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Online Appendix
OA-1. Proofs for the Deterministic Example

PROPOSITION 1 Suppose that the probability distribution of the observed quantity is given by (6)
with d < ¢, and that forecasts are made according to (7). Then L*™ < L* for all k. Furthermore,
there exists a k* such that L’ =0 and X7 =0 for all j > k*.

Proof. Note that
X = [d—(e— I < [d—(e—IM]* < I~ (0A-1)

In view of (7), we see that H*t!(z) > H*(z) for all z > X**! such that H*(z) < 1, and H**'(z) =1
for all z > X**! such that I:Ik(:v) = 1. Therefore, L**1 < Lk by (5), so the first part of the proposition
is proved.

Let € :=c¢—d > 0. Notice that if L7 > e then X'*!' < 7 —¢ by (OA-1). Moreover, (OA-1)
also implies that if 0 < L7 < e, then X7*! = 0. Since we have already shown that the sequence of
protection levels is non-increasing, it follows that if & is such that L* > ¢, then X/™! < L* —¢ for
all j> k.

Define

k | —k
k' := min {j>k : }H’“(L’“—s)JrJT >v}- (0A-2)

Observe that k' < oo, because v < 1. By (OA-2), we have that H* (L* — ¢) > ~. Therefore, if
z e (H") ' (5) then 2 < L* —¢. Since L* € (H*)~1(v), it follows that L¥ < L* —¢.

Suppose now that 0 < L* < ¢. Then, (OA-1) implies that X**! =0. An argument similar to that
used above shows that there exists a k* > k such that L* = 0. Since the sequence of protection
levels is non-increasing, the second part of the proposition follows. [

PROPOSITION 2 Suppose that the probability distribution of the observed quantity is given by (6)
with d > ¢, and that forecasts are made according to (7). Suppose that L° € [0,c]. Then L**' > L*
for all k. Furthermore, there exists a k° such that L’ =d and X7 =d for all j > k°.

Proof. For the first part of the proposition, suppose that L* € [0, c]. Note that
X = d—(c—LF) = LF+e. (OA-3)

In view of (7), we see that H*(z) < H*(z) for all 2 < X**'; in addition, H**(2) < H*(x) for all
x < X*1 such that H*(z) > 0. Therefore, L¥*' > L* by (5).

Recall that H*(X*+1—) .= lim, ¢yt H*(x) denotes the left limit of H* at X*+. Consider any
integer j > kH*(X**1—)/~. Then one of two cases must hold: either there is an integer k' < j
such that L* > ¢, or L' € [0,¢] for all i < j. In the latter case, choose k' = j, and note that
HI(XM12) = kH*(X*¥'—-)/j < ~, and thus L7 := (H7)"'(y) > X**! = [*¥ 4 ¢ In summary, k' is
such that LK >cor L¥ > L* +¢.

Next, note that if L* > ¢, then X**! =d. An argument similar to that used above shows that
there exists a k° > k such that L** = d. Note that at the first time &’ such that L* > ¢, it still holds
that L* < d, because X* < d and thus ﬁk(d) =1 for all k£, and hence L* < L¥*! also when L* > c.
For the same reason, given that L*" = d then L* =d for all k > k°, which is the second assertion
of the proposition. [
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OA-2. Proof of Proposition 17

LEMMA OA-1. Consider the metric space (P(R),\) of probability distributions on R endowed with
the Lévy metric A, defined as follows for F,H € P(R):

AMF,H) = inf{le>0: F(x—¢)—e<H(z)<F(x+¢e)+e VxeR}.

Let N denote the natural numbers, and let Q denote the rational numbers. Then for any F, H € P(R)
and any r >0, AN(F, H) <r if and only if there exists m € N such that

Flx—r+1/m)—r+1/m < H(z) < Flx+r—1/m)+r—1/m

for all x € Q.

Proof. First, suppose that A(F, H) < r. Then there exists m € N such that A(F, H) <r —1/m,
and it follows from F' being nondecreasing that F(x —r+1/m)—r+1/m< H(z) < F(x +r —
1/m)+r—1/m for all z € R, and thus for all z € Q.

Next, suppose that there exists an m € N such that F(x —r+1/m)—r+1/m< H(x) < F(z +
r—1/m)+r—1/m for all x € Q. Consider any = € R, and a sequence {z"} C Q such that 2" | x.
Then F(z" —r+1/m)—r+1/m < H(z") < F(2"+r—1/m)+r—1/m for all n. It follows from the
right continuity of F' and H that F(z —r+1/m)—r+1/m<H(z)<F(z+r—1/m)+r—1/m.
Hence A\(F,H):=inf{e >0: F(r—¢) —e<H(x)<F(r+e)+eVaxeR}<r—1/m<r. O

PROPOSITION 17 Let B denote the Borel o-algebra on R. Consider the space (P(R),B) of proba-
bility distributions on R, endowed with the Borel o-algebra B corresponding to the topology of weak
convergence on P(R). Consider a measurable space (0, F). Let {H* : Q+— P(R)} be a sequence of
(F,B)-measurable functions.

