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Abstract

In this paper we consider stochastic programming problems where the objective function is
given as an expected value function. We discuss Monte Carlo simulation based approaches to
a numerical solution of such problems. In particular, we discuss in detail and present numer-
ical results for two-stage stochastic programming with recourse where the random data have a
continuous (multivariate normal) distribution. We think that the novelty of the numerical ap-
proach developed in this paper is twofold. First, various variance reduction techniques are ap-
plied in order to enhance the rate of convergence. Successful application of those techniques is
what makes the whole approach numerically feasible. Second, a statistical inference is devel-
oped and applied to estimation of the error, validation of optimality of a calculated solution
and statistically based stopping criteria for an iterative alogrithm. © 1998 The Mathematical
Programming Society, Inc. Published by Elsevier Science B.V.
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Likelihood ratios; Variance reduction techniques; Confidence intervals; Hypotheses testing;
Validation analysis; Nonlinear programming

1. Introduction

In many practical situations one is required to solve optimization problems which
are subject to uncertainty. There are various ways to model an uncertainty (incom-
plete information, data variability, randomness, etc.) which lead to different formu-
lations of the associated optimization problems. In this paper we focus on a
particular approach to such problems, which is based on simulation (Monte Carlo)
techniques, and apply it to a specific class of problems.

Consider the optimization problem

min E{/ (x,()) (1)
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of minimization of the expected value function E{f(x,{)} over a set § C R". We as-
sume that the set § is deterministic and is given explicitly by linear or nonlinear con-
straints and that ¢ is a random vector whose distribution is known. In realistic
applications, and especially when the random vector { has a large dimensionality,
it is typically impossible to calculate the expected value E{f(x,{)} in a closed form
and hence numerical approximations are required. The basic idea of an approach
that we discuss in this paper is based on Monte Carlo techniques and is quite simple.
A random sample Zi,...,Zy of independent replications of the random vector { is
generated and consequently the expected value function is approximated by the av-
erage function.
N

L) =N">"1(x2). (2)
i=]

The idea of generation of a random sample and consequent approximation of the
expectation by the corresponding average is not new, of course, and is the heart of the
Monte Carlo method. Somewhat recently Monte Carlo simulation based numerical
techniques started to attract attention in stochastic programming community. We
can mention in that respect the stochastic subgradient (stochastic quasigradient) meth-
ods[1,2], and approaches developed in [3,4]. In this paper we consider situations when,
for a generated sample Z1, . . ., Zy, the value, first and possibly second order derivatives
of the average function f} (x) can be calculated and hence deterministic algorithms of
nonlinear programming can be applied to minimization of fN (x) over S (cf. [5,6]). We
discuss the problem and report a numerical experience for a particular class of stochas-
tic programs, namely two-stage stochastic programs with recourse. Although the ideas
discussed here are concentrated on two-stage stochastic programming with recourse,
we believe that some of them can be applied to a wider range of problems.

We think that the novelty of numerical techniques developed in this paper is two-
fold. First, it was possible to apply various variance reduction techniques which en-
hanced the rate of convergence and in fact made the whole approach numerically
feasible. Second, a statistical inference was developed and applied to estimation of
the error, validation of optimality of a calculated solution and statistically based
stopping criteria for an iterative algorithm.

2. Two-stage recourse problem

In this section we discuss some basic ideas applied to two-stage stochastic pro-
gramming with recourse. Stochastic programs with recourse were introduced in
the fifties by Dantzig [7] and Beale [8]. For more recent discussions of this class of
problems and extended bibliography see e.g., [9,2,10,11]. Consider the optimization
problem

min '+ E{Q(x, )}, g
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where
O(x,w) =inf{q"y: Wy =h(w) — T(w)x, y > 0}. (4)

Here h = h{w) is an # x 1 random vector and T = T{w) is an #» x m random matrix
defined on a probability space (2, %,P). We make the following (stochastic) as-
sumptions throughout the paper: (i) # and 7' are independent, and (ii) the distribu-
tion of the random vector /4 has a probability density function (pdf) p(-).

With few exceptions (e.g. [3.4]), existing numerical methods for solution of (3) are
based on deterministic techniques which deal with a finite number of realizations of
the corresponding random variables. This, in turn, requires discretization of the un-
derlying probability measures (distributions) in case these distributions are continu-
ous. In many situations even a reasonably moderate number of such realizations
results in huge linear programs which cannot be solved even by modern computers.

