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Abstract

In this paper we study linear optimization problems with a newly introduced concept of multi-
dimensional polyhedral linear second-order stochastic dominance constraints. By using the poly-
hedral properties of this dominance condition we present a cutting-surface algorithm, and show its
finite convergence. The cut generation problem is a difference of convex functions (DC) optimiza-
tion problem. We exploit the polyhedral structure of this problem to present a novel branch-and-cut
algorithm that incorporates concepts from concave minimization and binary integer programming.
A linear programming problem is formulated for generating concavity cuts in our case, where the
polyhedra is unbounded. We also present duality results for this problem relating the dual multipli-
ers to utility functions, without the need to impose constraint qualifications, which again is possible
because of the polyhedral nature of the problem. Numerical examples are presented showing the
nature of solutions of our model.

Key Words: Linear Programming, Stochastic Ordering, Stochastic Dominance, Utility Functions,
Convex Programming, Cutting Plane Algorithms



1 Introduction

The concept of stochastic dominance is fundamental when comparing two random variables. In
particular, this concept allows us to define preference of one random variable over another. Several
different notions of stochastic dominance exist and have been studied in the literature. For example,
in the univariate case we say that a random variable £ stochastically dominates 1 in the first order,
denoted by & > (qy 9, if

F(&a) < F(Ysa) (1)

for all a € R, where F'(&;-) and F(1;-) are the cumulative distribution functions of respectively £
and 9. Similarly, we say that £ stochastically dominates 1 in the second order, denoted by & &2y v,
if

a

F(&a) :=/ F(&t)dt < / F(g;t) dt =: Fa(¢sa) (2)
—o0 —0o0

for all a € R.

The concept of stochastic dominance is also related to utility theory (von Neumann and Morgen-
stern, 1947), which hypothesizes that for each rational decision maker there exists a utility function
u such that the (random) outcome X is preferred to the (random) outcome Y if E[u(X)] > E[u(Y)].
Since we do not know decision maker’s utility function, we impose E[u(X)] > E[u(Y)] for all u. If
we have more information on the decision maker (e.g., if our decision maker is risk averse) we can
restrict the set from which u is taken (e.g., the set of increasing concave functions). Some notions
of stochastic dominance correspond to particular classes of utility functions. For example, the first
order dominance corresponds to the set of non-decreasing functions for which the expectations
exist, whereas second order corresponds to non-decreasing concave functions.

Extensions of the concept of stochastic dominance to random vectors have been developed as
well. For example, a random vector X is said to dominate Y in positive linear second order (written

X oY) if!

vIX 2o’y forallveRT. (3)

Although the theory of stochastic dominance is well developed (see, e.g., Shaked and Shanthiku-
mar 1994 and Miiller and Stoyan 2002 for comprehensive discussions), the introduction of stochastic
dominance as constraints for optimization problems is recent; see Dentcheva and Ruszczyriski (2003,
2004). The results in these papers were obtained in the univariate context using the notion of second
order stochastic dominance, more specifically for the problem

min f(x) (UniSDC)
s. t. g(CC) 12(2) Y, (4)
zc X CR"™

'Dentcheva and Ruszczyriski (2003) define this notion as linear second order stochastic dominance; the concept
is also related to the definition of positive linear convex order found in the literature, see for instance Miiller and
Stoyan (2002).



In the above problem, g(-) is a mapping from R™ to the space of random variables £1 (L] is the space
of integrable mappings from the underlying probability space to R™), and y is a benchmark random
variable. Dentcheva and Ruszczynski (2003) considered a variant of (UniSDC) in which the decision
variables are random variables, i.e., the problem takes the form min{f(§) : & > ¥, £ € =}
They showed that when £ and 1 are random variables with finite support, under mild conditions
the feasible region in (UniSDC) is reformulated by using a finite number of variables and linear
constraints, which are explicitly given. In a subsequent paper Dentcheva and Ruszczynski (2009)
studied the multi-variate problem:

min f(z) (MultiSDC)
s. t. G(x) 2(2) Y, (5)
re X CR"Y,

where G(+) : R" — L and Y € LT (i.e., G(x) is a random vector for each z, and Y is a benchmark
random vector). By using the concept of positive linear second order dominance, Dentcheva and
Ruszczyniski (2009) developed duality results for (MultiSDC). While useful, those results do not
yield an algorithm that can solve (MultiSDC).

In this paper we address the issue of developing an algorithm to solve a class of optimization
problems with multi-variate stochastic dominance constraints. Such a class is more strict than
(MultiSDC) in the sense that we consider linear problems, but on the other hand we consider a
more general notion of dominance that includes positive linear dominance as a particular case. The
precise notion of dominance we use is defined below:

Definition 1 Given a (possibly unbounded) non-empty polyhedron P, a random vector X € LI is
said to dominate Y € LT in polyhedral linear second order with respect to P (written X > P) Y
and called P-dominance in short) if

T X > (2) 1Y for allv € P. (6)

The idea behind this definition is that one wants to impose one-dimensional stochastic dominance
between certain combinations of the components of X and the same combinations of the components
of Y. The set P represents a collection of weights used to combine the various criteria represented
by the vectors X and Y. Some particular cases of polyhedral order are listed below:

1. By taking P = R"?, we have X E(P) Y=X E%“ Y, i.e., the positive linear second order
dominance is a special case of polyhedral second order dominance.

2. Suppose there are two criteria (i.e., n = 2) and one wishes to consider weights for each criteria
ranging respectively from a to § and 1 — « to 1 — 3. Then P is the line segment connecting

(a,1 —a) to (B,1— 7).

3. By taking P to be the convex hull of the vectors (1,0,...,0),(1,1,0,...,0),...,(1,1,1,...,1),
we obtain a second-order version of the partial sum stochastic ordering described in Chang
et al. (1991).



The notion of P—dominance allows us greater flexibility than the requirements imposed from the
positive linear second order dominance. In particular, by taking P to be a subset of the positive
orthant, P-dominance may provide a larger set of feasible solutions (i.e., it is less conservative).
Moreover, although obvious, it is important to point out that one can specify P either by using a
pre-defined set of vertices, or through a set of linear constraints. This has the potential to increase
wider practical applicability and use of optimization with dominance constraints.

The following characterization shows that without loss of generality we can assume that the set
P is compact. This property is useful in our analysis. Note also that this proposition remains valid
for a general convex set.

Proposition 1 Let P be a non-empty convex set. Then, (6) holds if and only if v X > (2) oY
for all v € P := cl cone(P) N A, where cl denotes the closure of a set, cone denotes the conical
hull of a set (defined as cone(S) := {Zle Aizi 2 N >0, ;€8 i=1,...,2}), and A :={v €
R™ [ flofly < 1}

Proof. First notice that, given any two random variables { and 1, we have { () ¢ if and only if
af By arp for all a > 0.

