible solutions that have not (i.e., are unsimu-
lated). Using these disjoint sets, the vector 𝕐  can be partitioned into 𝕐
and 𝕐, which are the subvectors of 𝕐  including the solutions in   and 
, respectively, that is, 𝕐 =

(

𝕐
𝕐

)

. Similarly, the vector 𝝁 can be 
partitioned into 𝝁  and 𝝁.

The sample mean vector of simulated values at the design points, de-
noted by 𝒀, can be represented as a realization of 𝕐 𝜖

 = 𝕐 + 𝝐, with 𝕐
and 𝝐 independent, and 𝝐 ∼ N

(

𝟎⃗
||

,𝚺𝜖
)

, where ⃗𝟎
||

 is a ||-dimensional 
vector of zeros and 𝚺𝜖 is the intrinsic covariance matrix of the stochas-
tic noise inherent to 𝒀. When the design points are simulated indepen-
dently, 𝚺𝜖 is a diagonal matrix, whereas it is a dense matrix when the 
design points are simulated with common random numbers; due to the 
expense of inverting dense matrices we opt for independent simulations.

The conditional distribution of 𝕐  given 𝕐 𝜖
 = 𝒀 is

N

(

(

𝝁
𝝁

)

+ 𝑸̄−1

(

𝟎⃗
| |

[𝚺𝜖]−1
(

𝒀 − 𝝁
)

)

, 𝑸̄−1

)

,

 where 𝑸̄ = 𝑸 +
(

𝟎
| |×| |

𝟎
| |×||

𝟎
||×| |

[𝚺𝜖]−1

)

(1)

is the conditional precision matrix and 𝟎𝑎×𝑏 is the 𝑎 × 𝑏 matrix of zeros. 
The unsimulated solutions are first in the GMRF representation because 
we assume the solutions have been so ordered.

Let 𝒙̃ denote the current sample-best solution (among the design 
points in ) based on sample means, i.e., 𝒙̃ = argmin𝒙∈𝒀(𝒙), where 
𝒀(𝒙) is the element of 𝒀 associated with 𝒙. Then, the CEI of 𝒙 ∈  rel-
ative to 𝒙̃ is CEI(𝒙̃,𝒙) = E

[

max{𝕐 (𝒙̃) − 𝕐 (𝒙), 0} ∣ 𝕐 𝜖
 = 𝒀

]

. Let 𝒎(𝒙) and 
𝒗(𝒙) denote the conditional mean and conditional variance of 𝕐 (𝒙), re-
spectively, and 𝒄(𝒙̃,𝒙) denote the conditional covariance between 𝕐 (𝒙̃)
and 𝕐 (𝒙). Then the conditional variance of the difference 𝕐 (𝒙̃) − 𝕐 (𝒙)
is 𝒗(𝒙̃,𝒙) = 𝒗(𝒙̃) + 𝒗(𝒙) − 2𝒄(𝒙̃,𝒙). Further, the CEI of 𝒙 ∈  ⧵ {𝒙̃} can be 
expressed as

CEI(𝒙̃,𝒙)=(𝒎(𝒙̃) −𝒎(𝒙)) Φ

(

𝒎(𝒙̃) −𝒎(𝒙)
√

𝒗(𝒙̃,𝒙)

)

+
√

𝒗(𝒙̃,𝒙) 𝜙

(

𝒎(𝒙̃) −𝒎(𝒙)
√

𝒗(𝒙̃,𝒙)

)

,

where 𝜙 and Φ are the standard normal probability density and cumu-
lative distribution functions, respectively (Salemi et al. 2019). At each 
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iteration, GMIA simulates the sample-best solution, 𝒙̃, and the solution 
with the largest CEI, then updates the posterior distribution and con-
tinues. CEI is an enhancement of the “expected improvement” criterion 
for optimizing deterministic black-box functions (Jones et al. 1998) that 
has been shown to be particularly effective in stochastic simulation (see 
also Chen and Ryzhov 2019). All else being equal, CEI(𝒙̃,𝒙) is decreasing 
in 𝒎(𝒙) and increasing in 𝒗(𝒙̃,𝒙), which is the property DASSO exploits 
to significantly improve computational efficiency as described in Sec-
tion 4.6.

3.3.  Intermezzo

A DSO algorithm for large-scale, expensive simulation optimization 
needs to be both search-effective and computationally feasible. The 
search-effectiveness of BO depends on the choice of GP prior, partic-
ularly its covariance structure. Hidden in the GMIA summary above is 
a sparse parameterization for 𝑸 that has been shown empirically to be 
exceptional for guiding the search in DSO problems (Li & Song 2020, 
2024, Salemi et al. 2019, Semelhago et al. 2021, 2017) as well as com-
putationally advantageous; see Section EC.5 in the e-companion. Clearly 
this formulation is something we do not want to lose.

However, even though the form of 𝑸 in GMIA is sparse, evaluating 
the posterior distribution, and even calculating the CEIs for every feasi-
ble solution on every iteration, becomes computationally prohibitive if 
the number of feasible solutions is (say) in the trillions. Therefore, GMIA 
and its variants are constrained by the size of the problem, particularly 
its dimension. To overcome this limitation, we propose the DASSO algo-
rithm that has a search-effective yet computationally feasible covariance 
structure while avoiding the need to calculate the CEI of every feasible 
solution on each iteration, all without approximations.

4.  Dice and slice simulation optimization (DASSO)

Recall that the aim is to minimize 𝒚(𝒙) subject to 𝒙 ∈  , where 
is a finite subset of the 𝑑-dimensional integer lattice, and the objective 
can only be estimated via stochastic simulation. The set of feasible so-
lutions can be represented as  =

⨉𝑑
𝑖=1 𝑖, where 𝑖 is a finite subset of 

the one-dimensional integer lattice with 𝑛𝑖 = |𝑖|. The number of fea-
sible solutions is 𝑛 =

∏𝑑
𝑖=1 𝑛𝑖 which increases exponentially in 𝑑; thus, 

only a small fraction of feasible solutions can be simulated for high-
dimensional problems with expensive simulations even if |𝑖| is small. 
In the following sections, we show how DASSO tackles this problem.

4.1.  Discrete FANOVA

The following Discrete FANOVA (DFA) representation of the ob-
jective function justifies the prior distribution at the heart of DASSO: 
Suppose we assign probabilities to each feasible solution for the pur-
pose of measuring the global sensitivity in terms of variance of the out-
put response with respect to solutions’ component dimensions. Specif-
ically, assume that the component dimensions of a feasible solution 
are independent and follow discrete uniform distributions. That is, let-
ting 𝕏 = [𝕏1,𝕏2,… ,𝕏𝑑 ]⊤ denote a random vector, we have P{𝕏 = 𝒙} =
∏𝑑

𝑖=1 P
{

𝕏𝑖 = 𝑥𝑖
}

, ∀𝒙 = [𝑥1, 𝑥2,… , 𝑥𝑑 ]⊤ ∈  , and P{𝕏𝑖 = 𝑥
}

= 1∕𝑛𝑖, ∀𝑥 ∈
𝑖, for each component dimension 𝕏𝑖 of 𝕏, where 𝑥𝑖 denotes the 𝑖th 
component of 𝒙. Therefore,

P{𝕏 = 𝒙} =
𝑑
∏

𝑖=1
P
{

𝕏𝑖 = 𝑥𝑖
}

= 1
∏𝑑

𝑖=1 𝑛𝑖
= 1

𝑛
, ∀𝒙 = [𝑥1, 𝑥2,… , 𝑥𝑑 ]⊤ ∈  .

(2)

Thus, all feasible solutions are equally likely, or equally weighted in a 
non-probabilistic sense.

For any subset 𝚞 of component indices 𝚍 = {1, 2,… , 𝑑}, let 𝒙𝚞 =
(𝑥𝑖)𝑖∈𝚞 denote the lower dimensional component of 𝒙 associated with 
𝚞. The number and set of lower dimensional components associated 

with 𝚞 are 𝑛𝚞 =
∏

𝑖∈𝚞 𝑛𝑖 and 𝚞 =
⨉

𝑖∈𝚞 𝑖, respectively. Also, let −𝚞 de-
note the complementary set 𝚍 ⧵ 𝚞. In the DFA decomposition, we first 
define the grand mean to be 𝒚∅(𝒙) = 1

𝑛
∑

𝒙∈ 𝒚(𝒙) ≜ 𝑦̄, ∀𝒙 ∈  . Notice 
that 𝒚∅(𝒙) is a constant that does not depend on any component di-
mensions of 𝒙. Then, for 𝚞 ⊆ 𝚍, the effect of 𝒙𝚞 can be expressed as 
𝒚𝚞(𝒙) =

1
𝑛−𝚞

∑

𝒙−𝚞∈−𝚞

(

𝒚(𝒙) −
∑

𝚟⊂𝚞 𝒚𝚟(𝒙)
)

, ∀𝒙 ∈  . Notice that 𝒚𝚞(𝒙) de-
pends on 𝒙 only through 𝒙𝚞 as the effect of 𝒙−𝚞 is averaged out. Us-
ing these effects, 𝒚(𝒙) can be represented as a DFA decomposition: 
𝒚(𝒙) =

∑

𝚞⊆𝚍 𝒚𝚞(𝒙). Under the probability measure in (2), we can show 
that these functions have certain properties.
Proposition 1. The following properties hold if 𝕏 follows Distribution (2):

(a) E[𝒚(𝕏)] = 𝑦̄,
(b) E

[

𝒚𝚞(𝕏)
]

= 0, ∀𝚞 ⊆ 𝚍 with 𝚞 ≠ ∅,
(c) E

[

𝒚𝚞(𝕏)𝒚𝚟(𝕏)
]

= 0, ∀𝚞, 𝚟 ⊆ 𝚍 with 𝚞 ≠ 𝚟,
(d) Var[𝒚(𝕏)] =

∑

𝚞⊆𝚍 Var
[

𝒚𝚞(𝕏)
]

.

Proposition 1 states that (a) the overall mean of 𝒚(𝕏) is 𝑦̄; (b) other than 
𝒚∅(𝒙), each 𝒚𝚞(𝕏) in the DFA decomposition has zero mean; (c) 𝒚𝚞(𝕏)
and 𝒚𝚟(𝕏) for 𝚞 ≠ 𝚟 are uncorrelated; and (d) the overall variance of 𝒚(𝕏)
decomposes into the sum of the variances of each individual function. 
Proposition 1 holds for any 𝒚(⋅) regardless of its functional form, and it 
motivates the DASSO prior distribution on 𝕐 .