(i) Consider a probability space (2, F,P) and a filtration {F*}. Consider a random sequence
{Y*Y adapted to filtration {F*}, where Y*: Qi+ R. Let F*:Q+— P(R) be given by F*(w,z) :=
PV <z | F¥], that is, F* is the conditional distribution of Y***. Then F* is (F*, B)-measurable.

(ii) The set Q" :={weQ: H*(w,-) converges weakly as k — oo} is in F.

(iii) Let Q* :={w € Q : H*(w,-) converges weakly as k — oo}, and let F*:={AeF : ACQ*}.
For each w € Q*, let H*(w,-) denote the weak limit of {H"(w,-)}. Then F* is a o-algebra on Q*.
In addition, H* is (F*,B)-measurable, and thus H* is also (F,B)-measurable.

(iv) For any (F,B)-measurable F: Q— P(R), the set {w €Q: H(w,") > F(w, )} is in F.

(v) Let F:Q— P(R) be an (F,B)-measurable function. For any x € R, let f, : Q— R be defined
as fy(w):=F(w,x). Then, f, is (F, B)-measurable. That is, f, is a real-valued random variable.

Proof. (i) Fix k. For each z € R, define the function 7, : P(R) — R by 7, (F) := F(x). Consider
7.0 F¥: Q— R. Note that 7, (F*(w,-)) = F*(w,z) :=P[Y*"! <z|F*], and thus 7, o F* is (F*, B)-
measurable.

Convergence in the Lévy metric A, defined in Lemma OA-1, is equivalent to weak convergence
of elements of P(R). Moreover, the space P(R), endowed with the Lévy metric A, is complete and
separable. For any F € P(R) and r > 0, let B(F,r):={H € P(R) : A(F,H) <r} denote the ball
with center F' and radius r in (P(R),\). Since (P(R),\) is separable, its Borel sigma algebra B
is generated by the countable collection of open balls {B(F,1/m): F € D,m € N}, where D is a
countable, dense subset of P(R). Therefore, to prove that F* is (F*, B)-measurable, it suffices to
show that (F*)~'(B(F,r)) € F* for all F € P(R) and r > 0.

Consider any F' € P(R) and r > 0. For any me N and x € R, let A, , == (F(x —r+1/m)—r+
1/m,F(x+7r—1/m)+r—1/m). It follows from Lemma OA-1 that B(F,7) =UyenNoco ™, (Am.z)-
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Thus, for any B(F,r),

(F) N (B(F)) = (F)™ (U N ml(Am,x)>

meNzeQ
= U m(Fk)_l(ﬂ;L_-l(Am,x))
meNzeQ
= U ﬂ oFk (Amz)
meNzeQ

Recall that w, o F* is (F* B)-measurable. Thus (m, o F¥)7'(4,,,) € F* and hence
(F*)-L(B(F,r)) € F*.
(ii) Completeness of (P(R), ) implies that

{we: klim Ff(w, ) exists} = {weQ:{F*w,-)}is Cauchy}. (OA-4)
The event on the right above can be expressed as

AU N ) {we@: aF (W, ), F(w,) <1/m} (OA-5)

m>1 n>1 {izi>n} {j:j>n}

Separability of (P(R),\) implies that the mappings AY : Q — R defined by AY(w) :=
MF'(w,),Fi(w,-)) are all (F,B)-measurable (Billingsley 1968, p.25). Hence {w € Q :
MF'(w,), Fi(w,-)) <1/m} € F for all i,j,m, and therefore the set in (OA-5) is in F.

(iii) It iseasy to verify that F* is a o-algebra on Q*. It follows from Dudley (2002), Theorem 4.2.2,
that F* is (F*, B)-measurable. It follows immediately that F™* is also (F, B)-measurable.

(iv) As before, separability of (P(R),)\) implies that the mappings A* : Q — R defined by
A (w) :=\F*(w,-), F(w,-)) are all (F, B)-measurable, and therefore so is limsup,_,._ A*. Since

{w €Q: Fw,)> F(w,-)} = {w €Q : limsup A*(w) = 0} ,
k—o0
and since the set on the right is in F, it follows that the set on the left is in F as well.