Suppose that (6) holds, and let ¥ be an arbitrary point in cone(P). We first show that o7 X > (2)
oTY. Assume that © # 0 (the case © = 0 is trivial). Since ¥ € cone(P), there exist v',... ,v¥ € P
and coefficients A1, ..., Ay with A\; > 0 such that v = Z?:l v, Now let o :=1/ Z?Zl Aj. Then,
convexity of P implies that av € P, so from (6) we have that av? X > (2) av’Y and therefore
o' X E(g) o'y,

Next, suppose that 5 € P = cl cone(P) (note that o may not belong to cone(P)). Then,
there exists a sequence of points {¥} C cone(P) such that ¥ — v. As shown above, we have that
("TX > (2) (@*)TY for all k. We claim that this implies that o7 X > () 07Y. Indeed, let Z € LT be
an arbitrary random vector. Since v* — ©, it follows that (v%)7Z — vT Z with probability one and
thus (%) Z converges in distribution to o7 Z. Hence, F((v¥)T Z;a) — F (27 Z;a) for all continuity
points of F (1 Z;-), where as before F(¢; -) denotes the cumulative distribution function of a random
variable €. It follows from the bounded convergence theorem that F5((vF)7Z;a) — Fo(v” Z; a) for
all @ and thus, by using X and Y in place of Z, we conclude that o7 X > (2) o'y,

Conversely, suppose that v7 X >(2) vTY for all v € P. Let ¥ be an arbitrary point in P,
and again assume without loss of generality that o # 0. Let a := 1/||o]|;. Then, at € P, so
av?’X > (2) av’Y and therefore o7 X >(2) oty O

In this paper we study a linear version of (MultiSDC):

min d’ z (ULP)
n
s. t. ngag > p) € (7)
=1
where ay, £ =1,... ,n and ¢ are m—dimensional random vectors defined on a common probability

space (£, F, P). The sample space 2 is assumed to be finite. We show that (ULP) can also be
reformulated as a linear program. However, this reformulation requires an exponential number of
constraints. Consequently, we develop a cut-based algorithm to solve (ULP). The cut generation
problem is a difference of convex functions (DC) optimization problem. We exploit the polyhedral



structure of this problem to develop a branch-and-cut algorithm that combines concepts from con-
cave minimization and binary integer programming. A linear programming problem is formulated
for generating concavity cuts in our case, where the polyhedra is unbounded. Also, by exploit-
ing the problem structure, we develop a dive-and-search method to find a local minimum of our
polyhedral-DC. We also present duality results for (ULP). For simplicity we have omitted the de-
terministic constraint set X while defining (ULP). The algorithm presented in this paper remains
valid in the presence of these constraints provided that the “master problems” are solved exactly.
For example, these results are valid when A imposes integral requirements on decision variables.

The remainder of the paper is organized as follows. In Section 2 we analyze the polyhedral
dominance problem, show a finite-constraint formulation for this problem, and illustrate the ideas
with the help of a few numerical examples. In Section 3 we discuss duality results and the connection
between dual multipliers and utility functions. In Section 4 we present our cut-based algorithm
to solve (ULP), together with a discussion on how to solve the subproblems efficiently. Some
conclusions and directions for future research are presented in Section 5.

2 Linear Optimization with Polyhedral Second Order Dominance

Let us consider (ULP) with A = [ay,... ,ay], and write (7) as Az > py ¢ for a given polyhedron
P. We denote the realizations of the random vector ¢ and random matrix A by ¢',...,¢", and
Al ... A! respectively. The corresponding probabilities are denoted by ¢',... ,q¢" and p!, ... ,p’,
respectively. Dentcheva and Ruszczyniski (2003) showed the following result for dominance of
univariate random variables, which is used in our subsequent developments.

Proposition 2 Assume that a random variable ¢ has a discrete distribution with realizations (*,i =
1,...,r, and corresponding probabilities q;,1 = 1,...,r. Let U be the set of all non-decreasing
concave functions u such that lim;—, o u(t)/t < oo. Then & B9y ¢ if and only if

E[w(§)] = E[u(C)], for allu e U. (8)
Furthermore, (8) is equivalent to
E[(¢" = &)+] <E[(¢' = O4)ii=1,...,m, (9)
where ()4 indicates max{-,0}.

By observing that in condition (3) v X and v?Y are univariate random variables for a fixed v,
Proposition 2 gives the following two formulations of (ULP):

min d'z

s. t. Eu(w’Az)] > Efu(w’c)] for all u € U and all v € P, (10)



and

mind’ x (SILP)
t r
s. t. ij (vTci — vTAj:C)+ < qu (vTci — vTcl)+, 1=1,...,r, forallv e 73, (11)
j=1 1

where P is the set defined in Proposition 1 as a function of P | i.e., P = cl cone(P) N A. Note that
Pis a polytope (cf. Theorem 19.7 in Rockafellar 1970).

The following theorem shows that in (SILP) it is sufficient to write constraints (11) for a finite
number of vectors v.

Theorem 1 Let
Pii={(v,y) |y =0T ( =), y >0, veEP, I=1,... T i=1,..0,7 (12)

Then, the semi-infinite constraints (11) are equivalent to

t T
ij (vichi — ’UikTij)J,_ < qu (vichi — vichl)+, i=1,...,r, k=1,... 1, (13)
=1 -

where v'** are the v-components of the vertex solutions of P;.

Proof. Obviously all z satisfying (11) also satisfy (13). Now suppose we have an & which satisfies
(13) but not (11), i.e., this Z violates (11) for some v. Equivalently, there exists some i € {1,... ,7}
such that the problem

t

min Z q Wl —oTed), — ij (T —vT AV7) (DCP;)
veP =1

j=1

has a negative objective value. The objective function in the problem (DCP;) is a difference of two
piecewise linear convex functions. We can reformulate (DCP;) as a concave minimization problem
as follows.

min f(v,y) Z(ﬂ Y — Zpg T =0T Ag), (SepCP;)
s. t. (v,y) € P;.

We first argue that (SepCP;) has a minimizer. To see that, note that the rightmost term in the
objective function of (SepCP;) is bounded, since it is a continuous function involving only the
v-components and v is restricted to the compact set P. The leftmost term is always non-negative.
Thus, since this is a minimization problem, we can embed the y components into a compact
set as well, which then implies that (SepCP;) has a minimizer. It follows from Corollary 32.3.4
in Rockafellar (1970) that at least one of the vertex solutions of P; is a minimizer of (SepCP;). O



Theorem 1 allows us to reformulate (ULP) as (FLP):
min d’ z (FLP)

,
s. t. ij (vichi — UikTAj:L')+ < qu (vichi — vichl)Jr, i=1,...,r, k=1,...,y. (14)

However, (FLP) may have exponential number of constraints since the number of vertices in KC; may
be exponential. Nevertheless, by introducing z* to represent the shortfall value (vichi—vikTAj x)4
we can reformulate (FLP) as a linear program (FullLP):

min d’ x (FullLP)
t r T T
s. t. ijz”k < qu WF =D =1 k=1,
j=1 I=1

2k > (vichi—vikTAjm), i=1,...,r,j=1,...,r, k=1,... v (15)

2k >0 i=1,... ., j=1,...,r, k=1,... 1.

Note that if z* is an optimal solution of (FLP), then obviously (z*, 27%%) = (z*, (vichi—vikTij*)Jr)
is a feasible solution of (FullLP). Conversely, if (z*, 27%") is an optimal solution of (FullLP), then
x* is a feasible solution of (FLP). The latter follows because p; > 0. Hence, we may use either
(FLP) or (FullLP) to find z*. In Section 4 we will discuss a cut-generation strategy that does not
require enumerating all vertices v** of P; in advance.

In the univariate case, we have the following corollary. The result is straightforward but it

illustrates an application of Theorem 1.