4.2.  Decomposition

Partition 𝚍 into 𝑔 ≥ 1 disjoint non-empty sets 𝚐(1), 𝚐(2),… , 𝚐(𝑔), i.e., 
⋃

𝜌∈ 𝚐
(𝜌) = 𝚍 and 𝚐(𝜌) ∩ 𝚐(𝜚) = ∅ for 𝜌 ≠ 𝜚, where  = {1, 2,… , 𝑔}. These 

sets represent “groups" indexed by the superscripts in parentheses. For 
instance, in the multi-product inventory problem, groups can represent 
subsets of products. The indexing of the groups is updated throughout 
the algorithm. Later we will single out group 𝑔 for special treatment.

Throughout the paper, 𝜌 and 𝜚 index groups. For each 𝜌 ∈ , let  (𝜌)

and 𝒙(𝜌) represent the corresponding components of  and 𝒙, respec-
tively, indexed by 𝚐(𝜌), i.e.,  (𝜌) =

⨉

𝑖∈𝚐(𝜌) 𝑖 and 𝒙(𝜌) = (𝑥𝑖)𝑖∈𝚐(𝜌) . Notice 
that  (𝜌) is a finite subset of the 𝑑(𝜌)-dimensional integer lattice with 𝑛(𝜌)
distinct points, where 𝑑(𝜌) = |𝚐(𝜌)| and 𝑛(𝜌) = | (𝜌)

| =
∏

𝑖∈𝚐(𝜌) 𝑛𝑖. Further, 
notice that ∑𝜌∈ 𝑑

(𝜌) = 𝑑 and 𝑛 =
∏

𝜌∈ 𝑛
(𝜌). Fig. 1 illustrates a decompo-

sition into two groups for a simple 3-dimensional example with 𝑛 = 12
solutions.

For each group 𝜌 ∈ , we define the group function 𝒚(𝜌)(𝒙) =
∑

𝚞⊆𝚐(𝜌) ∶ 𝚞≠∅ 𝒚𝚞(𝒙). That is, 𝒚(𝜌)(𝒙) is the summation of all functions in 
the DFA decomposition indexed by a subset of 𝚐(𝜌). Notice that 𝒚(𝜌)(𝒙) is 
a function of only 𝒙(𝜌), and thus can be rewritten as 𝒚(𝜌)(𝒙(𝜌)). Then, 
based on the DFA decomposition of 𝒚(𝒙), we can write 𝒚(𝒙) = 𝛽0 +
∑

𝜌∈ 𝒚(𝜌)(𝒙(𝜌)) + 𝒚(𝑟)(𝒙), where 𝛽0 = 𝑦̄, and 𝒚(𝑟)(𝒙) represents the remain-
der. Namely, 𝒚(𝑟)(𝒙) is the summation of 𝒚𝚞(𝒙) for 𝚞 ⊆ 𝚍 such that 𝚞 ≠ ∅
and 𝚞 ⊈ 𝚐(𝜌) for all 𝜌 ∈ . Thus, 𝒚(𝑟)(𝒙) is a function of all component 
dimensions of 𝒙 and captures the interactions across the groups.

Let 𝒚(𝜌) =
[

𝒚(𝜌)(𝒙(𝜌)1 ), 𝒚(𝜌)(𝒙(𝜌)2 ),… , 𝒚(𝜌)(𝒙(𝜌)
𝑛(𝜌)

)
]⊤

 be the vector of group 
𝜌 components of the objective function. Also, let 𝒚(𝑟) denote vector of 
remainder terms [𝒚(𝑟)(𝒙1), 𝒚(𝑟)(𝒙2),… , 𝒚(𝑟)(𝒙𝑛)]⊤. Using the 𝒚(𝜌)’s and 𝒚(𝑟), 
the vector of objective function values at all solutions in  can be ex-
pressed as 𝒚 = 𝛽0𝟏⃗𝑛 +

∑

𝜌∈ 𝑻 𝒚(𝜌) + 𝒚(𝑟), where 𝟏⃗𝑛 is an 𝑛-dimensional 
vector of ones and 𝑻  is the transformation matrix associated with group 
𝜌. The (𝑘, 𝑙)th element of 𝑻  is 1 if 𝒙(𝜌)𝑙  is the corresponding lower di-
mensional component of solution 𝒙𝑘, and 0 otherwise. Notice that 𝑻  is 
an 𝑛 × 𝑛(𝜌) matrix containing only one nonzero element with value 1 in 
each row. To assist optimization we impose a prior distribution on 𝒚.

Starting with the group function 𝒚(𝜌), we model it as a realization of 
the GMRF
𝕐 (𝜌) =

[

𝕐 (𝜌)(𝒙(𝜌)1 ),𝕐 (𝜌)(𝒙(𝜌)2 ),… ,𝕐 (𝜌)(𝒙(𝜌)
𝑛(𝜌)

)
]⊤

∼ N
(

𝟎⃗𝑛(𝜌) , [𝑸(𝜌)]−1
)

with precision matrix 𝑸(𝜌) of size 𝑛(𝜌) × 𝑛(𝜌). The prior mean of 𝕐 (𝜌) is 
zero as a consequence of the DFA decomposition; see Property (b) of 
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Fig. 1. Illustration of a decomposition into two groups with 𝚐(1) = {2, 3} and 𝚐(2) = {1}.

Proposition 1. Similarly, the remainder 𝒚(𝑟) can be modeled as a real-
ization of the GMRF 𝕐 (𝑟) ∼ N

(

𝟎⃗𝑛, [𝑸(𝑟)]−1
)

 with precision matrix 𝑸(𝑟) of 
size 𝑛 × 𝑛.

What sets our model apart from other additive approximations pro-
posed for high-dimensional BO (cf. Kandasamy et al. 2015, Gardner et al.
2017, and Wang et al. 2018) is that we retain the term 𝕐 (𝑟), represent-
ing the inadequacy of a fully separable model. Therefore, we do not 
assume 𝒚(⋅) separates into the sum of functions of groups, unlike other 
approaches. All of our GMRFs are mutually independent by Property (c) 
of Proposition 1 because uncorrelated implies independence for Gaus-
sian processes.

In summary, as justified by the DFA decomposition, the vector 𝒚 of 
objective function values is modeled as the realization of a constant plus 
a linear combination of mean-zero, independent GMRFs
𝕐 = 𝛽0𝟏⃗𝑛 +

∑

𝜌∈
𝑻 𝕐 (𝜌) + 𝕐 (𝑟). (3)

The goal of defining the prior distribution on the DFA decomposition is 
to achieve significant computational benefits when obtaining the poste-
rior of 𝕐  via the posteriors of the 𝑔 lower-dimensional GMRFs. However,
(3) does not reduce computation unless 𝑸(𝑟) is diagonal, since it is full-
dimensional (𝑛 × 𝑛); diagonal implies no spatial correlation representing 
interaction. This is the first issue we address.

A second issue, whether 𝑸(𝑟) is diagonal or not, is that if the val-
ues of its diagonal elements are very large, which may occur when the 
contribution of 𝒚(𝑟)(𝒙) to the objective function value 𝒚(𝒙) is negligible, 
then 𝒚(𝒙) becomes closer to a purely separable function. Purely separa-
ble 𝕐  (without 𝕐 (𝑟)) has linearly dependent elements due to the repeti-
tive rows in the 𝑻 ’s, leading to a singular covariance matrix for 𝕐 . The 
singular covariance matrix may cause computational issues when up-
dating the posterior distribution of 𝕐 . More importantly, the linear de-
pendence of groups causes inconsistencies between 𝒚 and 𝕐  unless the 
former has the same additive structure as the latter. See Section EC.4 in 
the e-companion for a small example illustrating the linear dependence 
issue.

One of our key contributions is addressing these two issues in a way that 
preserves computational efficiency without losing a full-dimensional repre-
sentation. To do this we divide and conquer.

Our first innovation is to obtain the posterior distributions of groups 
1, 2,… , 𝑔 − 1 by modeling group 𝑔 plus the remainder term as a sim-
ple random effect, leading to a computationally tractable posterior dis-
tribution for 𝕐 . Specifically, we replace 𝑻 (𝑔)𝕐 (𝑔) + 𝕐 (𝑟) with a GMRF 
with prior distribution 𝕎 ∼ N

(

𝟎⃗𝑛, 𝜎2𝑔 𝐈𝑛
)

 with a positive but finite 𝜎2𝑔 , 
where 𝐈𝑛 is the 𝑛 × 𝑛 identity matrix. Therefore, the GMRF prior for 𝒚
becomes

𝕐 = 𝛽0𝟏⃗𝑛 +
∑

𝜌∈(−𝑔)
𝑻 𝕐 (𝜌) +𝕎, (4)

where (−𝑔) =  ⧵ {𝑔} eases notation. The identity of “group 𝑔” may 
change in each iteration of DASSO so that no group is restricted to be 
only a part of 𝕎.

Both (3) and (4) model the same problem but with different prior dis-
tributions; (4) provides weaker inference on the component dimensions 
in group 𝑔, but is computationally tractable and free of the inconsistency 
issue. Moreover, updating the identity of 𝑔 lets (4) learn all groups’ ef-
fects equitably.

Under (4), the distribution of 𝕐  is a convolution of low-dimensional 
distributions and an easy-to-evaluate full-dimensional distribution. 
Moreover, for fixed , 𝕐  depends only on lower dimensional compo-
nents 𝒙(−𝑔) = (𝑥𝑖)𝑖∈𝚍⧵𝚐(𝑔) , which we refer to as the “first 𝑔 − 1 compo-
nents." Therefore, it infers the same posterior for any feasible solution 
with the same first 𝑔 − 1 components. Utilizing (4), DASSO performs a 
“dice” stage to determine the first 𝑔 − 1 components of the solution to 
simulate by maximizing the CEI defined over  (−𝑔) =

⨉

𝑖∈𝚍⧵𝚐(𝑔) 𝑖.
Our second innovation is to further model the component dimen-

sions in group 𝑔 by a 𝑛(𝑔)-dimensional GMRF for all solutions with the 
same first 𝑔 − 1 components, as selected in the dice stage. DASSO then 
performs a “slice” stage to find the components in group 𝑔 to simulate 
using the single-group GMRF.

In summary, DASSO alternates between using a simple random-effect 
GMRF to represent the complex remainder term when choosing values for 
the 𝑔 − 1 groups in the dice stage, and a detailed GMRF of the lower-
dimensional slice of the remaining group with those values fixed. As we show 
in Section 5 this leads to rapid search progress with low computational
overhead.

Remark: We have argued that the prior in (4) is ideal for DASSO, and the 
form of the prior leads to a computationally feasible posterior compu-
tation, as shown below. However, to be search-effective the prior must 
have appropriate parameters. The DASSO prior has 2 +∑𝑔

𝜌=1(𝑑
(𝜌) + 1)

parameters in total, 𝑑(𝜌) + 1 for each non-remainder group, and two for 
the overall mean and the random-effect variance. In Section EC.5 in 
the e-companion, we describe how we estimate these parameters via 
maximum likelihood so that they are consistent with the decomposi-
tion in (4). In brief, we apply maximum likelihood estimation to the 
differences in the simulation outputs at carefully chosen pairs of design 
points so that through cancellation the difference of a pair reflects only 
the effect of a single group in (4). This accounts for all but two of the 
parameters, whose estimation is straightforward.