(v) We follow closely an argument in Billingsley (1968), p.121. For each z € R, define the func-
tion 7, : P(R) — R by 7, (F) := F(z). For each € > 0, define the function 7Z : P(R) — R by 7 (F') :=
et f;+6 F(u)du. We first show that 7 is continuous on P(R) and thus measurable. Consider any
sequence {H*} C P(R) such that H* = H. It follows from a characterization of weak convergence
of distribution functions on R that H*(u) — H(u) for all u except on a countable set (the set of
discontinuities of H). Since H*(u) <1 for all u, it follows by the bounded convergence theorem that
[ HY (w)du — [T H(u)du, and thus 75 (H*) — 75 (H). Hence, 7¢ is continuous and thus mea-
surable. Next, since H is right-continuous, it follows that 7, (H) = lim, o 75 (H) = lim,,, ., 72/™(H).

Thus 7, is the limit of a sequence of measurable functions and therefore is (B, B)-measurable. It
follows from the definition of 7, that f,(w)=m,(F(w,-)). Therefore, f, is (F, B)-measurable. [

OA-3. Supporting Material for Proposition 3

Below, we use some notation from Section OA-2: A is the Lévy metric on P(R), B is the Borel
o-algebra on R, and B(h,r) is the ball of radius r about h € P(R).

LEMMA OA-2. Let ¢ :R+— P(R) be given by
¢(y) = ]I{'Zy} . (OA—G)

Then the mapping v is (B, B)-measurable.
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Proof. For any h € P(R) and y € R we have

h(zx—e)—e<0<h(x+e)+eforall z : x <y and

h(z—e)—e<1<h(z+e)+eforallz:z>y }

h(z—¢e)<efor all z : x <y and

h(z+e)>1—cforallx : x>y

= inf{e>0: li%nh(x—s)ge and h(y+¢e)>1—¢} (OA-T)
zly

A(h,Y(y)) = inf<e>0:

= inf<e>0:

The space (P(R),\) is separable with countable base given by {B(h,r) : h € D,r € Q}, where D
is a countable dense subset of P(R). Hence, to show the (B, B)-measurability of 1, it suffices to
show that ¢)~!(B(h,r)) € B for all h and r.

To this end, for h € P(R) and & > 0, define ¥, _, 97 ., : R—R by

Vi (y) = e—limh(z —e), (OA-8)
Vir(y) = hly+e)—1+e¢, (0A-9)
Yne(y) = min{y, (y),¢; ()} (OA-10)

The functions in (OA-8)—(OA-10) above are (B, B)-measurable because h € P(R). Moreover,
by (OA-7) and (OA-8)—-(0OA-10), we have

N (B(h,r)) = {yeR: A y(y)) <r}
= {yER s inf{e>0: li%nh(x—s) <ecand h(y+e)>1—¢} <7"}
zly
= {yeR:inf{e>0: ¢, (y) >0} <r}
U {yGR : Q;Z)h,rfl/n(y) ZO}
n:n-l<r
In view of the measurability of 5, (), all the sets in the union in the final expression are in B,
and hence the proof is complete. [

LEMMA OA-3. Suppose that Hy,H, : Q — P(R) are both (F,B)-measurable mappings and that
a€[0,1]. The mapping &o my .1, = 22— P(R) given by

Co oty iy (w,x) = oHj(w,x)+(1—a)Hy(w,z), zeR (OA-11)
is (F,B)-measurable.

Proof. Note that &, p, u, can be expressed as 6, o Jy, u, where Jy, g, : @ — P(R) x P(R) is
defined by Jy, m,(w) = (H;(w), H2(w)), and 6, : P(R) x P(R) — P(R) is defined by

0n(h1,he)(z) = ahi(x)+(1—a)hs(z), zeR.

The mapping Ju, u, is (F,B x B)-measurable, where B x B is defined as the o-algebra generated
by sets of the form A; x A, with A;, Ay € B. So the lemma will be proved if we can show that 6,
is (B x B, B)-measurable.

For this, consider the metric space P(R) x P(R) with metric A* given by

/\*((hh h2)7 (h’lh hl2)) = max{)‘(hlv h/1)7 )‘<h27 h/2)}ﬂ

see Billingsley (1968), p.225. From the definitions of A, A*, and 6,, it follows that
A ((hy,he), (R, h%)) > A(04(hi,ha), 0, (R, hY)). Therefore, 6, is continuous. That is, for any open
(in the topology metrized by A) set O C P(R), 6,'(0) is an open set in the topology metrized by
A*. The Borel sigma algebra on (P(R) x P(R), \*) is precisely B x B (Billingsley 1968, p.225), so
the open sets metrized by A* are in B x B. Summarizing, the open sets metrized by A generate B,
and the inverse image of any such open set under 0, is in B x . Hence, 0,, is (B x B, B)-measurable,
which completes the proof. [
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PROPOSITION 18 Suppose that {Y*: Q — R} are (F, B)-measurable random variables. Then H*
defined in (12) is (F,B)-measurable for all k.