Corollary 1 (Dentcheva and Ruszczyriski 2003) Let P C RL, P # {0}. Then we can solve (ULP)
by solving:

min d’x
t r
sty pi2? <Y q(d—d)y,
j=1 =1
29> (= Ax), 29 >0, i,j=1,...,r

Proof: P C R}H P # {0} implies that P = [a, ] for some 0 < a < b with b > 0. By Proposition 1,
we have v X (9 vY for all v € P if and only if v X (9 vY for all v € [0, 1]. Theorem 1 then ensures
that the latter condition holds if and only if X I>(4) Y (it is easy to check that the v-components
of the vertices of the polyhedron P; in the theorem are either 0 or 1). It follows that, in (FullLP),
we have v; = 1 and v'* = 1 for all 4. ]

2.1 General Multivariate Dominance

Although in this paper we focus on the particular notion of P-dominance introduced in (6), a
different notion can be defined by extending the characterization via expected utility in (8) to the



multivariate case. Following Miiller and Stoyan (2002), we say that a random wvector X stochasti-
cally dominates a random vector Y in second order (denoted X (9 Y') if and only if
E[u(X)] = Efu(Y)] (16)

for all concave non-decreasing functions u. Note that the positive linear second order dominance is
a special case of second order dominance. Unfortunately, such characterization requires verifying
(16) for a large class of functions, and a simpler characterization such as (9) does not seem to be
available at the present moment. This issue in part justifies the use of alternative orders such as
the polyhedral order introduced in Definition 1.

The situation becomes much easier when the vectors X and Y have independent components.
In that case, the multivariate dominance defined in (16) reduces to the univariate case. This result
is shown in Huang et al. (1978), but we state it here for completeness. A proof is presented in the
Appendix.

Theorem 2 Let X and Y be random vectors in R™ with independent components. Then,
XPoV = X buY, (=1,..,n

A consequence of Theorem 2 in the context of P-dominance defined in Definition 1 is given
below.

Corollary 2 Let X and Y be random vectors in R™ with independent components, and let P =
R, which is the context of the positive linear second order dominance defined in (3). Then,
X E(P) Y if and only of Xo Doy Yy, £=1,...,m.

Proof: The “if” part follows from Theorem 2 by noticing that functions of the form u(v’'z), where
u is concave non-decreasing in R! and v € P, are a subset of the set of concave non-decreasing
functions in R™. The “only if” part is immediate since e, € P (where ey is the vector with the /th
component equal to one and the remaining ones equal to zero). ]

Corollary 2 has an immediate application in the context of problem (ULP). Consider the matrix
A = [aq,...,ay], where the a; are the column vectors in (7), and suppose that the rows of A are
mutually independent. Suppose in addition that the vector ¢ has independent components as well.
In that case, if P = R7' (i.e., positive linear second order dominance is used), then condition (7)
becomes

()T > (2) &, 0=1,...,m,

where a’ is the fth row of A. In other words, the only relevant vertices given by Theorem 1
are the vertices eq, ... ,en of the simplex P = {fv e RY|> v < 1,v>0}. More vertices may
exist, but they will necessarily generate redundant constraints. We shall see an illustration of this
phenomenon in Section 2.2.



2.2 Examples

We illustrate now the result in Theorem 1 by describing an example in detail. Consider the linear
program

max 3x1 + 2x9
s. t. (Ex1-LP)

4 2 200
— |2 2 [“]z— 160
1 0| L™ 40

Suppose there is uncertainty in some of the coefficients, which we want to model using stochastic
dominance. More specifically, consider the ULP

max 3x1 + 222

5. t. (Ex1-ULP)
4+a 2 200 + 103
| 2 2+4a ?] >Pin 1160 |,
1 0 2 40 £ 53

where Eg)in denotes the positive linear second order dominance defined in (3) (recall that such an

order corresponds to the polyhedral order & .., with P defined as a normalization of the cone R’").
In the above, we write (a £ b) to indicate that the actual value is random, with two outcomes a + b
and a — b. For the values in the matrix on the left-hand side, these outcomes have probability
respectively equal to p and 1 — p; for the values in the vector on the right-hand side, the outcomes
have probability respectively equal to ¢ and 1 — q. The parameters a and § control the degree
of uncertainty on respectively the left- and right-hand sides; the bigger those values, the bigger
the degree of uncertainty (so « = 3 = 0 corresponds to the original LP). It is assumed that all
uncertain quantities are independent, so there are 16 scenarios in (Ex1-ULP). Let A® and ¢! denote
the values of respectively the matrix on the left-hand side and the vector on the right hand-side
for the ith scenario, and let us number the scenarios in such a way that A; = Ay = Az = Ay,
c1 = —(200 — 104, 160,40 — 553), co = —(200 — 104, 160,40 + 53), c3 = —(200 + 1053, 160,40 — 50),
¢y = —(200 4 1053,160,40 + 50), A5 = Ag = Ay = Ag, ¢5 = ¢1, ¢g = C2, 7 = 3, Cg = ¢4, and SO On.

Let us write explicitly the polyhedra P; defined in (12). From the numbering of the scenarios, it
is clear that P; = Ps = Py = P13 and similarly for the other scenarios, so we only need to describe
Pi1,...,Pys. Let Q be defined as

Q = {(v,y) :y>0,v>0, v +vy+v3 <1}



Then we have

P1 = {(v,y) : y2,¥6, Y10, Y14 = 108v3, y3,y7,y11, Y15 = 200801, Y4, ¥s, Y12, Y16 > 2008v1 + 108v3} N Q

Py = {(v,y) : y1,5,Y9, Y13 > —108v3, y3,y7,y11,y15 > 206v1 — 108v3, ya,ys, Y12, Y16 > 208v1} N Q

Ps = {(v,y) : y1,Y5, Y9, Y13 > —20Bv1, Y2, Y6, Y10, Y14 > —20Bv1 + 10803, 4,98, Y12, Y16 > 108v3} N Q
Py = {(v,y) : ¥1,Y5, Y0, y13 > —20Bv1 — 10Bv3, Y2, Y6, Y10, Y14 = —208v1, y3,¥y7, 911,415 > —106v3} N Q.

Let V(P) denote the set of points obtained by projecting the vertices of the polyhedron P onto the
space of the v variables. It is possible to show (by enumeration) that

V(Py) = {(0,0,0), (1,0,0), (0,1,0), (0,0,1)}
V(P2) = V(P1)U{(1/3,0,2/3)}

V(Ps) = V(P2)

V(Ps) = V(P1)

regardless of the value of §. Tt follows that (Ex1-ULP) can be written as the following linear
program (the constraints that are obviously redundant have been eliminated):

max 3z + 2x9
s. t. (Ex1-SDLP)

(44 )z + 222 —s1 < 200 — 108

(4 —a)zy + 2x9 — 59 < 200 — 1083

psi+ (1 —p)sa < 2083q

271 + (2 + a)z < 160

71 < 40 -56(1 —2¢)

(6+ a)a1 + 225 — 55 < 280 (17)
(6 —a)ry + 229 — 54 < 280 (18)
ps3 + (1 —p)sa < 2003¢° (19)
(4+ o)z + 229 < 200+ 106

T,s > 0.

The optimal solution of problem (Ex1-SDLP) (with p = ¢ = 1/2, a = 8 = 1) is 2V =

(28.18,34.55) and the corresponding objective value is vV

= 153.44, whereas the optimal so-
lution and optimal value of (Ex1-LP) are respectively 2F = (20, 60), v = 180. We can see the
effect of taking the uncertainty into account. In particular, for any fixed « the optimal value of
(Ex1-SDLP) increases as ( increases, i.e., adding uncertainty to the right-hand side improves the
optimal value as it makes the right-hand side less attractive to a risk averse decision maker because
of increased uncertainty. Increasing a for a fixed § leads to the opposite phenomenon. Figure 1
shows the optimal value of (Ex1-SDLP) as a function of o and 3.