4.3.  Bayesian inference for dice stage

In this section we derive the posterior distribution for the dice stage. 
Recall that  ⊆  is the set of feasible solutions that have been simu-
lated, and  =  ⧵ is the set of feasible solutions that have not. Using 
these disjoint sets, the random-effect vector 𝕎 can be partitioned into 
𝕎  and 𝕎, which are the subvectors of 𝕎 including the solutions in 
  and , respectively.

For each group 𝜌 ∈ , let (𝜌) ⊆  (𝜌) denote the set of lower-
dimensional components of the solutions in  corresponding to group 𝜌, 
and partition  (𝜌) into the two disjoint sets (𝜌) and  (𝜌) =  (𝜌) ⧵(𝜌). 
Assuming that the elements of 𝕐 (𝜌) are reordered, we can partition 𝕐 (𝜌)
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and precision matrix 𝑸(𝜌) as

𝕐 (𝜌) =

(

𝕐 (𝜌)


𝕐 (𝜌)


)

∼ N
⎛

⎜

⎜

⎝

(

𝟎⃗
| (𝜌)

|

𝟎⃗
|(𝜌)

|

)

,

(

𝑸(𝜌)
 𝑸(𝜌)


𝑸(𝜌)

 𝑸(𝜌)


)−1
⎞

⎟

⎟

⎠

,

where 𝕐 (𝜌)
  and 𝕐 (𝜌)

  are the subvectors of 𝕐 (𝜌) including the points 
in (𝜌) and  (𝜌), respectively. The covariance matrix of 𝕐 (𝜌)

 , 𝚺(𝜌)
 =

[

𝑸(𝜌)
 −𝑸(𝜌)

 [𝑸(𝜌)
 ]−1𝑸(𝜌)



]−1
, can be derived from the block matrix 

inversion formula. Similarly, transformation matrix 𝑻  can also be parti-
tioned into
(

𝑻 (𝜌)
 𝑻 (𝜌)


𝟎
||×| (𝜌)

|

𝑻 (𝜌)


)

.

The lower-left block is a zero matrix because 𝒙(𝜌) ∈ (𝜌) if 𝒙 ∈  from 
the definition of (𝜌). Then, 𝕐 = 𝛽0𝟏⃗||

+
∑

𝜌∈(−𝑔) 𝑻
(𝜌)
𝕐

(𝜌)
 +𝕎. The 

mean vector and covariance matrix of 𝕐 are 𝝁 = 𝛽0𝟏⃗||

 and 𝚺 =
∑

𝜌∈(−𝑔) 𝑻
(𝜌)
𝚺

(𝜌)
[𝑻

(𝜌)
]

⊤ + 𝜎2𝑔 𝐈||

, respectively.
Theorems 1 and 2 state the posterior distributions of 𝕐 (𝜌) for 𝜌 ∈ (−𝑔)

and 𝕎, respectively.
Theorem 1. For 𝜌 ∈ (−𝑔), the conditional distribution of 𝕐 (𝜌) given 𝕐 𝜖

 =
𝒀 is normal with mean vector 𝒎(𝜌) and covariance matrix 𝚺̄(𝜌) = [𝑸̄]−1, 
where

𝒎(𝜌) = [𝑸̄]−1
(

𝟎⃗
| (𝜌)

|

[𝑻 (𝜌)
]

⊤𝑬
(

𝒀 − 𝝁
)

)

,

𝑸̄ = 𝑸(𝜌) +

(

𝟎
| (𝜌)

|×| (𝜌)
|

𝟎
| (𝜌)

|×|(𝜌)
|

𝟎
|(𝜌)

|×| (𝜌)
|

[𝑻 (𝜌)
]

⊤𝑬𝑻 (𝜌)


)

,

and 𝑬 =
[

𝚺 − 𝑻 (𝜌)
𝚺

(𝜌)
[𝑻

(𝜌)
]

⊤ + 𝚺𝜖
]

−1. 
Theorem 2. The conditional distribution of 𝕎 given 𝕐 𝜖

 = 𝒀 is normal 
with mean vector 𝒎(𝑔) and covariance matrix 𝚺̄(𝑔) = [𝑸̄(𝑔)]−1, where

𝒎(𝑔) = [𝑸̄(𝑔)]−1
(

𝟎⃗
| |

𝑬(𝑔)(𝒀 − 𝝁
)

)

, 𝑸̄(𝑔) = 1
𝜎2𝑔

𝐈𝑛 +
(

𝟎
| |×| |

𝟎
| |×||

𝟎
||×| |

𝑬(𝑔)

)

,

and 𝑬(𝑔) =
[

𝚺 − 𝜎2𝑔 𝐈||

+ 𝚺𝜖
]−1

. 

Since 𝚺̄(𝑔) is the inverse of a block-diagonal matrix, it has a block-
diagonal structure. Although 𝚺̄(𝑔) is an 𝑛 × 𝑛 matrix, its block-diagonal 
structure enables us to compute it by inverting only a || × || matrix. 
Corollary 1 below follows immediately from the fact that 𝕐 = 𝛽0𝟏⃗𝑛 +
∑

𝜌∈(−𝑔) 𝑻 𝕐 (𝜌) +𝕎.

Corollary 1. The conditional distribution of 𝕐  given 𝕐 𝜖
 = 𝒀 is normal 

with the conditional mean vector and conditional covariance matrix
𝒎 = 𝛽0𝟏⃗𝑛 +

∑

𝜌∈(−𝑔)
𝑻𝒎(𝜌) +𝒎(𝑔) and 𝚺̄ =

∑

𝜌∈(−𝑔)
𝑻 𝚺̄(𝜌)[𝑻 ]⊤ + 𝚺̄(𝑔).

Let 𝒗 = diag
(

𝚺̄
) and 𝒄 = 𝚺̄𝐞𝒙̃, where diag(⋅) represents the diagonal of 

the corresponding matrix as a vector, and 𝐞𝒙̃ is the 𝑛-dimensional basis 
vector consisting of 0s and a single 1 in the position corresponding to 
𝒙̃. Then 𝒗 is the vector of conditional variances of 𝕐 , and 𝒄 is the vector 
of conditional covariances between 𝕐 (𝒙̃) and all components of 𝕐 . For 
any 𝒙, conditional mean 𝒎(𝒙), conditional variance 𝒗(𝒙) and conditional 
covariance 𝒄(𝒙̃,𝒙) are the respective components of 𝒎, 𝒗 and 𝒄 associated 
with 𝒙.

For group 𝜌 ∈ (−𝑔), let 𝒎(𝜌)(𝒙(𝜌)), 𝒗(𝜌)(𝒙(𝜌)) and 𝒄(𝜌)(𝒙̃(𝜌),𝒙(𝜌)) be, re-
spectively, the components of 𝒎(𝜌), 𝒗(𝜌) and 𝒄(𝜌), associated with lower 
dimensional component 𝒙(𝜌), where 𝒗(𝜌) = diag

(

𝚺̄(𝜌)) and 𝒄(𝜌) = 𝚺̄(𝜌)𝐞(𝜌)𝒙̃ . 
Also, let 𝒎(𝑔)(𝒙), 𝒗(𝑔)(𝒙) and 𝒄(𝑔)(𝒙̃,𝒙) be, respectively, the components 
of 𝒎(𝑔), 𝒗(𝑔) and 𝒄(𝑔), associated with solution 𝒙, where 𝒗(𝑔) = diag

(

𝚺̄(𝑔))

and 𝒄(𝑔) = 𝚺̄(𝑔)𝐞𝒙̃. Due to the special structure of 𝑻 , Corollary 1 implies 
that

𝒎(𝒙) =
∑

𝜌∈(−𝑔)
𝒎(𝜌)(𝒙(𝜌)) +𝒎(𝑔)(𝒙), 𝒗(𝒙) =

∑

𝜌∈(−𝑔)
𝒗(𝜌)(𝒙(𝜌)) + 𝒗(𝑔)(𝒙)

and

𝒄(𝒙̃,𝒙) =
∑

𝜌∈(−𝑔)
𝒄(𝜌)(𝒙̃(𝜌),𝒙(𝜌)) + 𝒄(𝑔)(𝒙̃,𝒙).

Observe that 𝒎(𝒙), 𝒗(𝒙), and 𝒄(𝒙̃,𝒙) are obtained from terms ex-
tracted from low-dimensional posterior distributions and an easy-to-
evaluate full-dimensional posterior distribution. This is as opposed to a 
computationally impossible-to-evaluate full-dimensional distribution. And 
because we can choose any way to group the component decision vari-
ables we can effectively manage the burden of the posterior calcula-
tions. These computational savings enable DASSO to deal with high-
dimensional DSO problems.

From the terms 𝒎(𝒙), 𝒗(𝒙), and 𝒄(𝒙̃,𝒙), we can compute the CEI of 𝒙. 
Recall that BO algorithms find good solutions rapidly because they are 
guided by evaluating—in our case simulating—the solution offering the 
most potential improvement based on inference from the posterior dis-
tribution, but this is a bottleneck if there are (say) trillions of solutions 
whose improvement must be assessed on each iteration. In Section 4.6, 
we make a significant computational improvement for the CEI calcu-
lation by exploiting the fact that 𝒎(𝒙), 𝒗(𝒙), and 𝒄(𝒙̃,𝒙) are written in 
additive forms, and thus we can easily determine if there is another solu-
tion with a larger CEI than a group of solutions without fully computing 
their CEIs. This provides a substantial computational saving because it 
suffices to calculate the CEIs for only a relatively small number of fea-
sible solutions to find a CEI-maximizing solution; see Section 5.3.

Expressing 𝒎(𝒙), 𝒗(𝒙), and 𝒄(𝒙̃,𝒙) in additive forms also enables us to 
show that the CEIs of the feasible solutions in   with the same first 𝑔 − 1
components are identical; see Proposition 2 in Section 4.6. Therefore, 
there might be multiple solutions with the largest CEI. This is mainly a 
consequence of the random-effect group having a diagonal covariance 
matrix.

We think of the posteriors of the first 𝑔 − 1 groups as individual dice
because the overall posterior includes their summation. Once we “roll 
the dice" (select their CEI maximizing components), we can evaluate a 
slice of the full-dimensional posterior that we address in the next section.