Note that the function Q(x,w) can be written in the form
Ox, w) = G(h(w) — T{w)x), where

G(Z) = mf{qu Wy =z, ¥ > 0} (5)
By duality arguments (cf. [12]) the function G(-) can be represented in the form
G(z) =sup{&'z: W'E<q). (6)

For the sake of simplicity we assume that: (i) for every vector z the system
Wy=1z y=0, has a solution (the recourse is complete), and (ii) the system
WTE¢ < ¢ has a solution (dual feasibility). Under these assumptions, G(} is a finite
valued, piecewise linear convex function. We also assume that the expectation
E{Q(x, )} exists for all x € S.

Suppose now that a random sample (7, 71), ..., (hy, Ty), of i.i.d. (independent

identically distributed) realizations of (A(w), T(®)) is generated. Then the expected
value function g(x) = E{Q(x,w)} can be estimated by the sample average function

g () =N"' Xj: G(h, - 7x). (7)

and consequently the program (3) can be approximated by

r{lgsn c'x+ £, (x). (8)

One can solve problem (8) by using deterministic methods of nonlinear program-
ming and then to use its optimal solution as an approximation of the optimal solu-
tion of the original problem (3). This approach, known as a stochastic counterpart
(SC) method or a sample-path optimization, has been discussed and analyzed, for ex-
ample, in [13,5,14,6]. Of course, an implementation of that idea requires specification
of a particular algorithm which is used for solving the approximating problem (8).

Notice that G(-) is a piecewise linear, nondifferentiable convex function. It follows
that g, (-) is also a piecewise linear, nondifferentiable convex function. Nevertheless,



304 A. Shapiro, T. Homem-de-Mello | Mathematical Programming 81 (1998) 301-325

we can compute a subgradient of g, () as follows. Let dG(z) denote the subdifferen-
tial of G(-) at z. By (6) we have that

dG(z) = argmax{¢&'z: W'E<q}.
Furthermore, by standard subdifferential calculus we have that
0 G(h—Tx) = ~T"0G(h — Tx). (9)

Consequently we have that a subgradient of g,(:) is given by

N

Vg, (x) =~N">"T'"VG(h —Tx), (10)
i=1

where VG(z) denotes a subgradient of G(-) at z, which in turn is given by any optimal

solution of the linear programming problem

max &'z
s.t. WTeE<y.

It is important to observe that the expected value function g(-) := E{Q(-,w)} is
differentiable and that, for any given x, Vg,(x) is a consistent estimator of Vg(x),
i.e., Vgy(x) converges w.p.1. to Vg(x) as N — oo. In order to see that, note initially
that convexity of the function G(-) implies that g(-) is also convex and its subdiffer-
ential can be taken inside the expected value (see [15] for details). That is,

dg(x) = E{(?XG(h - Tx)} = E{~T"0G(h — Tx)}. (11)

Furthermore, by Rademacher theorem, the set of points where G(-) is not differen-
tiable has Lebesgue measure zero. It follows that dG(h — 7x) is a singleton with prob-
ability one (since we assume that 4 has a density and » and 7 are independent).
Consequently g(x) is differentiable at x and, by the Strong Law of Large Numbers,
the estimator Vg, (x), defined in (10), is a consistent estimator of Vg(x).

[t should be noted that second order derivatives of the expected value function
g(+) cannot be taken inside the expected value. In fact second order derivatives of
gy(x) are zeros whenever they exist. An alternative approach to estimation of
g(x), which also allows an estimation of its first and second order derivatives, is to
make a change-of-variables transformation and consequently to apply the likelihood
ratio (LR) method (cf. [16,6]) as follows. Note first that we can write the expected
value function g(x) in the form

o) = E{E [0 h T} = E,3 [ Gl Tptn) dn (12

and by making the transformation y = n — Tx,

g(x) =ET{ / G(y)p(y + Tx)dy ;. (13)
4
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It follows that (cf. [6]) we can represent g(x) in the form

glx) = E, / G(y)f’-%a)m p,(v) dv :ET{EPH{G(Y)L(Y, T,x)}}, (14)

R®

where py(y) is a chosen pdf, referred to as the dominating pdf, Y is a random vector
whose distribution is determined by the dominating pdf py(y) and

ply + x) (15)
P,(¥)
is the so-called LR function.
In order to simplify the presentation we assume subsequently that only the vector
h is random while the matrix 7 is fixed (deterministic). In that case the LR function
can be written in the form

L(y,7,x) =

)+ Tx
Ly,x) = BQ“—J (16)
p() (y)
Now let 1;,..., ¥y be a random sample, where ¥; are generated from the chosen pdf

po(¥). Then, because of (14), we can estimate g(x) by the average function
N

g,(x)=N" ZV:G(Yi)L(x_,x) =N 'Zw,_p(Y,JrTx), (17)

where w; = G(Y;)/po(Y;). Note that the approximating function g, (-) is given explic-
itly provided that values G(Y}), ..., G(Yy) are calculated and the pdf p(-) is given in a
closed form. For example, if 4 has a multivariate normal distribution, then p(-) can
be written in the form

ply) = e Hnm Ty Y- (18)

where y and X are the mean vector and the covariance matrix of 4, respectively, and
k is a normalization constant.