It is interesting to study the effect of dependence among the random variables in this example.
Since all the random variables in the example are assumed to be independent, Corollary 2 ensures

that the positive linear dominance constraint in (Ex1-ULP) is equivalent to univariate second order
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Figure 1: Optimal value of (Ex1-SDLP), as a function of o and /3.

dominance involving each component. This leads to an LP which is identical to (Ex1-SDLP) except
that it does not contain constraints (17)-(19) — which are generated by the non-simplex vertex
(1/3,0,2/3). In other words, Corollary 2 guarantees, via a probabilistic argument, that those
constraints are redundant. Indeed, in the case p = ¢ =1/2, a = = 1, when we solve (Ex1-SDLP)
without constraints (17)-(19) and with the objective function replaced with 7x; 4 2x9, the objective
value is 290. When the objective function is replaced with 5x1 + 2x9, the objective value is 210.
That is, in (Ex1-SDLP) we have s3 < 10, s4 = 0, so constraints (17)-(19) are always satisfied.

The situation changes if the independence assumption is dropped. For example, consider the
same example as above but suppose there are only two scenarios: in scenario 1 (the probability of

44+« 2
which is p) we have 4 = 2 2 —al, e = (200 — 103,160,40 + 53), and in scenario 2 (the
1 0
44—« 2
probability of which is 1 —p) we have Ay = 2 24+ al, ca = (200+1083,160,40 —53)T. Then,
1 0

10



by doing similar calculations as before, we obtain the following LP:

max 3z + 229
s. t. (Ex1dep-SDLP)

(4+ o)z + 229 — 51 < 200 — 1083

(4 — )z 4+ 2x9 — 59 < 200 — 1083

ps1+ (1 —p)s2 < 206(1 —p)

2x1 + (24 a)xs < 160

Ty < 40-56(1 — 2p)

(6 + a)xy + 222 < 280 (20)
(4+ a)x1 + 2229 < 200+ 108

] > 0.

To compare this problem and (Ex1-SDLP), consider again the case p = ¢ = 1/2, a = § = 1.
Then, without constraint (20), the feasible region of problem (Exldep-SDLP) coincides with that
of (Ex1-SDLP) except that it does not contain constraints (17)-(19). However, constraint (20)
is not redundant — indeed, when we solve (Ex1ldep-SDLP) without constraint (20) and with the
objective function replaced with 7x; + 2x9, the objective value is 290, which is the same value as
that of (Ex1-SDLP) also with objective function 7z; + 2x9. With constraint (20), of course, the
optimal value of (Exldep-SDLP) cannot be bigger than 280. Therefore, the feasible regions of
(Ex1-SDLP) and (Ex1dep-SDLP) are different.

3 Duality Results for the Uncertain Linear Program

Dentcheva and Ruszczyniski (2009) give very general duality results for the optimization problems
with second order linear stochastic dominance constraints in the vector case. These duality results
show the existence of certain dual functions under Slater-type constraint qualification conditions.
In the following we give analogous results in our case. As we shall see below, because of the
polyhedral nature of the problem, constraint qualification conditions are not required.

Theorem 3 A solution z* is an optimal solution of (FLP) if and only if there exist multipliers
7k >0,i=1,...,r, k=1,... v, such that

d—i—ii:ﬂikgik =0, (21)

=1 k=1
and

t T
ok =0 if ij (UikTCi - vikTAjm*)+ < Z q (UikTCi - Uichl)Jr. (22)
j=1 =1

11



In the abowve, gik = 22:1 pjsijk; and

{0} if vikT(Ci — Alz*) <0
siik ¢ {Aij““} if vikT(ci — Alz*) >0 (23)
conv ({0, Aij““}) if vikT(ci — Alz*) = 0.
Proof: (=) Let * be an optimal solution of (FLP). Then, there exists z* such that (z*, z*) solves
(FullLP), so there exist non-negative multipliers (A, u% 0k i = 1,... r, j =1,... ,t,k =

1,...,v; for constraints (15) respectively, satisfying:
d _ - 22:1 ZZZ:I _1;:1 lu”kAJTUZk 0 (24)
= ° L. .. - i ; t 9
0 Y Xk X (7 4 09 D im1 2k (/\Zk 2 j=1 Pjeijk)
i.e.,

r 123 t
d= — Z Z Z /LijkAijik (25)

i=1 k=1 j=1
and also
p' ik =0 if UikT(ci — Alx*) <0 (27a)
itk = 0 if v (¢ — AI*) > 0 (27D)
t T
Mk =0 if ij 29K < qu (vichi - vichl)Jr. (27¢)
j=1 =1
Now, define a7 := %, where we adopt the convention that 0/0 = 0. Note that from (27)
we have

{0} if vikT(ci —Alz*) <0
ot e {1} if vikT(ci — Alz*) >0
[0,1] otherwise,

which implies that s“% := ik 43T ik gatisfies (23).

Next, let 7% := A*. Then from (26) we have 7*p;a®* = 1% and thus condition (25) can be
written as

roov ot . TV t TV
T ) 3) DL O IR oSS By g 3
i=1 k=1 j=1 i=1 k=1 j=1 i=1 k=1

which shows (21). Finally, it is easy to see that, when the condition in (22) holds, we have A* = 0
from (27c) and therefore ¥ = 0.

(<) Notice that 5% defined in (23) is a subgradient of the function (UikTCi — kT Ad x)4 at x*,
and consequently ¢'* := 22:1 pjs* is a subgradient of (14) at *. The result follows from the
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fact that (21) and (22) correspond to the KKT conditions for problem (FLP) at z*, which in turn
implies the optimality of x* (see, e.g., Theorem VII.2.2.4 in Hiriart-Urruty and Lemarechal 1993).
O

It is interesting to put the result stated in Theorem 3 into the context of the general duality
results of Dentcheva and Ruszczynski (2009), which we briefly review here for ease of reference.
Consider again problem (MultiSDC), and notice that when positive linear dominance is used, the
stochastic dominance constraint can be written as

E[u(vT G(z))] < E[u(wTY)] forallv € A and all u € U, (28)

with A and U as defined in Propositions 1 and 2. Consider the class of functions R™ +— R of the
form

bou(w) = /A Q)] (wTw) (), (20)

where @) maps a vector v € A into the space Y — in such a way that the mapping ¢(v,w) =
[Q(v)](vTw) is Lebesgue measurable — and p is a finite non-negative measure in A. Define the
following functional for problem (MultiSDC):

L(z,¢) = E[f(z) + ¢(G(x)) — o(Y)], (30)

and assume that f and G are concave. Dentcheva and Ruszczyniski (2009) show that, under a certain
Slater-type constraint qualification, if * is an optimal solution of (MultiSDC) then there exists a
function ¢f, , of the form (29) such that L(z*, ¢f) ) = maxzex L(z, ¢, ,) and E[¢y, ,(G(z7))] =
E[¢57M(Y)]. That is, the functional £ plays the role of a Lagrangian function, and the optimal
multiplier ¢g, , corresponds to a “weighted average” of the utility functions in (28) that yields
equality.