Proof. The proof is by induction. Let 1) be as defined in (OA—6). Note that

YooY w) = 1oV )(w )+t B w,)

Ao, =
(w’ ) k

ol

Lemma OA-2 and the assumptions on Y imply that o Y™ is (F, B)-measurable for each n. Hence
we immediately see that H' :=1 oY is (F,B)-measurable. Suppose that the result holds for & —1.
With a=1/k, H =1 oY"* and Hy, = H*"!, we see that

A~

H'w,) = & yoyk gr1(@s), (OA-12)
where &, p, m, is defined in (OA-11). The desired result now follows from (OA-12), the induction
hypothesis, and Lemma OA-3. [

LEMMA OA-4. Consider a probability space (2, F,P), and a collection {A; : i € I} CF of events,
where I is a countable index set. Suppose that P[A;] >¢e >0 for all i € I, and that for any n+1
distinct indices 11, ... 1,41 € I, it holds that A;; N---NA =o. Then |I| <n/e.

in41
Proof. Let {S; : j € J} C 2" denote the collection of all subsets of I such that 1 < |S;| <n for all
7 € J. Note that J is countable. For all 1 € I,

4 = U N4 )4

{jeJ:ieS;}i'eS; i’eSJC.

and the sets {mi’GSin’ Nirese A ¢ j e J} are disjoint. Thus,

PlA] = > P[4 (4] = e > 0

{jeJ:ies;} i'€S; i’esjc.

Also,

Uao = UNaa

i€l jeJieS;  iess

and, as before, the sets {ﬂiegj A; ﬂies; A¢ : j € J} are disjoint. Thus,

P AN4] =PlUNAN4 =P

jeJ i€s;  iess jeJies;  iess

Also,
SPI() A 4
jeJ |ies;  iesg

> infd> x; 0 Y @ =PlA]Viel,z; >0V el

jeJ {jeJ:ieS;}
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v

infd a0 Y w;zeViel,z; >0V el

jeJ {jeJ:ieS;}

= inf ¢ sup Za:j+2yi €— Z x| cy=>0vViely 2, >20V5€J

je€J iel {jeJ:ieS;}

v

sup < inf Z:L'j—i-Zyi €— Z z; | rx;20Viedy ry>0Viel

jeJ i€l {jeJ:ies;}

= sup{ inf Zsyi+2:rj 1—Zyi cx;>0Vjedy ry;>0Viel

icl jeJ i€S;

= sup Zsyi : Zyi§1Vj€J,yi20Vi€I
iel i€S;

> |Ile/n

where the last inequality follows from the observation that y; = 1/n for all i € I satisfies ), s, Yi <1
for all j € J, because |S;| <n for all j € J. Combining the results above, it follows that |[I|e/n <1,
and thus |I| <n/e. O

LEMMA 3 Consider a probability space (Q,F,P), and the space (P(R),B) of probability distribu-
tions on R endowed with the Borel o-algebra B corresponding to the topology of weak convergence
on P(R). Let F:Q2— P(R)} be a (F,B)-measurable function. For each w € §), let D(w) :={z R :
F(w,z) > F(w,z—)} denote the set of jump points of F(w,-). Then the set {x € R : Plx € D(w)] >0}
is countable.

Proof. For each n € N and z € R, let Q7 :={w e Q : F(w,z) — F(w,z—) > 1/(n+1)}. Then
{weQ:reDW)}=U,enf2. Thus Plz € D(w)] =P [Un,enQ2] <3y P[Q2].

Consider any n + 1 distinct points zi1,...,2,.1 € R. Suppose that w € ﬂfjllQZi. Then
STHF(w, ) — F(w,—)] > (n + 1)/(n + 1) = 1. However, S/ '[F(w,z;) — F(w,z;—)] <
> venF (W, x) — F(w,2;—)] <1, and thus Nl = o.