Note also that the function g, (-) is smooth, say twice continuously differentiable,
if the pdf p(-) is smooth. Then under standard regularity conditions, given a point x,
the gradient Vg, (x) and the Hessian matrix Vg, (x) provide consistent estimates of
the gradient Vg(x) and the Hessian matrix V2g(x) of the expected value function
g(x), respectively (see [6] for details). Moreover, it is possible to reduce the variance
of the obtained estimates by controlling the choice of the dominating pdf py(-) (cf.
[17,6]). Also the required values G(Y;), i =1,..., N, can be calculated independently

of each other which can be convenient for parallel computation.

3. Computational issues

Consider the estimator g, (x), defined in (17), and the corresponding program

. T ~
min ¢'x +8,(x) (19)
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giving an approximation of the program (3). The above program is different from (8)
in that the ‘straightforward’ estimator g, (x) is replaced by the LR estimator g, (x).
An advantage of the LR estimator is that once the sample Y;,..., Yy is generated
from the chosen (and fixed) pdf py(y), and the values G(¥;) are computed, the LR
average function g,(-) is given explicitly through the LRs L(Y;,-). Consequently
(19) becomes a smooth nonlinear (deterministic) programming problem. It is tempt-
ing then to try to solve the obtained problem (19) and to use its optimal solution as
an estimator of the optimal solution of the expected value problem (3). Unfortunate-
ly such an approach did not work well in the present case. In order to see why let us
make a quick analysis of the above problem.

The expected value function g(x) in convex irrespective of the underlying distri-
bution while the function gy (x) is given through the corresponding pdf p(-) and can
be nonconvex. It is possible to show that V2g,(x) converges w.p.1. to V2g(x) uni-
Jormly on any compact set C < R” (e.g. [6]). It is also possible to show that the Hes-
sian matrices V2g(x) are positive definite, provided the random vector 4 has a
positive valued density function and the matrix 7 has full column rank [18]. It fol-
lows that w.p.1. for N large enough, the Hessian matrices V2g,(x) are also positive
definite, and hence g, (x) in convex, on C. However, such mathematical statements
should be taken cautiously. Since the pdf p(n) — 0 as n — oo, the approximating
function gy (x) also tends to zero, even if g(x) — oc as x — oo. Therefore gy (x) can-
not be convex and cannot give a good approximation of g(x) on the whole space
R™. We come here to the concept of a (stochastic) trust region, that is a region where
gn(x) can be trusted to give a reasonably good approximation of g(x). It turns
out that, typically, such a trust region is too small to be useful for optimization
purposes.

Suppose, for instance, that # has a multivariate normal distribution (see (18))
with mean x and covariance matrix £ and that the pdf po(-) is also multivariate nor-
mal with the same covariance matrix and mean ;. Then the variance of g, (x) is giv-
en by

2

ov () = var{g, (0} = N [E, { GO 'Ly 0} - g0)’] (20)
with (see [6, p. 52])

Epo{ G(Y)ZL(Y,x)Z} - Eﬂﬂ{L(Y,x)Z}EHU+m{G(Y)2} - eﬂ‘Tf"ﬁEﬂW&.{G(Y)Z},
(21)

where 0 = u(x) — py and p(x) = p — Tx. Formulas (20) and (21) show that the
variance of gy(x) grows exponentially with & whenever the term E,,0+2(;{G(Y)2}
is bounded from below by a positive constant. It follows that the trust region
tends to be small, thus preventing long steps in the process of minimization of
gy(x) and therefore making direct solving of (19) not feasible from a practical
standpoint.
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Nevertheless the LR estimator g, (x) can be useful in several respects. First, the
function g (-) is smooth, provided the pdf p(-) is smooth, and hence its second order
derivatives can be used in order to estimate the corresponding second order deriva-
tives of g(+). Second, g, () can be employed in conjunction with some variance re-
duction techniques (see Section 6.2).