To view Theorem 3 in light of the above results, consider the Lagrangian function of problem
(FLP):

roov;

t r
L(z,m) = d'z+ Z Z ik ij (vichi - vikTij)_,_ — Z aQ (vichi - vichl)+ . (31)
i=1 k=1 j=1 =1

Suppose we represent v** as an element of R™*! by adding the index i as the m + 1-component.
Moreover, let us view each ¢ as an element of R™*! by adding a zero as the m 4 1-component,
and each A’ as an element of R™*! x R™ by adding a row of zeros as the m + 1-row. Clearly, such
reformulations do not change the value of L(x, ). However, this allows us to uniquely label all the
v-components of the vertices of P;, i = 1,... ,r. Define now the mapping Q : A x {1,...,r}— U
as

[Q)(2) = > > Tpmwny(0'¢ = 2)4. (32)
It is clear that the mapping ¢(v, w) = [Q(v)](vTw) is Lebesgue measurable. Define the measure /i
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on A x{l,...,r} as the atomic measure with mass on {v’* : i =1,...,r, k=1,...,1;} such that
fu(v*™)
qﬁQﬂ given in (29) can be written as

= 7"k where 7 is the vector of optimal multipliers given by Theorem 3. Then, the function

b (0) = /A o RWIET ) A Z Q™)) (0

& T T
— § :2 :ﬁzk(vzk Cz_vzk w)+.

i=1 k=1

Note that in the above calculation it was important to ensure that, when computing the function

Q(v™), exactly one term inside the sum in (32) is nonzero; this is the reason why we extended the

vectors v** to include the index 4, otherwise it could happen that v** = v3¢ for i # j for some k, £.
It follows that the Lagrangian function in (31) can be written as

L(@,7) = d"s+E |6, ,(A7)| ~E [0 ,(c)] = £(z,d6,),

hence we see that the standard Lagrangian coincides with the general functional of Dentcheva and
Ruszczyniski (2009). Moreover, (21) ensures that, if & solves (FLP), then L(%, ) = max,ern L(x, 7).
Finally, from (22) we have that

T

r
§ :7TZk § :p] ik zk ij*)+_§ :ql (Uzk Cz_Uzk Cl)Jr = 0,
=1

=1 k=1

ie, E [qbQ [L(Ax)} =E [(ﬁQ [L(c)}. Thus, the results in Dentcheva and Ruszczyniski (2009) apply to
our case without the need to impose constraint qualifications.

4 A Cut-Generation Algorithm for Linear Optimization Problems
with Polyhedral Second Order Dominance Constraints

We discuss now an algorithm to solve problem (FLP). The fact that the constraints in (14) are
generated using the vertices of P; suggests the use of a cut-generation approach for solving that
problem, instead of adding all the constraints up front. In the cut-generation approach we solve a
sequence of relaxations of (FLP), over a subset of constraints in (14). The relaxed problems are
solved using their linear programming reformulation as given in (FullLP). At a solution Z of a
relaxed problem we consider the subproblems (SepCP;) defined in the proof of Theorem 1. If all
(SepCP;) have a non-negative objective value, we have a solution of (FLP). Otherwise, we have a
vertex solution v of (SepCP ) with a negative objective value. Corresponding to this vertex, the
constraint Z . pj (0T =T AVx), < ST q (6T —oTel) 4, is a valid cut for 7.

Algorlthm 1 below outlines the basic steps. In a similar fashion to what we did when discussing
the duality results in Section 3, we store the generated vertices as elements of R™ x R" x {1,... ,r},

where the last component is the index i of the corresponding polyhedron P; defined in Theorem 1.

Theorem 4 Algorithm 1 terminates after a finite number of steps with either an optimal solution
o (ULP), or a proof of infeasibility (or unboundedness) of (ULP).
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Algorithm 1 A Cutting Surface Algorithm for Linear Optimization with Polyhedral Second Order

Dominance
0. Set 5 := 0, v° := an arbitrary vertex of K;, where i € {1,...,r} is also chosen arbitrarily. Set
V0= (0,0,4).
1. Solve a linear programming reformulation of the problem

min d’z (33)
s.t. Z;Zl pi(vTd —vT Alz), < ST q(vTdt — vy, (v,y,4) € V2.

If the problem is infeasible, stop; if it is unbounded, then let Z and h be respectively a
solution and a direction that generate a ray and go to Step 2. Otherwise, let & be an optimal
solution to (33) and go to Step 3.

. For each j =1,...,t, solve the linear program

min vl ATh

- 34
st. veP. (34)

If any of the problems (34) has negative objective value, let ¥ be a vertex optimal solution
to that problem and choose i € {1,...,r} arbitrarily; let V™! := V* U {(©,0,4)} and go to
Step 5.

Otherwise (i.e., if the problems (34) have non-negative objective values for all j), go to Step 3.

. Solve problems (SepCP;) to find one or more vertex solution(s) (v,y) € K;, for some i €

{1,...,r}, such that
r t _ 4
Z Qyr — ij('uTcl —ovT AT, <. (35)
=1 j=1

Let (v, y™*), k=1,...,k; be these identified vertices.

. If no vertex solution is found in Step 3, stop; otherwise, let

Vil = s {0, y* i),k =1,... k).

. Set s := s+ 1 and go to Step 1.
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Proof: First notice that, if (33) is infeasible, then the original problem is infeasible as well. Suppose
now that (33) is unbounded, so Z and h generate a ray, and suppose there exists jo such that (34)
has negative objective value for j = jo. Since 97 A%h < 0, given any i € {1,...,r} there exists
a; > 0 such that

t T
S w7 =T A+ k) > 3w - a7,
j=1 =1

It follows that 2 and i will not generate a ray for (33) in the next iteration, so ¢ yields a new valid
cut.

Suppose next that (33) is unbounded, so # and h generate a ray, but (34) has non-negative
objective value for all j. That is, vT A7 h > 0 for all v € P and all j. Tt follows that, for any
i e {1,...,r}, the term (vT¢' — vTAJ(2 4+ ah)), is a non-increasing function of «, so to check
whether a cut can be generated it suffices to check it for o = 0, which is what is done in Step 3.

Finally, if Step 3 identifies one or more vertices satisfying (35), then & will not be feasible for
(33) in the next iteration, so at least one new valid cut will be generated. If no vertices satisfying
(35) can be found, then Z is feasible for (FLP), hence we have obtained either an optimal solution &
to (ULP), or a solution & and a direction & that generate a ray, showing that (ULP) is unbounded.
Since cuts are never repeated, the algorithm terminates after a finite number of steps. O

Step 3 of Algorithm 1 requires solving (SepCP;). As discussed earlier, (SepCP;) is a reformula-
tion of (DCP;), which minimizes a difference of two convex polyhedral functions over a polyhedral
set. Such problems are called polyhedral DC programming problems, and have been a subject
of theoretical and algorithmic study (see e.g., An and Tao 2005, and references therein). The
algorithm for DC programming proposed in An and Tao (2005) converges to a local minimum.
However, in order to solve (FLP) we may be required to solve (DCP;) to optimality.