4.4.  Bayesian inference for slice stage

Suppose that values of 𝒙(1),… ,𝒙(𝑔−1), the first 𝑔 − 1 components, 
are chosen in the dice stage. For simplicity, let 𝒛 denote these chosen 
components; notice that 𝒛 is not full-dimensional, i.e., its dimension is 
𝑑 − 𝑑(𝑔). Then, the remaining slice of 𝕐 , denoted by 𝕐 (⋅|𝒛), is only a func-
tion of the last component, 𝒙(𝑔), and thus lower dimensional. In the in-
ventory problem this corresponds to fixing the reorder and order-up-to 
values of some products with the remaining yet to be chosen. Thus, 
𝕐 (⋅|𝒛) = 𝑺𝒛𝕐  is a random vector of size 𝑛(𝑔) × 1, where 𝑺𝒛 is the trans-
formation matrix to fix 𝒙(−𝑔) to 𝒛. We refer to the distribution of 𝕐 (⋅|𝒛)
as a “slice" rather than a “conditional" because it is a subvector of 𝕐
and not conditioned on 𝒛. The (𝑘, 𝑙)th element of 𝑺𝒛 is 1 if solution 𝒙𝑙
is composed of 𝒙(−𝑔) = 𝒛 and 𝒙(𝑔)𝑘 , and 0 otherwise. Notice that 𝑺𝒛 is a 
𝑛(𝑔) × 𝑛 matrix containing one nonzero element with value 1 in each row. 
Under (3), 𝕐 (⋅|𝒛) = 𝛽0𝑺𝒛𝟏⃗𝑛 +

∑

𝜌∈(−𝑔) 𝑺𝒛𝑻 𝕐 (𝜌) + 𝑺𝒛𝑻 (𝑔)𝕐 (𝑔) + 𝑺𝒛𝕐 (𝑟). The 
special structures of the transformation matrices 𝑺𝒛 and 𝑻  imply that 
𝑺𝒛𝟏⃗𝑛 = 𝟏⃗𝑛(𝑔) , 𝑺𝒛𝑻 𝕐 (𝜌) = 𝕐 (𝜌)(𝒛(𝜌))𝟏⃗𝑛(𝑔)  for 𝜌 ∈ (−𝑔), and 𝑺𝒛𝑻 (𝑔) = 𝐈𝑛(𝑔) , 
where 𝒛(𝜌) represents the group 𝜌 component of 𝒛. Therefore,

𝕐 (⋅|𝒛) =
⎛

⎜

⎜

⎝

𝛽0 +
∑

𝜌∈(−𝑔)
𝕐 (𝜌)(𝒛(𝜌))

⎞

⎟

⎟

⎠

𝟏⃗𝑛(𝑔) + 𝕐 (𝑔) + 𝑺𝒛𝕐 (𝑟).

Ignoring the remainder part, 𝑺𝒛𝕐 (𝑟), for simplicity, we impose a GMRF 
prior with mean vector 𝛽𝒛𝟏⃗𝑛(𝑔)  and precision matrix 𝑸(𝑔) on 𝕐 (⋅|𝒛), where 
𝛽𝒛 = 𝛽0 +

∑

𝜌∈(−𝑔) 𝒚(𝜌)(𝒛(𝜌)). While 𝕐 (⋅|𝒛) could be modeled with any ap-
propriate precision matrix, we use 𝑸(𝑔) because of its convenience and 
simplicity; recall that the identity of 𝑔 is updated over time and the pa-
rameters of 𝑸(𝜌) are initially estimated for each group 𝜌 ∈ .

Let 𝒛 = {𝒙 ∈  ∶ 𝒙(−𝑔) = 𝒛} denote the set of feasible solutions 
whose first 𝑔 − 1 components are 𝒛; notice that |𝒛| = 𝑛(𝑔). Also, let 
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Algorithm 1 DASSO.
1: Initialize  by choosing a subset of feasible solutions. Simulate the 
solutions in  to estimate the parameters (i.e., 𝑸(𝜌) and 𝜎2𝜌 for 𝜌 ∈ , 
and 𝛽0). 

2: while stopping condition of the dice stage not satisfied do 
3:  Choose a group to be the last group 𝑔. 
4:  Re-estimate 𝛽0 by using the simulation outputs of the solutions 
in .

5:  Using the posterior distribution of 𝕐 , calculate the CEIs 
of the solutions to find 𝒙́ with the largest CEI, i.e., 𝒙́ ∈
argmax𝒙∈⧵{𝒙̃}CEI(𝒙̃,𝒙). 

6:  Restrict the set of candidate solutions to 𝒛 = {𝒙 ∈  ∶ 𝒙(−𝑔) =
𝒛}, where 𝒛 = 𝒙́(−𝑔).

7:  Simulate the current sample-best solution 𝒙̃ = argmin𝒙∈𝒀(𝒙).
8:  Simulate some solutions in 𝒛 if 𝒛 = 𝒛 ∩ = ∅ so that 𝛽𝒛 can 
be estimated. 

9:  while stopping condition of the slice stage not satisfied do 
10:  For the solutions in 𝒛, let 𝕐 (⋅|𝒛) ∼ N

(

𝛽𝒛𝟏⃗𝑛(𝑔) , [𝑸(𝑔)]−1
)

 be a 
GMRF.

11:  Estimate 𝛽𝒛 by using the simulation outputs of the solutions 
in 𝒛.

12:  Let 𝒙̃|𝒛 = argmin𝒙∈𝒛
𝒀(𝒙) be the sample-best solution in 𝒛.

13:  Using the posterior distribution of 𝕐 (⋅|𝒛), calculate the CEIs 
of the solutions in 𝒛 to find the solution with the largest CEI, i.e., 
argmax𝒙∈𝒛

CEI(𝒙̃|𝒛,𝒙).
14:  Simulate argmax𝒙∈𝒛

CEI(𝒙̃|𝒛,𝒙) and 𝒙̃|𝒛.
15:  end while
16: end while

𝒛 = 𝒛 ∩ denote the set of design points (i.e., feasible solutions that 
have been simulated) whose first 𝑔 − 1 components are 𝒛. Partitioning 
𝕐 (⋅|𝒛) into two subvectors accordingly, the conditional distribution of 
𝕐 (⋅|𝒛) given 𝕐 𝜖

 = 𝒀 can be obtained from (1).

4.5.  The DASSO algorithm

DASSO is presented in Algorithm 1. At a high level, DASSO employs 
CEI to choose the values of the first 𝑔 − 1 components of 𝒙 in the dice 
stage, selects the remaining components of group 𝑔 in the slice stage, 
simulates the selected solutions and then repeats. A more detailed de-
scription follows.

Algorithm 1 first initializes the design set  by choosing a subset of 
feasible solutions. After simulating the solutions in , the GMRF param-
eters of the prior are estimated. DASSO then starts the dice stage: the 
identity of the last group is chosen and the parameter 𝛽0 is re-estimated 
accordingly by using the simulation outputs from the solutions in . 
Re-estimation of 𝛽0 is not necessary, but doing so helps the inference 
since the estimated value depends on the identity of the last group. 
Unlike the other GMRF parameters, estimation of the constant term 
is straightforward; see Section EC.5 in the e-companion. DASSO next 
finds a solution with the largest CEI, 𝒙́ ∈ argmax𝒙∈⧵{𝒙̃}CEI(𝒙̃,𝒙), and 
fixes the first 𝑔 − 1 components to 𝒙́(−𝑔), i.e., 𝒛 = 𝒙́(−𝑔). The set of can-
didate solutions is restricted to 𝒛 = {𝒙 ∈  ∶ 𝒙(−𝑔) = 𝒛} to form a slice. 
Finally, the current sample-best solution, 𝒙̃, is simulated. Fig. 2 illus-
trates the dice stage for a simple 3-dimensional example with 𝑛 = 64
solutions.

In the slice stage, the parameter 𝛽𝒛 is estimated by using the simu-
lation outputs of the solutions in 𝒛. If 𝒛 = 𝒛 ∩ = ∅, i.e., if none 
of the solutions in 𝒛 has been simulated before, then a set of so-
lutions in 𝒛 is chosen to simulate before the estimation. Until the 
stopping criterion of the slice stage is satisfied, the algorithm simu-
lates argmax𝒙∈𝒛

CEI(𝒙̃|𝒛,𝒙) and 𝒙̃|𝒛 = argmin𝒙∈𝒛
𝒀(𝒙), and updates 

the slice posterior distribution. Notice that the slice stage computes the 
CEI of each solution in 𝒛 with respect to the sample best within 𝒛, but 

this is a small set. Once the stopping criterion of the slice stage is satis-
fied, the algorithm returns to the dice stage unless its stopping criterion 
is also satisfied.

DASSO requires user inputs for the decomposition and some crite-
ria in Steps 1, 2, 3, 8, and 9 as well as an acquisition function such as 
CEI to guide the search. Below, we discuss the choices adopted in our 
numerical experiments in Section 5. First, notice that the user-defined 
decomposition (i.e., the groups) remains the same throughout the algo-
rithm. Although DASSO could allow the decomposition to be updated, 
the GMRF parameters would need to be estimated for each new decom-
position. To estimate the parameters for the user-defined decomposi-
tion in Step 1, we employ a parameter estimation method described in 
Section EC.5 of the e-companion. This method simulates specially con-
structed pairs of design points. Thus, to estimate the parameters for a 
new decomposition, additional design points that do not directly guide 
the search would need to be simulated to complete the pairs, wasting 
simulation effort. Therefore, we do not update the decomposition in our 
numerical experiments. Nevertheless, we empirically evaluate the per-
formance of DASSO with different fixed decompositions.

Algorithm 1 contains two stopping conditions, one for the dice stage 
in Step 2 and another for the slice stage in Step 9. For the former, we 
adopt a fixed computation budget in terms of total number of replica-
tions, i.e., the algorithm terminates after a certain number of replica-
tions. For the latter, we similarly adopt a fixed budget in a sense that 
the number of slice-stage iterations per dice stage is one; in other words, 
Steps 9 and 15 are removed from the algorithm. We use fixed-budget 
stopping conditions for the sake of fair comparison in our numerical 
experiments. An alternative is using CEI for stopping, as proposed in 
Salemi et al. (2019), where the algorithm terminates once the largest 
CEI value drops below a specified threshold.

To update the identity of the group 𝑔 in Step 3, we can impose a dis-
crete distribution with support  to randomly choose it. Alternatively 
this discrete distribution could adapt to some metrics measuring the im-
pact of groups on the objective function values and changed from time 
to time during the search. For the sake of simplicity in our numerical ex-
periments, we impose a discrete uniform distribution; that is, we choose 
group 𝑔 randomly at each change. While intuitively it seems clear that 
each group should take turns as group 𝑔, the best way to assign it is an 
open question. Similarly, to choose some solutions from 𝒛 to simulate 
when 𝒛 = ∅ in Step 8, a discrete distribution with support  (𝑔) can be 
applied; we again adopt a discrete uniform distribution in our numerical 
experiments.