For each m,n € N, let D™" :={x ¢ R : P[Q"] > 1/m}. Then {z € R : Pz € D(w)] > 0} =
Um.nenD™"™. We show by contradiction that each set D™™" is finite. Suppose that D™" is infinite;
if D™™ is uncountable, choose a countably infinite subset of D™™ and denote the subset with D™
as well. Consider the countably infinite collection of events {2 : x € D™"}. Recall that for any
n+1 distinct points x1,... , 2,01 € R, NP1 Q2 = @. Also recall that P[Q] >1/m for all z € D™".
Thus it follows from Lemma OA—4 that |D™"| < mn. Hence each set D" is finite, and therefore
{zeR: Plx € D(w)] >0} =UpnenD™™ is countable. [0

OA-4. Proof of Proposition 4

PROPOSITION 4 Consider a family of distributions {H (m,-):m € M C R}, where m = [ xH (m,dx)
is the mean of H(m,-), M is closed, and H(m,-) is continuous in m with respect to the topology
of weak convergence. Suppose that {Y*} and {F*} as in Definition 1 satisfy F*(w, )= H(U*(w),")
w.p.1, where U :=E[Y* | F¥|. Also suppose that sup,~,E[(Y*)?| F*] < Z w.p.1, for some inte-
grable random variable Z. Then {H*} in (13)~(14) is a good forecasting method for {Y*}.

Proof. Note initially that, since H is continuous in the first argument and M ¥ is (F,B)-
measurable, it follows that H* is (F,B)-measurable for all k, i.e., H* is a random distribution
function.
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Let

n

S"o= > (YE-UR).

k=1

Note that {S™} is a martingale with respect to {F"}, because E|S"| < oo and E[S™ | F" "] =E[Y" —
U=t Frol] 4 B[S0 Frol) = B[y | Fool] - Un1 4§71 = §7 1. In addition, E[(Y* — U*~1)2] =
E[(Y*)?] —E[(U*1)?] <E[(Y*)?] <E[Z], and consequently

e E[( Uk 1
Z kQ k2

k=1

It follows from a strong law of large numbers for martingales (Chow 1967) that lim,, . S™/n=0
w.p.1, that is, there is a set Q" C Q such that P[Q?”] =0 and lim,,_,., S"(w)/n =0 for all w € 2\ .
Since M™:=(1/n)Y_,_, Y*, it follows that

w)f%ZUk_l(w) — 0 forallweQ\Q". (OA-13)

Let Q" :=Ups{w e Q : F¥w,") # HU*(w), )} U{weQ: supkzoﬂ?l[(yl“rl)2 | F¥l(w) > Z(w)},
and observe that P[{)”’] = 0. Then, for all w € Q*\ Q" H(U*(w), ) = FF(w,-) % F*(w,-). In addi-
tion, for such w, sup,~, [2?F*(w,dz) < Z(w), and hence by Theorem 4.5.2 of Chung (1974),

Uk(w) = /wH(Uk(w),dx) = /:L‘Fk'(w,da:) — /:L’F*(w,dx) = U(w) forallweQ*\Q".
(OA-14)

Therefore, for all w e Q*\ Q”, it holds that F*(w,-) = H(U(w), "), because H(m,-) is continuous
in m.

Let Q' =Q”UQ", and observe that P[Q2'] = 0. Then M*(w) — U(w) for all w € Q*\ Q' by (OA-13)
and (OA-14). Again using the continuity of H(m,-) in m, it follows that H"*(w,-) := H(M"(w),-) =
H(U(w),") = F*(w,-) for all we Q*\ ', which proves that {H"*} is a good forecasting method
for {Y*}. O

OA-5. Remark Regarding Proposition 5
We briefly explain the difficulties in obtaining results for cases not covered by the proposition.

In the 8 < 1 case, note that f7 > 1 for all j. Thus, if a > 0, then g* > Zf:m a/j and hence
g" — 00 as k — oo. If @ <0, then ¢* < Zfzma/j and hence g* — —o0 as k — oo. Thus, if a# 0,
then even if we use the martingale convergence theorem to establish that, w.p.1, f*L* — ¢g¥ — A,

where A is a finite random variable, it does not establish the asymptotic behavior of L*.
Next consider the case with 8> 1. Note that i/(i — 1+ ) € (0,1) for all i, so f* € (0,1) for all

k.Let a;:=4/(i—1+0). Then >~ (1—a;)=> .-, (8—1)/(i—1+ 3) = co. Thus f* :Hle a; —0
as k — o0o. Next, consider

R 8
log(f") = Z;log< 1+6> Zlog< 1+ﬂ)
k 1_6 k+1 1
;—z—1+ﬁ < —(5—1)/1 —dx
= —(8—1) [log(k 415) —log ()]

BN

r—14+0
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B
+4

kg E g -1 ~ 1 3 -1
= 257 Z}(ﬁ) < i) <=

Jj=1

B—1
It follows that f* < ( ) and hence

In addition {g*} is non-decreasing, and thus ¢g* — § as k — oo, where |g| < oo. Therefore, if
sup, E|f*L* — g*| < 0o, then w.p.1, f*L* — g¥ — A as k — oo, where A is a finite random variable.
Then f*L* — B as k — oo, where B is a finite random variable. Recall that f* € (0,1) for all k,
and f* — 0 as k — oo. Thus, if B(w) <0, then L*(w) — —oco; and if B(w) > 0, then LF(w) — oo.
However, if B(w) =0, then we need more information to determine the asymptotic behavior of L*.