(SepCP;) is also a concave minimization problem. The problem of minimizing a concave function
over a polyhedral set has also received considerable attention and several approaches have been
developed to solve such problems. The methods for solving concave minimization fall into three
categories: enumeration methods, successive partitioning methods, and successive approximation
(cutting-plane) methods (Horst and Pardalos, 1994; Horst et al., 1995; Al-Khayyal and Sherali,
2000; Locatelli and Thoai, 2000; Porembski, 2002, 2004). Although these methods are developed
for general concave objective functions, one may adapt them to exploit the polyhedral structure of
the objective function in (SepCP;). Unfortunately, the methods for concave minimization problem
are designed to achieve an e—optimal solution, and an exact minimum is possible only if certain
conditions are satisfied. For example, Porembski (2002) considers the problem:

min f(x)

x e, (36)

where K (in our case P;) is assumed to be a bounded full-dimensional polyhedral set and f(z) is a
concave function. The finite convergence of the cone adaptation cutting plane method of Porembski
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(2002) for (36) is proved under a finite-convergence (FC) condition

For any x; and x5 lying on the e(Aiges of K with f < min{f(x1), f(22)} (37)
we have conv({z1,z2}) Nbd(L(f)) C {x1,x2},

where f is the objective value of incumbent solutions in the cutting plane algorithm, and bd(L( f )
represents the boundary of £(f) := {z | f(z) > f}. This condition implies that the face of P
that is completely contained in bd(£(f)) has to be a vertex solution of P;. Such a condition is
satisfied when f(-) is a strictly concave function. Unfortunately, the function in (SepCP;) is not
strictly concave, and it is possible to construct an example violating the FC condition (37). Hence,
using the algorithm in Porembski (2002) we can only expect to generate an e—optimal solution.
One way to overcome this problem is to process such an e—optimal solution to an exact optimum
— indeed, later in this section we will develop a procedure that generates a vertex solution with
an improved objective value starting from an arbitrary feasible solution of (SepCP;). Starting
from an e—optimal solution we can use this procedure to generate a vertex solution (SepCP;) for a
sufficiently small choice of e.

In what follows we discuss an approach that simultaneously exploits the concavity of the objec-
tive function in (SepCP;) and its polyhedral structure. We first formulate (SepCP;) as an integer
program, and then present a branch-and-cut method that solves this problem to optimality by
exploiting the structural properties of the objective function in (SepCP;). The method is novel in
that it optionally generates two types of cuts. It generates “concavity cuts” in the space of P;, and
standard integer programming based cuts in the binary reformulation of the problem. The algo-
rithm is enhanced by four subroutines: a dive-and-search method that finds a local minimizer, a
procedure to convert the local minimizer into a star verter solution?, a routine that yield concavity
cuts, and a routine that yields cuts leading to the convex hull of the set given by mixed-integer
inequalities. Each of these subroutines will be discussed in detail.

4.1 A Branch and Cut Method for a Class of Polyhedral DCP

We now present a branch-and-cut method to solve (DCP;), while using its formulation as in
(SepCP;). Problem (DCP;) belongs to the class of polyhedral DCP problems whose objective
function is given by max{0,/(x)}, where [(x) is a linear function. The branching in the algorithm
exploits the polyhedral structure of the objective functions in these problems, by considering a
mixed integer binary linear programming formulation. The cut generation exploits the concavity
of the objective function while using the cut generation methodology described in Benson (1999)
and Porembski (2002, 2004). In addition it combines the use of “convexity” cuts known from the
theory of mixed integer programming.

2A vertex of a polyhedron is a star solution if its objective value is no higher than the objective values of all of
its neighboring vertices.
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Let us reformulate (SepCP;) as a binary integer program as follows:

r t
075}91271) > ay - ij 9; (SepIP;)

=1 j=1

s. t. (v,y) € P,

gi—h; = vl —ol Az, j=1,...t (38)

ajbj > 95, ﬂj(l_bj) > hjv Jj=1...,t

ngO, hjz(), bjE{O,l}, j=1,....¢
where a; := max{max, _z vt —vT Ai3,0}, and B; :== — min{min, 5 vlet —vT A7%,0}. The coef-
ficients o, B; together with the binary variable b; are introduced in the (SepIP;) formulation to
ensure that only one of the variables g; or h; is positive at a feasible solution of (SepIP;). Note
that both a; and (3; are easily computed by solving a linear program.

Now consider a node in the branch-and-cut tree 7, where a subset of the binary variables are
fixed to either zero or one. Each node N of the branch-and-cut tree corresponds to a partition of
the binary variables. Let £, G, be the set of variables fixed at zero and one respectively, and let R
be the set of variables to be relaxed. Let B := (G, £,R), and represent that node as A”®. The node
corresponds to the following binary linear program (where we use (38) to substitute for variables
95:J € R):

. _ T Ad s AT i T pd s . N

U{E’l}?bz:qul Zp] old — T Alg Zp](v ¢ —v' AT + hy) (SepIP?V)
Jj€EG JER

s. t. (v, )E'Pi

vl — T ATz 0, j€g

vlet —wTAT: <0, jer

Gjbj = vl — ot Aa+hy Bi(1-b;) = b, jER
vTci—vTAjfU—{—hj >0, hj 20, bj €{0,1}, jeR.

v

In the above, &; = max{max(v )EP; et —vT Al 0}, Bj = — min{min(v )EP; vt —vT Al 0},
and

Pi = Pin{(v,y) | D"v<d}, (39)

where {v | DTv < d} represents the cuts that may have been added to P;. Note that we may use
a bound on &; and ﬁ] in this formulation. In particular, &; = «;, and ﬁ] B; can be used since
77] C P;j. However, this may result in a significantly lower value of the lower bound on the objective
value of (SepCP;) generated from the linear programming relaxation of (SepIPN ), since &; and (3
can be much smaller than «; and 3; respectively, resulting in a smaller linear relaxation region.

The branch-and-cut algorithm is presented in Algorithm 2. In the spirit of branch-and-cut
algorithms in mixed integer programming the convergence of this algorithm is ensured due to
branching on binary variables. However, the size of the branch-and-cut tree is managed by adding
cuts as necessary. As a consequence of this approach, we avoid e—convergence arguments in the
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analysis of the algorithms based on concave programming or DC-programming (An and Tao, 2005;
Porembski, 2004).

Algorithm 2 A Branch-and-Cut Algorithm for DCP;

Input (c, A, z,1)

0. Imitialization. R := {1,...,t}, L:=0,G:=0, B:= (G, L,R), T := {N5}, 2V := .

1. Consider a node N of 7 with smallest objective value (call that value z¥) and let
(N, oV, bN hN') be an optimal solution of the linear relaxation of (SepIPV), call it (LPV).
If 2V < 2L, stop and return (v¥,yY), else go to Step 2.

2. Let Ry :={j € R|UNTci — N Aig > 0}, and R_ := {j € R|UNTci — N Aiz < 0}.
Call the routine DIVE(NB, R, R_,L,G) described in Algorithm 3. If zPTVE < U then

(UU,yU) = (UDIVE,yDIVE) and ZU _ ZDIVE'

U yY), else go to Step 4.

3. If 2V < 2F) stop and return (v
4. Convert the local minimum (vP™VE yPIVE) from DIVE(NB, R, R_,L,G) to a star vertex
solution (vVERT yVERT) of D; by running VERT (vPVE ¢PIVE) described in Algorithm 4.

5. Call ConcaveCUTS(vVERT o VERT) t5 either generate concavity cut(s) (as described in Sec-

tion 4.4) that cut away (vVFERT ¢VERT) "or claim global optimality of (vVERT 4 VERT),

6. Call ConvexCUTS() (as described in Section 4.5) to generate cuts that cut away
(N, N, BN BN if it is not already done so by ConcaveCUTS().

7. Repeat Steps 1 to 6 until no more progress is achieved.

8. Choose a variable j € R of node B to branch. Let B! := (G U {j} LR\ {j} =
(R E u{j}, R\Q{j} and let N := /\/81, N? = NB°. Compute 2V and 2V° by solvmg
LPV" and LPV°. Delete N1 if 2N' > U or if the problem is infeasible, else set 7 := T UNL,
and record the corresponding objective value AN Similarly for N2. Go to Step 1.