DASSO employs CEI as the acquisition function in both the dice and 
slice stages to choose the feasible solution to simulate next. Alterna-
tively, acquisition functions such as the knowledge gradient (Frazier 
et al. 2009) and information-theoretic approaches (see, e.g., Hernández-
Lobato et al. 2014, Hvarfner et al. 2022, Wang & Jegelka 2017) could 
be applied in the slice stage because the candidate solution set is rel-
atively small. However, implementing them in the dice stage requires 
more careful consideration in large-scale problems. Specifically, identi-
fying the solution that maximizes the acquisition function among a very 
large number of feasible solutions on each iteration by enumeration im-
poses too much computational overhead to be practical. An advantage 
of CEI, as described in Section 4.6, is that the structural properties of 
CEI support a strategy that identifies the best-CEI solution while only 
evaluating a small fraction of them.

Before providing the empirical evaluation to demonstrate the excel-
lent finite-sample performance of DASSO in Section 5, we note that 
we establish the global convergence of DASSO under the very mild 
conditions and a small tweak to the algorithm; see Section EC.3 in 
the e-companion. We confess that this convergence result is strictly 
of academic interest, since we do not expect to approach anything 
like convergence in the class of problems we consider. The real test 
for DASSO and any competitor is whether it makes rapid improve-
ment by exploiting limited simulation, unencumbered by algorithm
overhead.
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Fig. 2. Illustration of the dice stage on a solution space  = {1, 2, 3, 4}3 with three 1-dimensional groups. Letting 𝑔 = 3, suppose that solutions 𝒙38, 𝒙39 and 𝒙40 (in 
blue) have the largest CEI in the dice stage in Step 5. Then, the restricted set of candidate solutions is 𝒛 = {𝒙37,𝒙38,𝒙39,𝒙40} (indicated with red dashed line). (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

4.6.  Computational efficiency of dice stage

Although we have focused on the computational expense of the pos-
terior distribution update, all expected-improvement type algorithms 
suffer the additional computational burden of needing to evaluate the 
potential of every feasible solution on every iteration. Choosing a solution 
heuristically or focusing on only a small subset of feasible solutions risks 
making a poor decision, which is fatal when simulations are so expen-
sive. Fortunately, DASSO facilitates an elegant solution to this problem.

To make a decision in the dice stage, the CEI of each solution needs to 
be computed; see Step 5 of Algorithm 1. Aiming to reduce the bottleneck, 
we derive the following two relationships between the CEIs of solutions 
that have not been simulated:
Proposition 2. For two solutions 𝒙 and 𝒙̆ in  : (R1) CEI(𝒙̃,𝒙) = CEI(𝒙̃, 𝒙̆)
if 𝒙(𝜌) = 𝒙̆(𝜌) for all 𝜌 ∈ (−𝑔). (R2) CEI(𝒙̃,𝒙) ≤ CEI(𝒙̃, 𝒙̆) if for some group 
𝜌 ∈ (−𝑔), all of the following conditions hold:
(C2.1) 𝒙(𝜚) = 𝒙̆(𝜚) for all 𝜚 ∈  ⧵ {𝜌, 𝑔},
(C2.2) 𝒎(𝜌)(𝒙(𝜌)) ≥ 𝒎(𝜌)(𝒙̆(𝜌)), and
(C2.3) 𝒗(𝜌)(𝒙̃(𝜌),𝒙(𝜌)) ≤ 𝒗(𝜌)(𝒙̃(𝜌), 𝒙̆(𝜌)), where 𝒗(𝜌)(𝒙̃(𝜌), ⋅) =

𝒗(𝜌)(𝒙̃(𝜌)) + 𝒗(𝜌)(⋅) − 2𝒄(𝜌)(𝒙̃(𝜌), ⋅).

Furthermore, for two solutions 𝒙 and 𝒙̆ in : (R3) CEI(𝒙̃,𝒙) ≤ CEI(𝒙̃, 𝒙̆)
if 𝒙(𝜌) = 𝒙̆(𝜌) for all 𝜌 ∈ (−𝑔), 𝒎(𝑔)(𝒙) ≥ 𝒎(𝑔)(𝒙̆), and 𝒗(𝑔)(𝒙̃,𝒙) ≤ 𝒗(𝑔)(𝒙̃, 𝒙̆), 
where 𝒗(𝑔)(𝒙̃, ⋅) = 𝒗(𝑔)(𝒙̃) + 𝒗(𝑔)(⋅) − 2𝒄(𝑔)(𝒙̃, ⋅).

Relation (R1) states that the CEIs of the feasible solutions in   (unsim-
ulated) with the same first 𝑔 − 1 components are identical. If a solution 
𝒙 is dominated by some other solution 𝒙̆ in terms of CEI, then 𝒙 can 
be excluded from the candidate solutions to simulate in the next itera-
tion. Recall that CEI(𝒙̃, ⋅) decreases in 𝒎(⋅) and increases in 𝒗(𝒙̃, ⋅). From 
this property, Relation (R2) stipulates that the dominance relationship 
between CEIs at solutions 𝒙 and 𝒙̆ can be established without actually 
computing them by identifying the Pareto-efficient points for each group 
based on conditional means and variances. Therefore, we can identify 
solutions in   whose CEIs cannot be the largest if one of their lower 
dimensional components is dominated in mean and variance; in the in-
ventory problem this corresponds to reorder and order-up-to points that 
cannot have the largest expected improvement on the next iteration. 
Since these relations enable us to compare the CEIs of two solutions in 
  without actually calculating them, the computational burden can be 
drastically reduced, especially when the number of feasible solutions is 
large. Relation (R3) similarly stipulates the dominance relationship be-
tween CEIs at design points (i.e., simulated solutions in ) with the same 
first 𝑔 − 1 components. Specifically, we can identify solutions in  that 
cannot be the largest if their random-effect component is dominated in 
mean and variance. Relation (R3) does not reduce the computational 
burden as much as Relation (R2) does since the cardinality of  is much 
smaller than  , but it could help in a DSO problem for which a larger 
number of distinct solutions can be simulated.

To further elaborate on (R2), let
 (𝜌)(𝒙(𝜌)) =

{

𝒙̆(𝜌) ∈  (𝜌) ⧵ {𝒙(𝜌)}∶ 𝒎(𝜌)(𝒙(𝜌)) ≥ 𝒎(𝜌)(𝒙̆(𝜌))

 and 𝒗(𝜌)(𝒙̃(𝜌),𝒙(𝜌)) ≤ 𝒗(𝜌)(𝒙̃(𝜌), 𝒙̆(𝜌))
}

denote the set of points that Pareto-dominate 𝒙(𝜌) ∈  (𝜌) for 𝜌 ∈ (−𝑔). 
Moreover, CEI(𝒙̃,𝒙) ≤ CEI(𝒙̃, 𝒙̆) for solutions 𝒙 and 𝒙̆ in   with 𝒙(𝜚) =
𝒙̆(𝜚) for all 𝜚 ∈  ⧵ {𝜌, 𝑔} and 𝒙̆(𝜌) ∈  (𝜌)(𝒙(𝜌)). We define a point 𝒙(𝜌) ∈
 (𝜌) as Pareto-efficient in group 𝜌 ∈ (−𝑔) if  (𝜌)(𝒙(𝜌)) = ∅, i.e., if it is 
not Pareto-dominated by any other point. Then, the Pareto frontier, 
which consists of the Pareto-efficient points, of group 𝜌 ∈ (−𝑔) is  (𝜌) =
{

𝒙(𝜌) ∈  (𝜌) ∶  (𝜌)(𝒙(𝜌)) = ∅
}

. We use these Pareto frontiers to construct 
 =

{

𝒙 ∈  ∶ 𝒙(𝜌) ∈  (𝜌), ∀𝜌 ∈ (−𝑔)
}

, which is the set of solutions in 
with Pareto-efficient points for all lower dimensional components ex-
cept that of the last group. As a result of Proposition 2, the following 
corollary presents the conditions under which it suffices to calculate 
only the CEIs of solutions in  to identify the solution with the largest 
CEI, in  .

Corollary 2. Let 𝒙́ ∈ argmax𝒙∈ ⧵CEI(𝒙̃,𝒙). If there exist some solution 
𝒙̆ ∈   such that 𝒙́(𝜚) = 𝒙̆(𝜚) for all 𝜚 ∈  ⧵ {𝜌, 𝑔} and 𝒙̆(𝜌) ∈  (𝜌)(𝒙́(𝜌)) for 
some group 𝜌 ∈ (−𝑔), then
max

𝒙∈ ⧵
CEI(𝒙̃,𝒙) = CEI(𝒙̃, 𝒙́) ≤ CEI(𝒙̃, 𝒙̆) ≤ max

𝒙∈
CEI(𝒙̃,𝒙).

Furthermore, 𝒙̆ ∈  because 𝒙́ ∉ argmax𝒙∈ ⧵CEI(𝒙̃,𝒙), otherwise.
When the number of feasible solutions is large, the condition in Corol-
lary 2 holds almost all the time because considering the large size of 
 , for all 𝒙́ ∈ argmax𝒙∈ ⧵CEI(𝒙̃,𝒙), it is very unlikely to simulate ev-
ery solution 𝒙̆ with 𝒙́(𝜚) = 𝒙̆(𝜚) for all 𝜚 ∈  ⧵ {𝜌, 𝑔} and 𝒙̆(𝜌) ∈  (𝜌)(𝒙́(𝜌)), 
for some group 𝜌 ∈ (−𝑔). Therefore, Corollary 2 implies that it suf-
fices to calculate the CEIs of solutions in  ∪  to find a solution with 
the largest CEI in  because for some solution with the largest CEI in 
 ⧵ ( ∪  ) =  ⧵  , there exists a solution in  with a larger CEI. Thus, 
a solution with the largest CEI in  has a relatively large—typically the 
largest—CEI in  . Further, following Relation (R1), the CEIs of solutions 
in  ⊆   with the same first 𝑔 − 1 components are identical. There-
fore, it is sufficient to calculate the CEIs of solutions in  ∪ ̌ to obtain 
promising first 𝑔 − 1 components, where ̌ ⊆  includes only one solu-
tion for each first 𝑔 − 1 components. Since  ∪ ̌ is much smaller than 
 , the reduction in computational overhead is huge, especially when 
the number of feasible solutions is very large; computational analysis 
conducted in Section 5 shows this tremendous benefit.