OA-6. Proof of Lemma 4

LEMMA 4 Consider a sequence of distribution functions {F*} C P(R) such that F* % F € P(R).
For~ € (0,1), let [¢*, Q%] := (F*)~*(v), that is, [¢",Q"] denotes the set of y-quantiles of F* [cf. (2)],
and let [q,Q] := F~'(v). Then, ¢ <liminf;,_ . ¢" <limsup, .. QF < Q. That is, for any sequence
{&*} of v-quantiles of F*, d(&*, F~'(v)) — 0 as k — oo.

Proof. Consider any ¢’ < q. We show that for all k sufficiently large, ¢* > ¢'. Let ¢* € (¢,q) be a
continuity point of F. Then F(q*) <, and F*(q*) — F(q*) as k — oo, and thus for all k sufficiently
large, F*(¢') < F*(q*) < ~. Hence ¢’ < ¢* for all k sufficiently large, and thus ¢ <liminf,_ . ¢*. It
follows by a similar argument that limsup, .. Q*<Q. O

OA-7. More on Stochastic Approximation

In this section we show that, under appropriate assumptions, if the distribution of the observed
quantity depends on the protection level and if L* is updated according to (36), then G(L*, L¥)
converges to 7. It follows that if L* converges then it converges to a random variable L* that
satisfies P(L* € G™*(L*,v)) = 1. In this section we assume that G(¢,2) =0 for all 2 <0 and all
¢ € R, and therefore X* >0 w.p.1.

The following result on the convergence of stochastic approximation iterations is given in Propo-
sition 4.1 of Bertsekas and Tsitsiklis (1996).

PROPOSITION OA-1. Consider the random sequences {S*}22, and {LF}°, in R™ that satisfy
LFY = LF 4 &.S*1 ) where {£.}52, is a deterministic nonnegative step size sequence that satisfies
S o&r =00 and Y ;- & < oo. Let F* denote the o-algebra generated by S*,...,S* L° ... L*.
Consider a function V : R™— R with the following properties:

1. VV is Lipschitz continuous on R™.

2. There is a constant ¢ >0 such that, w.p.1,

—VV(ILH)TE[S*F] = | vV

for all k.
3. There exist constants Ky, Ky >0 such that, w.p.1,

E[IS*H2 | 7] < K+ Kl VV(L)|?

for all k.

Then the following hold w.p.1:
1. V(L*) converges to a random variable V* as k — oo.
2. VV(L*) -0 as k — cc.
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3. Every limit point L* of {L*} satisfies VV (L*)=0.

Next we construct a potential function V to study the convergence of (36). Note that by the
assumptions we make on G in this section, we have that F'(¢) =G(¢,£) =0 if £ < 0. We also make
the following assumption:

AssuMPTION (B2) The function F is Lipschitz continuous, i.e., there exists an M > 0 such that
|F(€1) — F(£2)| < M|€1 —62’ for all 61,62 eR.

This essentially says that the rate of change of G(¢,¢) with respect to ¢ is bounded for all /.
Assumption (B2) is satisfied, for instance, if

Gl,x) = 1—e ™™ >0, (OA-15)

for £ >0, and G(¢,-) = G(0,-) for £ <0, i.e., negative protection levels have the same effect as £ =0.
Here m(¢) >0 for all £>0 and r(¢) :=¢/m(¥) is Lipschitz continuous on [0,00). Indeed, note that
if 61762 < 0 then ‘F(Zl) - F(£2)| = 0, and if 51 <0 S »62 then ’F(£1> - F(ﬁg)‘ = ’F(O) - F(EQ)’, So it
suffices to check that F' is Lipschitz continuous on [0,00), which is indeed the case, because for
01,0, >0, we have |F(£,) — F({y)| =|e ™) — e < |r(ly) — r(£y)| since 7(£;),7(£y) > 0.

One choice for m(¢) that satisfies the above conditions is

m(f) = a;—aze 3" (OA-16)

where a; > ay >0 and az > 0. If the observed quantity X has distribution specified by (OA-15)—
(OA-16), then it has properties that so-called “unconstrained demand” for high-price tickets could
reasonably be expected to have (it is immaterial how this unconstraining is done — it only matters
that it results in X ). For instance, m(¢) increases in £ and approaches a constant as ¢ — oo, which
is an appealing property since one would not expect the mean demand to grow unboundedly with
increasing protection levels.