4.2 Dive and Search Method for a Class of Polyhedral DCP

In this section we present a dive and search method for finding a local minimum of (SepCP;) at
any node of the branch-and-cut tree. This method is different from the method in (An and Tao,
2005) for finding a local minimum. In particular, it exploits the polyhedral and max structure of
the objective function. In this method we start with a fixed partition R, G and L of the binary
variables and consider the problem in the space of P;, i.e., (v,y) space. The procedure iteratively
approximates the non-convex portion of the objective function in (SepCP;) with a linear function
(Step 1). As it proceeds, depending on the value of v’'¢’ — vT 472 at the solution in the previous
iteration, it updates the objective function, and adds constraints when v’ ¢! — vT A% < 0 (Step
2). It allows the possibility of dropping previously added constraints in Step 4. We note that the
update of objective and addition of constraints in Step 2 can be performed one constraint at a time,

or for all the constraints at once.
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Algorithm 3 A Dive and Search Method DIVE(-)

Input. N8, Ry, R_, £, and G

Output. A local minimum solution (vPIVE,

DIVE) DIVE .

Y , and corresponding objective z

0. Initialization. 723_ =Ry, R :=R_, k:=0.

1. Let (v*,5*) be an optimal solution of the following problem:

min LF (v, 5) := Zr:qul - Z pj(wTct — vl Alg) (LP¥)
=1 JEGURE
(v,y) € P
vl =0T A >0, jeg
oI —oTA: <0, jeRFUL. (40)

Set f*: =371, ‘ﬂyf_zjegun’jr pj(vaci—vaAji)Jr, and let A, j € R*, be the dual solution
(Lagrange multipliers) associated with the binding (if any) constraints in (40) at (v*,y").

2. REFL .= RE and RM!:= RE. Forall j € RE, if (v% ¢ — %" A72) <0,
then R’_frl = Rl_frl \ {j}, and R*! .= REFL U {5}

3. If R’fﬁl £ RE set k:=k+1, and go to Step 1; otherwise, go to Step 4.

4. If there exists ¢ € R¥ such that A\, > 0, then set R*"! := R* \ {j}, R’f“l = RE U {4},
k:=k+1, and go to Step 1. Otherwise, return (v*,4*) and f*.
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Proposition 3 The function values f* at the solution in Step 1 of Algorithm 3 are non-increasing.
If the primal and dual optimal solutions (v*,y* \*) of (LP?) satisfy strict complementarity condi-
tions, then (v¥,y*) is a local minimum solution for the node N'5.

Proof. Note that for all k
Tei - vaAj:E)

Tei vaAjj:)+ = f*.

Lk(vka yk) = Z?:1 qulk - ZjeguRi Pj (Uk

k k
> 2 =1 G — 2 jegur Pi(v

Furthermore, when returning to Step 1 from Step 3, f¥ = LFF1L(vF, oF) > LEFL(ph+1 gft1) > fhtl
since (vF, y*) is a feasible solution for (LP¥*!). Otherwise, we return to Step 1 from Step 4. In this
case, since A, > 0, and the primal-dual solutions are strictly complementary, from duality theory
we know that for some small € > 0, the problem:

r
min L (v, z) := quyl - Z pj(wlct — ol Alg)
=1 JEGURE
s. t. (v,y) € P
vl — T ATz > 0, j€g
vl —oTAIE <0, jeRFULj#.
vl —oT A% < e, (41)

will have constraint (41) active at an optimal solution (v},y’). Moreover, the optimal objective
value L satisfies:
Ly < LM yb) = 15

where the last equality follows because we enter into Step 4 only when Rl_frl = Rk, ie., when
the LP solution coincides with the corresponding DCP solution for a DCP problem defined using
gu Ri It follows that

,
fE S DMLY < ) = Y pil e ol AR - puo - o A
=1 JEGURE

= L:_pbe < fk_pLe'

In the above, the second inequality follows from the fact that (v},y}) is a feasible solution for
(LP¥1), whereas the equality follows from the fact that (41) is active at (v},y). The claim that
(v*,y*) is a local minimum for N8 follows because upon exit from Step 4 (v*,y*) is a global
minimum for the problem

'S
min > qu-— Y. pi(Td—vTAg),
=1 JEGURE
(v,y) € P;
s. t. vl — T Az > 0, j€g
oTd —vTAlE <0, jeRFuUL,
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and, moreover, FTe kT AiE < 0 for all j € RF since Aj = 0 for all j € RE and strict
complementarity holds. O

It is worthwhile mentioning that the strict complementarity assumption made in Proposition 3
is not a strong requirement — this will be satisfied if (LP¥) is solved using interior point methods
(Mehrotra and Ye, 1993).

4.3 Generating a Vertex Solution

We discuss now a procedure to convert a local minimum solution of problem (SepIPN ) into a star
vertex solution of P; defined in (39). We can use the same procedure ot convert an e—optimal non-
vertex solution to a better vertex solution in (SepCP;). Let us follow the notation in Theorem 1.
First observe that the set of extreme directions of P; is 0 x R, , since P is bounded. Furthermore,
the objective value of (SepCP;) is non-decreasing along any direction in 0 x R,. Hence, without
loss of generality we may assume that any solution (9,9) satisfies §; = max{0,9?(c! — ¢/)}. Now
assume that (9,7) is a non-vertex solution of P, satisfying a subset of constraint in P; as equality
constraints. Let us represent these constraints by A(v,y) = a. Let p = (py,py) # 0 be a direction
satisfying Ap = 0 (or any direction if A is empty), and consider points (0,y) = (0,9) + &(py, py)
and (0,9) = (0,9) — &(py,py), where & and @& are maximum step lengths that we can take along
directions p and —p without violating feasibility. Note that p, # 0, otherwise, p, = 0. Hence,
such finite & and & exist. Now, since (0,79) = di@(ﬁ,y) + ﬁ(ﬁ,gj), due to concavity of f(v,y)
we have f(9,9) > 795 f(0,7) + &i&f(f),yj). We now set (v°,y°) := argmin {f(v,7), f(,9)}, and
A
Bl

Because of the choice of & and @, at least one row of B! must be linearly independent of rows of A.

A =

, a = ( ;1 ) where B1(v°,y°) = a' are additional binding constraints at (v°,y°).

Thus, the above procedure will terminate with a vertex solution (v°,y°) of P; after a finite number
of repetitions. After such a vertex is obtained, simplex-type pivoting operations can be done until
a vertex that is better than all its neighbors is found.

4.4 Concavity Cuts

In this section we give a basic approach to generating concavity cuts used in the concave mini-
mization problem (SepCP;). The discussion here is based on Benson (1999). However, there is an
important difference. The methodology developed in Benson (1999) assumes that the polyhedral
constraint set for the concave minimization is bounded. This assumption is not true in the case of
(SepCP;). However, we exploit the structure of the problem to give an extension of the method in
Benson (1999) in our case. Porembski (2002) has given approaches for strengthening (deepening)
concavity cuts. We refer the reader to Porembski (2002) for a further discussion on this topic.
Consider problem (SepIPN ) defined in Section 4.1. The concavity cuts are defined on the space
of (v,y), based on a given star vertex solution (v*,y*) of P;. Let £ be the set of edge directions
of P; available at (v*,y*) (note that £ is finite due to the polyhedral nature of the problem). The
following theorem gives a system of inequalities for generating a concavity cut at (v*, y*).