Despite the significant computational savings from using Pareto fron-
tiers, DASSO stills encounters a limit on the problem size it can handle 
because the size of ̌ increases exponentially in the number of groups. To 
extend DASSO beyond this limit, a heuristic approach can keep the num-
ber of CEI calculations computationally feasible. In particular,  can 
be alternatively constructed as {𝒙 ∈  ∶ 𝒙(𝜌) ∈ ́ (𝜌), ∀𝜌 ∈ (−𝑔)

}

, where 
́ (𝜌) is some subset of  (𝜌) chosen heuristically at a desired size. We 
employ this approach in our numerical experiments in Section 5 when 
{

𝒙 ∈  ∶ 𝒙(𝜌) ∈  (𝜌), ∀𝜌 ∈ (−𝑔)
} is too large to handle directly.

Computing CEIs requires the diagonal elements of [𝑸̄]−1, the col-
umn of [𝑸̄]−1 corresponding to 𝒙̃, and 𝒎(𝜌), for each 𝜌 ∈ . Instead of 
inverting 𝑸̄ to obtain these elements, we use the block matrix inversion 
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formula (Lemma EC.2 in Section EC.1 in the e-companion) to compute 
the elements more efficiently. Letting 𝚺̌ = 𝚺 + 𝚺𝜖 , we have

[𝑸̄]−1 =

(

[𝑸(𝜌)
 ]−1 + [𝑸(𝜌)

 ]−1𝑸(𝜌)
𝑺𝑸

(𝜌)
 [𝑸(𝜌)

 ]−1 −[𝑸(𝜌)
 ]−1𝑸(𝜌)

𝑺
−𝑺𝑸(𝜌)

 [𝑸(𝜌)
 ]−1 𝑺

)

,

and thus

𝒎(𝜌) =

(

−[𝑸(𝜌)
 ]−1𝑸(𝜌)

𝑺[𝑻
(𝜌)
]

⊤𝑬
(

𝒀 − 𝝁
)

𝑺[𝑻 (𝜌)
]

⊤𝑬
(

𝒀 − 𝝁
)

)

,

where 𝑺 = 𝚺(𝜌)
 − 𝚺(𝜌)

[𝑻
(𝜌)
]

⊤𝚺̌−1
𝑻

(𝜌)
𝚺

(𝜌)
 is the inverse of the Schur 

complement of 𝑸(𝜌)
  in [𝑸̄]−1, for 𝜌 ∈ (−𝑔). Also, we have

[𝑸̄(𝑔)]−1 =
(

𝜎2
𝑔 𝐈| |

𝟎
| |×||

𝟎
||×| |

𝑺 (𝑔)

)

,  and thus 𝒎(𝑔) =
(

𝟎⃗
| |

𝑺 (𝑔)𝑬(𝑔)(𝒀 − 𝝁
)

)

,

where 𝑺(𝑔) = 𝜎2𝑔 𝐈||

−
(

𝜎2𝑔
)2

𝚺̌−1
 is the inverse of the Schur complement 

of 𝑸(𝑔)
  in [𝑸̄(𝑔)]−1, making 𝑺(𝑔)𝑬(𝑔) = 𝐈

||

− 1
𝜎2𝑔
𝑺(𝑔). Further, to compute 

𝑬 more efficiently for 𝜌 ∈ (−𝑔), we use the Woodbury matrix identity 
(Lemma EC.1 in Section EC.1 in the e-companion):

𝑬 = 𝚺̌−1
 + 𝚺̌−1

𝑻
(𝜌)


(

[𝚺(𝜌)
]

−1 − [𝑻 (𝜌)
]

⊤𝚺̌−1
𝑻

(𝜌)


)−1
[𝑻 (𝜌)

]
⊤𝚺̌−1

.

This is more efficient than inverting 𝚺 − 𝑻 (𝜌)
𝚺

(𝜌)
[𝑻

(𝜌)
]

⊤ + 𝚺𝜖 of size 
|| × || for each 𝜌 ∈ (−𝑔) because it requires inverting two matrices 
of size |(𝜌)

| × |(𝜌)
| for each 𝜌 ∈ (−𝑔) in addition to inverting 𝚺̌ of 

size || × || only once. Since |(𝜌)
| is bounded by 𝑛(𝜌) and ||, and 

the increase on |(𝜌)
| is more slowly than the increase on || as the 

algorithm iterates, the benefit is greater in the later stages.

5.  Numerical experiments

In this section, we empirically evaluate the performance of DASSO, 
investigate its sensitivity to properties of the objective function, and 
explore the importance of the chosen decomposition. A key feature of 
the DASSO prior is that it is consistent even with non-separable objective 
functions, but one might expect that a separable objective function, if 
one knows the proper separation, would be favorable.

For the numerical experiments we consider four examples: The first 
two examples are optimization of the high-dimensional Zakharov and 
Styblinski-Tang test functions with added stochastic noise. The third is 
a multi-product inventory problem which can be considered as a prac-
tical DSO problem with knowledge about a natural decomposition. The 
last is a stylized problem allowing control of how separable the objec-
tive function is. Recall that lack of separability—i.e., the contribution 
of the remainder term in the decomposition—is addressed in the slice 
stage, so these experiments assess the effectiveness of slicing. While 
these problems are all high-dimensional with large numbers of feasi-
ble solutions, they are not computationally expensive simulations. This 
allows us to run many long macroreplications that show convergence 
behaviors, which we would not expect to do in practice. Therefore, 
our computation-time analysis is effectively an assessment of algorithm 
overhead, not simulation time.

In all experiments the parameters of the GMRF are estimated from 
𝑠 initial design points chosen by Latin hypercube sampling and 𝑠𝑔 ad-
ditional design points selected to augment these 𝑠 initial design points; 
this is the minimum number of additional points needed to parameterize 
the 𝑔 groups plus remainder prior. See Section EC.5 in the e-companion 
for details of parameter estimation. All 𝑠(𝑔 + 1) design points are sim-
ulated for 𝑟0 replications. However, for better comparison in different 
settings, the DASSO search is initialized from only the 𝑠 initial design 
points, which are common with the same simulation outputs for all set-
tings. Each time a solution is selected, it is simulated 𝑟𝑑 replications if 
it has been simulated previously and 𝑟𝑢 replications otherwise. For the 
experiments, 𝑠 = 100 and 𝑟0 = 𝑟𝑑 = 𝑟𝑢 = 10 in Section 5.1, 𝑠 = 200 and 
𝑟0 = 𝑟𝑑 = 𝑟𝑢 = 10 in Section 5.2, and 𝑠 = 15, 𝑟0 = 20, 𝑟𝑑 = 4, and 𝑟𝑢 = 10
in Sections 5.3 and 5.4. These are largely arbitrary choices and there 

is likely room for a more data-driven selections, a topic we reserve for 
future work. All computations are executed on a desktop computer with 
a Windows 10 operating system, a 2.9GHz Intel Core i7 CPU, 32 GB of 
RAM, 8 cores and 16 logical processors.

5.1.  Well-known test functions

The 𝑘-dimensional Zakharov function 𝒚(𝑥1, 𝑥2,… , 𝑥𝑘) =
∑𝑘

𝑖=1 𝑥
2
𝑖 +

(

∑𝑘
𝑖=1 0.5𝑖𝑥𝑖

)2
+
(

∑𝑘
𝑖=1 0.5𝑖𝑥𝑖

)4
 is often used as a test case in BO as 

it presents a very challenging problem. The function is minimized at 
𝒙 = (0, 0,… , 0)⊤. Letting  = {−2,−1, 0, 1, 2}10 be the set of feasible so-
lutions, the 10-dimensional Zakharov function takes values between 
[0, 9.15 × 106] and has around 9.8 million feasible solutions. To make 
the problem stochastic, we add zero-mean normally distributed noise 
with variance 1.82 to objective function values. We also considered dif-
ferent levels of stochastic noise with variances 2.62, 3.92, and 5.22, but 
chose not to exhibit the results because they show similar performance.

The 𝑘-dimensional Styblinski-Tang function 𝒚(𝑥1, 𝑥2,… , 𝑥𝑘) =
1
20

∑𝑘
𝑖=1(𝑥

4
𝑖 − 16𝑥2𝑖 + 5𝑥𝑖) is another standard test case. Letting 

 = {−6,−3, 0, 3, 6}10 be the set of feasible solutions, the 10-dimensional 
Styblinski-Tang function takes values between [−39, 375] and is mini-
mized at 𝒙 = (−3,−3,… ,−3)⊤. We add zero-mean normally distributed 
noise with variance 32 to objective function values.

We use these two problems to compare the performance of DASSO 
to pGMIA proposed by Li and Song (2024), the current state-of-
the-art for high-dimensional DSO problems, and Bounce (Bayesian
optimization using increasingly high-dimensional combinatorial and 
continuous embeddings) proposed by Papenmeier et al. (2023), a high-
dimensional BO algorithm optimizing over combinatorial, continuous, 
or mixed spaces.

pGMIA was shown empirically to outperform the multi-resolution 
GMIA of Salemi et al. (2019) and four state-of-the-art high-dimensional 
BO algorithms: Random EMbedding Bayesian Optimization (Wang et al.
2016), Sparse Axis-Aligned Subspace Bayesian Optimization (Eriksson 
& Jankowiak 2021), and High-Dimensional Bayesian Optimization and 
High-Dimensional Batch Bayesian Optimization (Wang et al. 2017). 
Thus, comparing DASSO with pGMIA indirectly assesses DASSO against 
these algorithms.

Unlike DASSO, which decomposes the prior distribution into an ad-
ditive form, pGMIA batches the dimensions into two layers and hier-
archically optimizes each layer by projecting one layer onto the other. 
We note that pGMIA is implemented in MATLAB while DASSO is imple-
mented in Python. Since pGMIA with the random projection criterion 
(pGMIA-R) is observed to empirically outperform other benchmarks, we 
compare DASSO to that version. In their numerical experiments, Li and 
Song (2024) set the numbers of region- and solution-layer dimensions 
to 5 for pGMIA. The closest equivalence for DASSO is a decomposition 
consisting of two 5-dimensional groups. Let 5 denote such a decompo-
sition with the sets of component indices being 𝚐(1) = {1, 2, 3, 4, 5} and 
𝚐(2) = {6, 7, 8, 9, 10}. This assignment of component indices to groups is 
arbitrary, and when we tried other assignments we observed no differ-
ence in performance.