To see that (OA-16) makes r Lipschitz continuous, note that

1

a; — aqe—ast

age” !

l(ayaze3Y)

(ay — aze—st)?

a; — aze” " — {(ayaze=3")

(0)]=

(a; — age—a3t)?
| {(ayasze=3Y)

(a1 —ap)?

a1 — Qg a1 —asg (al_a2)2.

The final expression follows from the fact that fe=?3¢ is maximized over [0,00) at £ =1/as.
At this point we need the following assumption:

AssuMPTION (B3) The quantity v :=min,cg foe[F(s) — 7] ds is finite.

When /¢ < 0, we interpret the integral in the above expression for v as — f ZO. Thus, for any £ <0,
foz [F(s) —v]ds = — feo [F(s) —~]ds = — feo [0 — v]ds = —¢~v > 0. Hence, Assumption (B3) holds, for
example, if there exists an ¢, > 0 such that F'(¢) > ~ for all £ > £,. For instance, this is the case when
(OA-15)—-(OA-16) specify the distribution of the observed quantity, since F'(¢) >~y < In(l —7) >
—r(¢) & —m(¢)In(1—~) </, which does indeed hold for ¢ sufficiently large. Under the assumptions
of van Ryzin and McGill (2000), Assumptions (B2) and (B3) hold. Specifically, Assumption (B3)
holds since it is always the case that F'(¢) >~ for all ¢ large enough when G does not depend on .
Consider the function V : R+— R, defined by

V() = /0 (F(s)—~]ds — v. (OA-17)

Next we verify that V satisfies the conditions in Proposition OA-1. Note that V' (¢) = F(¢) — .
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1. V' is Lipschitz continuous, since by Assumption (B2) F'is Lipschitz continuous.
2. Note from (36) that S**' =~ — T yrt1<pky. Thus

E[S* | FY = y—PXMI<IF|I} = y—G(IM I} = y—F(L%) = —V'(IY),
3. Note that S**1 € (—1,1) w.p.1, and thus there exist constants K, K, > 0 such that
E[(S")?*|F < Ki+EK[V'(LF)]

Recall that the stepsizes & satisfy Y, & =00 and Y, &} < oo, and thus we obtain the conclusions
of Proposition OA—-1. Specifically, we have the following.

PROPOSITION OA-2. Suppose that Assumptions (B2) and (B3) hold and that the protection levels
are updated according to (36). Then G(L*, L¥) — ~ w.p.1, and every limit point L* of {L*} satisfies
G(L*,L*) =7, that is, L* € G™'(L*,~).

Note that Propositions 8 and 9 require the existence of a deterministic quantity £* that satisfies
assumption 3 in Proposition 8 or Assumption (B1) respectively, and that convergence of L* to this
deterministic quantity ¢* is then established. In contrast, Propositions OA—1 and OA-2 do not
require the existence of such a deterministic quantity, and do not establish convergence of L*.

OA-8. Proofs for Stochastic Comparisons and Pathwise Comparisons

LEMMA OA-5. For any two P(R)-valued random elements Hy, ~ Py and Hy ~ Py, Hy <y H>
implies that P[H,(x) > o] > Py[Hy(2z) > o] for all z,a € R.

Proof. Fix any z,a € R, and let f:P(R) — R be given by f(h) := —Ifn)>a}. Clearly f is
bounded, and it follows from the characterization of < that f is nondecreasing. Moreover, by the

argument in the proof of Proposition 17(v) we have that f is measurable.
Consider any two P(R)-valued random elements H; < H,. Then it follows that

Pi[Hi(z) >a] = —Ep[f(H)] > —-Epl[f(H2)] = P[Hy(x)>qal

O
To simplify the exposition below, suppose that L* and L are chosen to be the smallest elements
of the set of y-quantiles of H* and H respectively, that is, L = min{x eR : H*(z) > 7} and

Lkzmin{xeR : Ek(x)Z'y}.