Theorem 5 Assume that (v*,y*) is a star vertex solution of P;, and z* = f*,y*). Let{d',... ,d*} C
& be the set of edge directions of P; at (v*,y*) such that z* < f((v*,y*) + 0d’), for all 6 > 0.

22



Algorithm 4 An algorithm for converting an interior solution into a star vertex solution VERT(-)

Input (0,7)
While (9,7) is not a vertex solution of P;
{
1. Set §; := max{0,07(c! — )}, j=1,... 7
2. Identify binding constraints A(v,y) = a at (0,7)
3. Find p = (py, py) # 0 satisfying Ap = 0 (take an arbitrary p # 0 if A is empty).

4. Compute &, @ using minimum ratio tests along p and —p respectively.

A~

5. Set (0,9) := argmin{f(v,y), f(0,9)}, where (v,7) = (0,9) + a(py,py) and (0,9) = (0,9) —
dﬁhnpy)

}

Starting from (0, ¢), do simplex-type pivoting operations until a star vertex solution is found.

1. IfE\{d, ... ,d®} =0, then (v*,y*) is a global minimum of (SepIPN);

2. Otherwise, let {n',... n*} = E\{d,...,d°}, 0; := sup{f > 0 : f((v*,y*) + On) >
f*y*)}i=1,...,u (note that 6; < 00), and let m be a solution of the system of equations

WTan]‘/Hj?j:]‘?"'?u? FdeZO?j:]W“"S' (42)

Then ©¥(v,y) > n1'(v*,y*) + 1 is a valid cut for P, ie., f(v,y) = z* for all (v,y) € C :=
{Pin{(v,y) | 77 (v,y) < T (v*,y*) + 1}}. Furthermore, (42) is non-empty.

Proof: The first part of the result follows from concavity of f(-). To show the second part, let us
take a (v,) € C. Note that any (v,y) € P; can be written as

(0,y) = W9+ pd + D v (43)
Jj=1 j=1

for some non-negative coefficients {p;} and {;}. By multiplying the above equation by an arbitrary
vector 7 satisfying (42) we obtain

u S
T (vy) = 7 Wy Y Yy d
P =1

u
> 7l (0t + Y %
j=1"
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and thus, since (v,y) € C, we conclude that § := >0, SJ < 1. Now, rewrite (43) as

() = (1-8) [ @y Zwﬂ +Z[‘” o)+ ) |

Concavity of f implies that
flo,y) > Lszs:%'dj +Zp] y*) +0;17)
j=1
and since f((v*,y*) + 15d7) > f(v*,y*) and f((v*,y*) +6;77) > f(v*,y*) for all j, we have
floy) = (1- 2 -y = f'y) =2

Now from (Benson, 1999, Theorem 2.1) we have that
iy >1/05, j=1,...,u, 7T d >e j=1,...,s

is feasible for some € > 0. Hence, the feasibility of (42) follows immediately. O

Remark: Note that in our context in Theorem 5 we can get a deeper valid cut by replacing z* with
min{zY, 0}, where 2z is the best known objective value of (SepIP;) used in Algorithm 2. Also, the
assumption that (v*,y*) a star vertex solution is not essential — the arguments in the proof carry
over to the case where (v*,y*) is just a locally optimal vertex solution.

4.5 Convexity Cuts

Two related approaches based on the theory of mixed binary linear programming are possible to
generate tighter relaxations of (SepIP). These are: (i) adding “lift-and-project” cuts generated
using the methods of Balas et al. (1993) and (ii) the relaxation linearization technique (RLT)
of Sherali and Adams (1994). Unfortunately, the number of constrains grow exponentially when
defining the RLT hierarchy. Instead of generating linear programs with an increasing hierarchy
of constraints, Balas et al. (1993) find inequalities that consider their projection in the space of
original variables. Efficient methods for generating cuts in this fashion are studied in Balas and
Perregaard (2002).

5 Conclusions

We have studied an uncertain linear programming problem, where the constraints are defined using
a concept of P-dominance and the data is given over a finite support. We have shown that this
uncertain linear program can be reformulated as a finite linear program. We have presented a
cutting-surface algorithm for solving this problem where the cuts are generating using a difference
of convex function minimization problem. We have given a novel algorithm for the difference of
convex function minimization problem by exploiting the polyhedral properties of this problem. This
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algorithm is enhanced by four subroutines: a dive-and-search method that finds a local minimizer,
a method to convert a local minimizer into a star vertex solution, a subroutine that yields concavity
cuts, and a subroutine that yields standard convexity (e.g., disjunctive) cuts. The concavity cuts
remove a local minimum (or star) solution of the difference of convex function minimization problem.
A local minimizer is useful in terminating our search for an optimal solution of (SepCP;) early. By
cutting away previously generated local minima, the concavity cuts have the potential value of
allowing us to generate a desirable solution (with negative objective value) of this problem quickly,
without having to solve the difference of convex function minimization problem to optimality. The
convexity cuts are used to obtain tighter linear programming relaxations of the mixed integer linear
programming formulation of the difference of convex function minimization problem. The convexity
cuts are beneficial in reducing the size of the branch-and-bound tree, and in proving optimality of
a feasible solution.

The algorithm presented in this paper remains valid if decision variables have additional restric-
tions, such as integrality requirements. A generalization of our results to the case where the problem
data is defined using continuous distributions, and an extension of the proposed approach to more
general problems are topics of a forthcoming paper Hu et al. (2009). An efficient implementation
and numerical testing of the proposed algorithms is a topic of future research.
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Appendix

Proof of Theorem 2: The necessity part is immediate, noticing that the function u(x1,... ,x,) :=
ug(z¢) (where uy is concave and increasing in R!) is concave and increasing in R”.

To show sufficiency, we use induction in n. For n = 1 the result is trivial. Suppose it holds
for an arbitrary n. Consider a concave increasing function v in R"*1. Given z,,1 € R, define the
function u,, ., in R™ as g, (21,... ,2n) := u(x1,... ,Tpq1). Clearly, ug, , is concave increasing

in R™. Thus, by the induction hypothesis, given two random vectors X and Y in R"*! we have

Elu(X1,.. . Xn @ni1)] = Elta,,, (X1, ..., X0)] > Elug,,,(Yi,...,Yy)]

44
= Elu(Y1,..., Y, 2ny1)] “

Let Fx,.,(-) be the cumulative distribution function of X, 1. By integrating both sides of the

above inequality we obtain

E[U(Xl, e ,Xn, Xn+1)] = / E[U(Xl, e ,Xn, ZL‘n+1)] dFXn+1(xn+1)

R’ (45)

> / E[u(Yi, . , Yo 1)) dFx, ., (2n11).
R

Next, define the function @ in R as a(-) := E[u(Y1, ..., Yy, )]. Notice that the right-most term

in (45) can be written as

[ BV Vs dFx () = [ @) dFx, o (an) = (). (10
R R

Moreover, u is concave increasing since so is u. Thus, since Xy+1 B(9) Yi41 by assumption, we

have
E[@(Xp41)] 2 E[@(Yn41)]
— [ ) Py ()
p (47)
= /]R E[U(Yh LYy, yn-i-l)] dFYn+1 (yn—i—l)
= E[U(Yl, e ,Yn, Yn+1)].
The result then follows by combining inequalities (45), (46) and (47). O
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