Papenmeier et al. (2023) demonstrate that Bounce empirically out-
performs five state-of-the-art algorithms designed for combinatorial, 
continuous, or mixed input domains: BO with Dictionaries (Deshwal 
et al. 2023), CAtegorical Spaces, or Mixed, OPtimisatiOn with Local-
trust-regIons & TAilored Non-parametric (Wan et al. 2021), COMbina-
torial Bayesian Optimization (Oh et al. 2019), Sequential Model-based 
Algorithm Configuration (Hutter et al. 2011), and Random Decomposi-
tion Upper-Confidence Bound (Ziomek & Ammar 2023). To address the 
computational burden of high-dimensional BO, Bounce defines a GP sur-
rogate in an iteratively refined lower-dimensional subspace called the 
target space, and maximizes the acquisition function within promising 
regions of the target space by using a trust-region-based method. Bounce 
is also implemented in Python.
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Fig. 3. Mean optimality gap of the Zakharov function vs. total number of replications and wall-clock time across 100 macro-replications for DASSO (blue solid line) 
with decomposition 5, pGMIA (orange dashed line), and Bounce (green dotted line). The shaded area around each curve shows point-wise ±2 standard error of the 
average. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Mean optimality gap of the Styblinski-Tang function vs. total number of replications and wall-clock time across 100 macro-replications for DASSO (blue solid 
line) with decomposition 5, pGMIA (orange dashed line), and Bounce (green dotted line). The shaded area around each curve shows point-wise ±2 standard error 
of the average. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Bounce is not designed to handle stochastic output, unlike DASSO 
and pGMIA that are specifically created to be effective on such prob-
lems. Therefore, whenever a solution is queried by Bounce, we run 10 
replications and treat their average as deterministic response. To align 
Bounce as closely as possible to DASSO with decomposition 5, we set 
its initial target dimensionality to 5.

Applications of large-scale, high-dimensional DSO typically exist be-
tween two extremes: Simulations that execute so slowly that even sub-
stantial optimization algorithm overhead is negligible relative to simu-
lation time, and simulations that execute so fast that algorithm overhead 
is the bottleneck to computational feasibility. Tongarlak et al. (2010) is 
an example of the former (20 replications of a single feasible solution 
took 8 hours), and the Zakharov and Styblinski-Tang functions are exam-
ples of the latter. DASSO is designed to be effective when the number of 
feasible solutions or replications to simulate is computationally limited 
(i.e., the simulation is very slow), while imposing much less algorithm 
overhead than other methods.

To see this, Figs. 3 and 4 show the mean optimality gap of the 10-
dimensional Zakharov and Styblinski-Tang functions, respectively, as 
the distance from the optimal value versus the total number of sim-
ulation replications (left) and versus the wall-clock time (right), aver-
aged over 100 macro-replications of DASSO, pGMIA, and Bounce. When 
each simulation replication takes significant time it is more critical to 
make rapid improvement in the objective value with fewer replications. 
On the other hand, when each simulation replication is very fast, the 
computational overhead of the algorithm matters. The figures show 
that DASSO outperforms pGMIA and Bounce in terms of progress per 
replication for both Zakharov and Styblinski-Tang. In terms of progress 
per second, DASSO is the best for Zakarov and slightly lags pGMIA for 
Styblinski-Tang after a faster start. Since the experimental settings are 
the same, the difference in performance between these test functions 
can be attributed to different objective functions. For our target appli-
cations of DASSO the initial rapid decrease in the optimality gap is what 
we desire; we do not expect to achieve anything like convergence when 
the simulation is high-dimensional and computationally expensive.

5.2.  A higher-dimensional test function

To evaluate the performance of DASSO in problems of significantly 
higher dimension, we compare it to pGMIA+ (Li & Song 2024), a multi-
layer extension of pGMIA for higher-dimensional problems. We test the 
100-dimensional Zakharov function with  = {−5,−4,… , 5}100 which 
takes values between [0, 2.54 × 1016]. To make the problem stochastic, 
we add zero-mean normally distributed noise with variance 1.82 to ob-
jective function values.

In numerical experiments for pGMIA+, Li and Song (2024) set the 
numbers of dimensions in the first two layers to 3 leaving the 94 di-
mensions to the last. The sampling decisions in the first two layers 
are made by maximizing the CEI while the coordinates in the remain-
ing 94 dimensions are selected randomly. The closest correspondence 
for DASSO is a decomposition consisting of thirty-two 3-dimensional 
groups and two 2-dimensional groups. Let 3 denote such a decomposi-
tion with the sets of component indices being 𝚐(𝑖) = {3𝑖 − 2, 3𝑖 − 1, 3𝑖}
for 𝑖 = 1, 2,… , 32, 𝚐(33) = {97, 98}, and 𝚐(34) = {99, 100}. Furthermore, 
since the problem size makes the exact CEI maximization computa-
tionally infeasible in each dice stage,  is heuristically constructed as 
{

𝒙 ∈  ∶ 𝒙(𝜌) ∈ ́ (𝜌), ∀𝜌 ∈ (−𝑔)
}

, where ́ (𝜌) is the Pareto frontier  (𝜌)

for two randomly chosen 𝜌s in (−𝑔) and a single randomly chosen point 
from  (𝜌) for the remaining thirty-one groups. This is a heuristic modifi-
cation with the goal to demonstrate feasibility for DASSO to tackle even 
higher-dimensional problems.

Fig. 5 shows the mean optimality gap of the 100-dimensional Za-
kharov function as the distance from the optimal value versus the to-
tal number of simulation replications (left) and versus the wall-clock 
time (right), averaged over 100 macro-replications of DASSO and pG-
MIA+. In terms of progress per replication in this example, DASSO and 
pGMIA+ outperform each other at different points while in the later 
iterations, pGMIA+ appears to have smaller optimality gap on aver-
age (although statistically indistinguishable from DASSO) with smaller 
run-to-run variability. Considering the range of the function, 2.54 × 1016, 
the optimality gap (approximately 1000) after 7500 replications is
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Fig. 5. Mean optimality gap of the 100-dimensional Zakharov function vs. total number of replications and wall-clock time across 100 macro-replications for DASSO 
(blue solid line) with decomposition 3 and pGMIA+ (orange dashed line). The shaded area around each curve shows point-wise ±2 standard error of the average. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

negligible for both algorithms. In terms of progress per second, the large 
number of groups in DASSO causes computational overhead, making the 
algorithm iterate slower than pGMIA+. If simulation overhead was more 
substantial, rather than negligible as it is for simulating the Zakharov 
function, the difference would be less.

5.3.  Inventory problem

Consider a multi-product inventory problem where each product fol-
lows an (𝑠, 𝑆) policy, i.e., once the inventory level of product 𝜌 falls 
below its reorder point, 𝑠𝜌, an order is given to bring the inventory 
level up to 𝑆𝜌. This problem is a variant of the single-product ver-
sion in Salemi et al. (2019), where the product is subject to periodic 
demand that follows a Poisson distribution and the optimal policy is 
(𝑠, 𝑆 − 𝑠) = (18, 35) under the objective of minimizing the expected av-
erage cost per period over a fixed planning horizon. Similarly, in our 
version, demand for each product follows a common Poisson distribu-
tion and the objective is to minimize the expected value of cost de-
fined as 𝒚(𝒙) = ∑

𝜌∈ 𝒚(𝜌)(𝒙(𝜌)) + 𝒚(𝑟)(𝒙), where 𝒚(𝜌)(𝒙(𝜌)) represents the 
expected average cost per period for product 𝜌 and 𝒚(𝑟)(𝒙) is a deter-
ministic interaction term that depends on how much feasible solution 𝒙
deviates from the optimal solution. In other words, we induce an interac-
tion so that the problem is not separable. Therefore, the optimal policy 
for each product is (𝑠𝜌, 𝑆𝜌 − 𝑠𝜌) = (18, 35), and the interaction term is 
𝒚(𝑟)(𝒙) =

∏

𝜌∈
√

(𝑠𝜌 − 18)2 + (𝑆𝜌 − 𝑠𝜌 − 35)2. To treat the feasible region 
as a hyperbox defined on the integer lattice, we let 𝒙(𝜌) = (𝑠𝜌, 𝑆𝜌 − 𝑠𝜌)
for 𝜌 ∈  and 𝒙 = {(𝑠𝜌, 𝑆𝜌 − 𝑠𝜌)}𝜌∈.

The natural decomposition for this multi-product inventory prob-
lem is that each group represents a product, and thus is 2-dimensional, 
one dimension is for 𝑠𝜌 and the other is for 𝑆𝜌 − 𝑠𝜌. We consider a 5-
product (i.e., 10-dimensional) problem where the feasible region is de-
fined by constraints 10 ≤ 𝑠𝜌 ≤ 34 and 20 ≤ 𝑆𝜌 − 𝑠𝜌 ≤ 44, which leads to 
𝑛 = 2510 = 95,367,431,640,625 feasible solutions. In the experiments, we 
set the number of macro-replications to 30 and the total number of repli-
cations to 7500, i.e., DASSO terminates after obtaining this number of 
simulation outputs.

Fig. 6(a) depicts the mean optimality gap as a percentage versus total 
number of replications for 30 macro-replications of the inventory prob-
lem with the natural decomposition. Before DASSO starts performing 
dice and slice stages, the mean optimality gap of the sample-best solu-
tion among the first 𝑠 = 15 initial design points is around 85%; recall 
that these design points are chosen by Latin hypercube sample and sim-
ulated for 20 replications. Clearly DASSO obtains rapid improvement: 
it only takes exploring around 145 (or 38) design points and simulating 
2500 (or 650) replications in total to have the mean optimality gap be-
low 1.5% (or 5%). Considering the very large scale of the problem, with 
more than 95 trillion feasible solutions, the design points explored by 
the algorithm to obtain such small optimality gaps is an amazingly tiny 
portion of the feasible solution set.

Recall from Section 4.6 that rather than performing CEI calculation 
for all 95 trillion feasible solutions at each dice stage, it is sufficient to 

calculate the CEIs of solutions from the Pareto set  ∪ ̌ . To illustrate 
how much smaller | ∪ ̌ | is than the number of feasible solutions 𝑛 =
||, Fig. 6(b) shows the mean number of CEI calculations performed, 
i.e., | ∪ ̌ |, at each dice stage averaged over 30 macro-replications of 
the inventory problem with the natural decomposition. Although the 
mean number of CEI calculations varies from one dice stage to another, it 
is no greater than 989 thousand, which is around one hundred-millionth 
of the number of feasible solutions, i.e., | ∪ ̌ | ≤ 10−8𝑛. Without such a 
reduction in the number of CEI calculations it would be computationally 
impossible to solve a problem of this scale.

The mean total CPU times spent to perform three different tasks—
simulation execution, slice stage, and dice stage—averaged over 30 
macro-replications of the inventory problem with the natural decom-
position are as follows; recall that the algorithm stops after simulating 
7500 replications. It takes around 347 CPU seconds (5.8 CPU minutes) 
on average to run a single macro-replication: 251 seconds for the dice 
stage, 79 seconds for the slice stage, and 17 seconds for the simulation 
executions. The dice and slice stage times are independent of the simu-
lation time, which is abnormally small in this constructed example. In 
other words, even if the simulation took orders of magnitude longer the 
DASSO algorithm overhead would be the same. These results indicate 
that DASSO is not only effective but also efficient to solve very large-
scale problems.