LEMMA OA—6. Suppose that G(L,-) < G(¢,-) for all £ < ¢, and that the empirical distribution
. . . .k

is used for both H and H, that is H*(z) := k! Zle Iixi<yy and H (x) := k*Z?Zl Iixicay- If

Ek jst ﬁk; then

Lk Sst Lk
Q(Lku ) jst G(Lka )
Xk+1 <. Xk+1

~k+1 ~
ﬂ jst Hk+1

Proof. Suppose {E k, L*, X"} is defined on probability space (2, F,P), and let E denote expec-
~ k ~
tation with respect to P. Suppose H = H*. Then it follows from Lemma OA-5 that for all
r € R,

~ k

PIL'<a] = PlH'(@)27] > PA*2)2+] = P[L*<al.
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That is, L* <, L*. By assumption, G({,) <& G(£,-) for all £ </, and thus it follows easily from
Kamae et al. (1977), Theorem 1 [in particular, the equivalence of (i) and (iv)], that G(L",-) <4
G(L*,-). For h € P(R), define ¢(h) = min{x € R: h(z) >~}. Then ¢(h) < £(h) for all h < h. Hence,
for h < h it holds that

PIX*"' <wlH =h] = G(h),z) > G(i(h),x) = PX*' <alH*=h].

Since Ek <« H*, it now follows from Proposition 1 of Kamae et al. (1977) that X*™ <, X+
K R
and (X" H') < (X*+1 H*) where < denotes the usual stochastic order with the coordinate-wise
okt e
partial ordering on R x P(IR) — see page 901 of Kamae et al. (1977). Note that H o ne(XF H)
and H* =n, (X" H*) where 1, : R x P(R) — P(R) is defined by
k 1

k) = A e

and observe that 7 is increasing on R x P(R); i.e., mp(z,h) <s n(xz,h) when z <x and h <, h. It
follows that for bounded increasing f: P(R) — R,

~ k+1

E[f(H

) = E[(fon)(X* HY)] < E[(fon) (X", HY)] = E[f(H")],

where the inequality follows from the fact that f on, is bounded and increasing on R x P(R) and
k+1 7P k41 £k it k1
(X" H )< (X*1 H*). Hence, H =, H*'. O

Proposition 12 follows from Lemma OA—6.

PROPOSITION 12 (Stochastic comparison with empirical d1str1but10ns) Suppose G(€ ) <at
G(,-) for all £ <, and the empirical distribution is used for both H and H, that is, H*(x) :=

12]:1H{X]SZE} andﬂ( ).—k IZle]I{KJSJC}' IfL SStLO, then

G(L',) =« G(L*,)
Xk-i-l < ch+1

T~ k+1 ok

ﬂk =« H*!
1 k

L * Sst L 1

forall k=0,1,....

PROPOSITION 13 (Stochastic comparison with affine updates) Suppose that p: R — R sat-
isfies p(€) <L for all L. Suppose that G(£,-) = G(u(l),-), and that G(£,-) < G(¢,-) for all £ < 0.
Suppose that H* = G(M*,.) and Ek =G(M",-), where M* = k™! Z;ﬂ:l X7 and M" =k~ ijlgj.
If L’ < L°, then

G(LF,") 2« G(L*,) (OA-18)
Xk+1 <4 Xkt (OA—19)
MkJrl Sst Mk+1 (OA*20)
o<, aen (OA-21)
LkJrl Sst Lk+1 (OA*QZ)

forallk=0,1,....
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Proof. The proof is by induction; (OA-18)-(OA-22) hold for k = 0. For the inductive step,
suppose that (OA-18)—(OA-22) hold for k — 1 and consider a general k. Since L" <., L*, Theorem 1
of Kamae et al. (1977) implies that p(L") < L* and G(u(L"),-) <« G(L*,-). Hence, G(L",-) <
G(L*,.). For m <m, we have

P(X* <alM'=m) = GUG(m,)),z) > GG(m,")), z) = PXF'<g|M"=m),

where ¢(h) =min{z € R: h(x) >~} for h € P(R). Proposition 1 of Kamae et al. (1977) implies that
XM < XF1and (X*T, M) < (XF1, M*), where < here denotes the usual stochastic order on
R2. Observe that M*+1 = @, (X*1, M*) and M*™ = ¢ (X *!, M*) where

k
+

o) = A

It follows that M*** <., M**+! and hence Ekﬂ =< H*1, Finally, E[Lkﬂ <z :E[ﬁkﬂ(:ﬂ) >~ >
P[H* () > 4] =P[L*! < z], so LM <, LF1. O

PROPOSITION 14 (Pathwise comparison) Consider any w € Q such that, for any k, L"(w) <
L*(w) implies that X* ' (w) < X*1(w). Suppose that the forecasting method used in both sequences
satisfies the following condition for all k: If (X'(w),...,X"(w)) < (X*(w),...,X"(w)), then
ﬁk(w, Y <o H*(w, ). If L°(w) < L°(w), then

Xw) € X'w)
ﬂ (wv') <st Hk(wv')
L'w) < L*w)

forallk=1,2,....

Proof. The result follows from induction on k. [
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