A conceptual idea of the algorithm, implemented in this paper, can be described
now as follows. Given a current iteration point x*, a random sample is generated
from a current pdf pf(-) and then a few steps of a chosen algorithm (e.g. sequential
quadratic minimization) are applied to an approximating nonlinear (deterministic)
programming problem. In this respect both estimators g, (-) and g,(-), and their de-
rivatives, are used in order to improve the accuracy of approximation and to en-
hance rate of convergence. Then, for the next iteration point x**', a new random
sample is generated (possibly of a larger size and from a different density pi*'(-)),
the approximating program is updated and a few steps of the algorithm are applied
to the updated program, etc. As we shall see in Sections 4 and 5, such resampling is
essential to ensure independence (in the probabilistic sense) between the estimators of
Vg(x*) and Vg(x**!) (conditionally on the value of x**!), which is a required condi-
tion for an application of the statistical optimality tests and implementation of the
stopping rules described there. The latter argument also suggests the use of resam-
pling only at last iterations of the algorithm. A framework for proving convergence
(with probability one) of such an algorithm is discussed in [19].

3.1. Increasing sample sizes

An important issue concerns the size of the sample used to compute the estimators
(7) and (17) as well as their derivatives. Numerical experiments indicate that well
controlled choice of the sample sizes can significantly reduce the computational time
and improve the accuracy of obtained solutions. At first steps of the algorithm, when
the current iteration point is far from the optimal, there is no need to have high pre-
cision estimates. On the other hand, at each iteration the employed estimates, of the
expected value function and its derivatives, should be accurate enough in order for
the algorithm to proceed in significant improvement of a current solution. That is, at
each iteration, on one hand we would like to use a small sample in order to save com-
putational time, on the other hand the sample should be large enough in order for
the algorithm to proceed. The required compromise can be achieved by techniques
of statistical testing, of the employed estimates of the gradient of g(x), which we des-
cribe now.

Consider a feasible point x € S, representing a current iteration point of the algo-
rithm. Let yy(x) be an estimator of the gradient Vg(x) such that y,(x) — Vg(x)
w.p.1., as N — oc, and yy(x) has approximately (asymptotically) a multivariate nor-
mal distribution with the mean vector Vg(x) and a covariance matrix Qy. For exam-
ple, if the gradient of g(x) is estimated by the gradient y,(x):= Vgy(x) or
7y (X) := Vgy(x) of the corresponding average function, then asymptotic normality
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of 7y (x) follows by the Central Limit Theorem. Note that in this casc the covariance
matrix Qy can be estimated by Sy/N, where Sy is the sample covariance matrix. It
follows that the random variable

N (3,00~ V() Sy (3400) — V()

has approximately (asymptotically) a chi-square distribution with m degrees of free-
dom, where m is the dimensionality of x and of y, (x) (see, e.g., [20]). Consequently an
(approximate) 100 (1 — a)% confidence region for Vg(x) is given by the following
ellipsoid

E = {zeR" c-y,0)"s' (z-7,0) <},

where r := 2 (x)/N and y2 («) is the constant corresponding to the significance level
a.

The size of the above ellipsoid E,(x) is determined by the constant r, which in
turn is inversely proportional to the sample size N. Suppose now that the feasible
set S is defined by a finite number of /inear constraints. Then our criterion for the
choice of N is to find an ellipsoid of maximal size r = r}, satisfying the following
property. Consider the null space . of the matrix generated by constraints defin-
ing the set § which are active at the point x. This linear space is contained in the
set of feasible directions tangent to S at the point x. Let P be the orthogonal pro-
jection onto &. The property that we want the above confidence region (ellipsoid)
E.(x) to satisfy is that for any z € E,(x), vector P(c + z) forms an acute angle with
P(c+ yy(x)). Such choice of the sample size N guarantees that, with given confi-
dence 100(1 — «) %, the projection P(c + Vg(x)), of the gradient of the objective
function of the problem (3), forms an acute angle with P(c + y,(x)), and hence
the estimated direction, at least approximately, is a direction of descent for the
‘true’ problem (3).

We proceed now as follows. We need to compute »;, = max{r: ¥/(r) = 0}, where

Y(r) = m1n aTP( 2).
and a := P(c + yy (x)). By solving the KKT conditions for the above problem it can

be shown that

i2

W(r)=a'a—r" ( TS a)l/ ,
and hence the optimal r}, 1s

ry = (aTa) ( TS a)il. (22)
Consequently the new sample size is computed as

N’ :max{x’z:—ga),N}. (23)

N
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It should be noted that when N is not large enough, Sy can be a poor estimator
of the corresponding covariance matrix and hence the above computation can lead
to a very large value of the new sample size N'. For an actual implementation we
suggest that the ‘jump’ from N to N’ should be limited by a constant factor, say
ten times.