The results above are for the natural decomposition, where each 
group represents a product. To explore the importance of decomposi-
tion, in addition to the natural one, we consider 10 alternative decom-
positions with five 2-dimensional groups; notice that the decomposi-
tions are the same size. These additional decompositions are different 
from the natural one in a way that at least one group represents either 
(𝑠𝜌, 𝑆𝜌(𝜚) − 𝑠𝜌(𝜚)), or (𝑠𝜌, 𝑠𝜌(𝜚)), or (𝑆𝜌 − 𝑠𝜌, 𝑆𝜌(𝜚) − 𝑠𝜌(𝜚)), for some 𝜌 ≠ 𝜚. 
Fig. 7 illustrates the mean optimality gap as a percentage versus total 
number of replications for 30 macro-replications of the inventory prob-
lem with various decompositions. The results indicate that the perfor-
mance of DASSO with some alternative decompositions is statistically 
indistinguishable from that achieved with the natural one, suggesting 
that an alternative decomposition can be used when there is no knowl-
edge about a natural decomposition. In the next section, we further ex-
plore the importance of decomposition.

5.4.  Controlled test function

Consider the objective function 𝒚(𝒙) = (1 − 𝛼)
∑

𝜌∈ 𝒚(𝜌)(𝒙(𝜌)) +
𝛼𝜆𝒚(𝑟)(𝒙) for 𝒙 ∈  , where  = {𝑥, 𝑥 + 1,… , 𝑥 − 1, 𝑥}𝑑 for some integers 
𝑥 and 𝑥 and dimension 𝑑. The role of 𝛼 ∈ [0, 1] is to control how 
close to separable the objective function is, or equivalently, how 
much the remainder matters. Let each 𝒚(𝜌)(⋅) for 𝜌 ∈  and 𝒚(𝑟)(⋅)
be an inverted multivariate normal density function with a shift, 
generically defined as 𝑓 (𝑥1, 𝑥2,… , 𝑥𝑘) = −𝛾1 exp

{

−𝛾2
∑𝑘

𝑖=1 𝑖𝑥
2
𝑖

}

+ 𝛾1,

where 𝛾1 = 1000 and 𝛾2 = 0.001; notice that 𝑘 = 𝑑(𝜌) for each 𝜌 ∈  and 
𝑘 = 𝑑 for the remainder term. The function is minimized at 𝑥𝑖 = 0 for 
𝑖 = 1, 2,… , 𝑘, and thus, 𝒚(𝒙) is also minimized at 𝒙 = (0, 0,… , 0)⊤. The 
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Fig. 6. (a) Mean optimality gap vs. total number of replications and (b) mean number of CEI calculations at each dice stage across 30 macro-replications for the 
natural decomposition in the inventory problem.

Fig. 7. Mean optimality gap vs. total number of replications across 30 macro-replications for 11 different decompositions in the inventory problem. The blue solid 
line represents the natural decomposition while each orange dashed line represent an alternative decomposition. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)

shifting term makes the optimal objective function value 0 regardless 
of the value of 𝛼. To have the same range of 𝒚(⋅) for any 𝛼, we set 
𝜆 =

∑

𝜌∈ 𝒚(𝜌)(𝒙(𝜌)
⋆)∕𝒚(𝑟)(𝒙⋆) with solution 𝒙⋆ that maximizes the 

objective function. We consider a 12-dimensional problem with 𝑑(𝜌) = 2
for 𝜌 ∈  = {1, 2,… , 6}, where the sets of component indices are 
𝚐(1) = {1, 2}, 𝚐(2) = {3, 4}, 𝚐(3) = {5, 6}, 𝚐(4) = {7, 8}, 𝚐(5) = {9, 10}, and 
𝚐(6) = {11, 12}; recall that 𝒙(𝜌) = (𝑥𝑖)𝑖∈𝚐(𝜌) . Letting 𝑥 = −2 and 𝑥 = 2, the 
objective function values range between [0, 71.57], and the total number 
of feasible solutions is 𝑛 = 512 = 244,140,625. To make the problem 
stochastic, a zero-mean normally distributed noise with variance 32 is 
added to the objective function values.

Slightly abusing notation, let 2 denote the decomposition that con-
sists of 𝚐(1) = {1, 2}, 𝚐(2) = {3, 4}, 𝚐(3) = {5, 6}, 𝚐(4) = {7, 8}, 𝚐(5) = {9, 10}, 
and 𝚐(6) = {11, 12}; we use the subscript to indicate that each group is 2-
dimensional. We treat 2 as a natural decomposition since it defines the 
objective function. We also consider three alternative decompositions: 
1 consists of 𝚐(𝜌) = {𝜌} for 𝜌 = 1, 2,… , 12; 3 consists of 𝚐(1) = {1, 2, 3}, 
𝚐(2) = {4, 5, 6}, 𝚐(3) = {7, 8, 9}, and 𝚐(4) = {10, 11, 12}; and finally 4 con-
sists of 𝚐(1) = {1, 2, 3, 4}, 𝚐(2) = {5, 6, 7, 8}, and 𝚐(3) = {9, 10, 11, 12}. 4 is 
also a natural decomposition because there is no interaction among 
groups.

Fig. 8 depicts the mean optimality gap as a distance from the opti-
mal value versus total number of replications averaged over 50 macro-
replications of the stylized problem for 𝛼 ∈ {0, 0.5, 1} with decomposi-
tions 1, 2, 3, and 4. Although 4 shows rapid improvement in the 
early stages of the algorithm, it fails to close the gap as fast as the other 
decompositions. On the other hand, 1 performs the best. Even for 𝛼 = 0, 
where the objective function value is fully separable, the natural decom-
positions 2 and 4 do not show a better performance than 1. For 𝛼 = 1, 
where the objective function value is not even approximately separable, 
DASSO still performs well with a good choice of decomposition, such as 
1, 2 or 3.

Table 1 
Mean CPU times (in seconds) spent for performing three different tasks across 
50 macro-replications for 4 different decompositions in the stylized problem 
with 𝛼 = 0. The percentages in parentheses represent the proportion of each 
task to total time.
 Task 1 2 3 4

 Simulation  1.5 (0.2%)  2.3 (4.5%)  2.5 (3.9%)  4.2 (2.5%)
 Slice stage  4.6 (0.7%)  10.3 (20.0%)  15.2 (24.0%)  80.8 (47.7%)
 Dice stage  698.7 (99.1%)  38.9 (75.5%)  45.7 (72.1%)  84.5 (49.8%)
 All  704.8 (100%)  51.5 (100%)  63.4 (100%)  169.5 (100%)

We note that the discussion above ignores the computation time 
overhead of DASSO and focuses on the total number of replications. One 
might expect that decompositions with smaller-size groups are computa-
tionally faster, and thus 1 should be the ideal decomposition. However, 
this is not the case based on Table 1 because 1 is much slower than the 
other decompositions. The table exhibits the mean CPU times spent to 
perform three different tasks—simulation execution, slice stage and dice 
stage—as well as the total time across 50 macro-replications for decom-
positions 1, 2, 3, and 4 in the stylized problem with 𝛼 = 0; recall 
that the algorithm stops after simulating 7500 replications.

The time spent to perform the slice stages increases as the size of the 
groups increases, whereas that of the dice stages does not show the same 
trend. This is mainly because 1 requires many more CEI calculations: 
the mean number of CEI calculations in each dice stage varies between 
72 thousand to 5 million for 1, 3.7 thousand to 49 thousand for 2, 1.3 
thousand to 5.4 thousand for 3, and 103 to 1.2 thousand for 4. This 
result also illustrates the importance of the reduction of the number of 
CEI calculations.

To further investigate the importance of decomposition, we consider 
two more decompositions with the same size as 2, i.e., they also consists 
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Fig. 8. Mean optimality gap vs. total number of replications across 50 macro-replications for 4 different decompositions in the stylized problem with various 𝛼
values. The red dashed, blue solid, orange dash-dotted, and green dotted lines represent 1, 2, 3, and 4, respectively. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. Mean optimality gap vs. total number of replications across 50 macro-replications for 3 different decompositions in the stylized problem with various 𝛼
values. The blue solid, green dash-dotted, and red dotted lines represent 2, ̂2, and ̃2, respectively. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)

of six 2-dimensional groups. The sets of component indices for the first 
one, denoted by ̂2, are 𝚐(1) = {1, 10}, 𝚐(2) = {5, 8}, 𝚐(3) = {2, 7}, 𝚐(4) =
{4, 11}, 𝚐(5) = {3, 9}, and 𝚐(6) = {6, 12}. The sets of component indices 
for the second one, denoted by ̃2, are 𝚐(1) = {1, 7}, 𝚐(2) = {2, 6}, 𝚐(3) =
{3, 8}, 𝚐(4) = {4, 10}, 𝚐(5) = {5, 12}, and 𝚐(6) = {9, 11}. Fig. 9 depicts the 
mean optimality gap as a distance from the optimal value versus total 
number of replications for 50 macro-replications of the stylized problem 
for 𝛼 ∈ {0, 0.5, 1} with decompositions 2, ̂2, and ̃2.

All decompositions work well. For 𝛼 = 0, where the objective func-
tion values are fully separable, the natural decomposition 2 is out-
performed by ̃2, which is not a natural decomposition. On the other 
hand, for 𝛼 = 1, where the objective function values are not separable 
at all, the behavior is the opposite, that is, 2 outperforms ̃2. These re-

sults suggest that the natural decomposition is not necessarily the best 
one, aligned with the results in Section 5.3, but DASSO is robust to the
choice.

6.  Conclusion

In this paper, we proposed DASSO to tackle high-dimensional DSO 
problems. DASSO decomposes the prior distribution into an additive 
form, reducing the problem dimensionality to facilitate efficient poste-
rior updates. This decomposition makes the search much more efficient 
and computationally possible by avoiding the CEI calculation for each 
feasible solution: we showed that it is sufficient to calculate the CEIs of 
only small fraction of solutions at a dice stage. Our numerical results 
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revealed the effectiveness and efficiencies of DASSO on very large-scale 
problems: it can obtain rapid improvement on a problem with more 
than a trillion feasible solutions within a couple of minutes of algorithm 
overhead. Furthermore, it empirically outperforms the state-of-the-art 
high-dimensional DSO algorithm pGMIA and BO algorithm Bounce.

Future research includes improving the performance of DASSO via 
an adaptive stopping condition for the slice stage, inventing a princi-
pled way to update the identity of the last group, and exploiting par-
allel computing: it is easy to parallelize replications for simulating the 
sample-best and best-CEI solutions and computation of the posterior dis-
tributions and Pareto frontiers for each group can also be parallelized. 
Attaining greater benefit from fast computational linear algebra is also 
relevant future work. Lastly, although we show that DASSO is capable 
of tackling a 100-dimensional problem, sampling decisions in the dice 
stage can be improved from the heuristic we demonstrated here.
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