4. Validation analysis

Suppose that we are given a point x* which is suggested as an approximation of an
optimal solution x, of the program (1). Can we evaluate the quality of this approx-
imation? Closely related to this question is a choice of stopping criteria for a consid-
ered algorithm. In this section we discuss some statistical tests for validation of
optimality of the solution x* (cf. [21]). The discussion of this section is quite general
and is not restricted to the considered example of stochastic programming with re-
course.

Suppose that the expected value function f(x) := E{f(x, ()} is differentiable at the
point x*. Also, assume that the feasible set S is defined by constraints as follows

S = {xE R™: ¢(x) =0, i=1.....k ¢(x)>0, i:k+1,...,1}, (24)

where c¢;(x) are (deterministic) continuously differentiable functions. By the first or-
der (KKT) optimally conditions we have that if x, is an optimal solution of the prob-
lem (1), then (under a constraint qualification) there exist Lagrange multipliers /7,
such tht 4, = 0, i € J(x;), and

Vi) = > iVe,x,) =0, (25)

i€l (xy)

where J(x) = {i: ¢;(x) =0, i=k+1,...,1} denotes the index set of inequality con-
straints active at x and /(x) = {1,...,k} UJ(x). Consider the polyhedral cone

Clx) = {ZER'": z= ZaiVCi(x), 2 =0, iEJ(x)}. (26)
tel{x)
Then the KKT optimality conditions (25) can be written in the form V£ (x,) € C(xp).
Suppose now that the gradient Vf(x*) can be estimated by a (random) vector
7 (x) such that 7, (x*) — Vf(x*) w.p.1., as N — oo, and y, (x*) has (asymptotically)
a multivariate normal distribution with the mean vector Vf(x*) and a covariance
matrix Qy. By using the estimator 7y, (x*), we can test the hypothesis:

H: V/(x) € C(x") against the alternative, H : Vf(x')¢Ckx"). (27)

In order to test the (optimality-conditions) hypothesis Hy we suggest the following
procedures. Suppose that the covariance matrix @y is nonsingular, and hence is pos-
itive definite, and that a consistent estimator Qy of Q is available. Then we define
our first test statistic as follows
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T
T = zggi(g,(m (x") - 2) Q' ()’N(x*) - z)- (28)
This statistic is an asymptotic analogue of Hotelling’s test statistic which is used in
multivariate analysis (e.g. [20]). It is possible to show (see, e.g. [20]) that if all La-
grange multipliers corresponding to the inequality constraints active at x* are positive
(strict complementarity condition), then the test statistic 7; has approximately (asymp-
totically) a noncentral chi-square distribution with m — s degrees of freedom, where

s =card(/(x")) = &k + card(J(x")),
and the noncentrality parameter

K= venézq)(Vf(x") - z)TQN’ (Vf(x*) —2). (29)

In particular, under Hy we have that x = 0 and hence the null distribution of 7; is
central chi-square with m — s degrees of freedom. Therefore for a calculated value
T, of the test statistic we can calculate the p-value, that is p = Prob{yx2 > T;}. This
p-value gives an indication of the quality of the suggested solution x* with respect to
the stochastic precision. A large (close to one) p-value means that such precision was
reached, so the algorithm cannot proceed further, whereas a small (close to zero) p-
value indicates that either the current solution is far from the optimal or the deter-
ministic error starts to dominate. Such test should then be combined with other cri-
teria, for instance a test of significance of reduction in the value of the function, as
described in Section 5.
An alternative test statistic can be written in the form
T
= i (1019 (i) ) =
This test statistic is simply the squared Euclidean distance from y,(x*) to the cone
C(x*). From a numerical point of view, 7> is more convenient than 7| since it does
not involve inversion of the covariance matrix Qy, which in some cases can be nearly
singlular (ill-conditioned). If the strict complementarity condition holds, then under
H, the asymptotic distribution of 75 is given by the distribution of a weighted sum of
chi-square variables (see e.g. [22]). That is, 7> has approximately the same distribu-
tion as the distribution of the random variable >_"  o.X;, where X, ..., X, are inde-
pendent random variables, each having a chi-square distribution with one degree of
freedom, « are eigenvalues of the matrix PQy, P is the projection matrix
P=1,—A(A4)"'4" and 4 is the m x s matrix whose columns are formed from
the gradient vectors Vi¢;(x*), 7 € /(x"). In this case, the p-value can be approximately
computed by replacing the distribution of > | o.X; by that of ¢y? + b, where ¢, v and
b are chosen in such a way that cy; + b and }_"" | %.X; have the same first three mo-
ments. This type of procedure is called Pearson’s approach, see [22] for details.
Let us make the following remarks. By accepting (i.e. by failing to reject) Hy
hypothesis we do not claim that Hy actually holds, i.e. that x* is an exact optimal






