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Abstract

State-of-the-art infrastructure management systems utilize Markov Decision Processes as
amethodology for maintenance and rehabilitation (M& R) decision-making. The
underlying assumption in this methodology is that an inspection is performed at the
beginning of every year, and that inspections reveal the true condition state of the facility,
with no error. Asaresult, after an inspection, the decision maker can apply the activity
prescribed by the optimal policy for that condition state of the facility.

Previous research has devel oped a methodology for M&R activity selection, which
accounts for the presence of both forecasting and measurement uncertainty. This
methodology is the Latent Markov Decision Process (LMDP), an extension of the
traditional MDP that relaxes the assumptions of error-free annual facility inspections.

In this paper, we extend this methodol ogy to include network level constraints. This can
be achieved by extending the LMDP model to the network-level problem through the use
of randomized policies. We present both finite horizon (transient) and infinite horizon
(steady state) formulations of the Network-level LMDP. A case study application
demonstrates the expected savingsin life-cycle costs that result from increasing the
measurement accuracy used in facility inspections, and from scheduling inspection

decisionsin an optimal manner.



1. Introduction

State-of -the-art infrastructure management systems utilize Markov Decision Processes as
amethodology for maintenance and rehabilitation (M& R) decision-making (Golabi et a
1982, Carnahan et al 1987, Carnahan 1988, Feighan et al 1988, Harper et al 1990, Gopal
and Majidzadeh 1991). In this methodology, facility condition at any time is measured
by adiscrete state and the deterioration process is represented by discrete transition
probabilities of the form:

(X, = JjI% =1,a);, 1<i,j<n, t=0,..,T-1 (1)
where:

x, = condition state of the facility at the beginning of year t,

i, ] =indices of elementsin the set of discrete conditions,

a, = M&R activity performed during year t,

n = number of possible states the facility can bein,

T = number of yearsin the planning horizon.

Given these transition probabilities, the optimal M& R policy can be solved for using
Dynamic Programming. A decision tree for the Markov Decision Processis shown in
Figure 1. The underlying assumption in this methodology isthat an inspection is
performed at the beginning of every year, and that inspections reveal the true condition
state of the facility, with no error. Asaresult, after an inspection, the decision maker can
apply the activity prescribed by the optimal policy for that condition state of the facility.
There are two major limitations in this approach. First, it assumes that inspections are
error-free. Second, it depends on afixed, not necessarily optimal inspection schedule (an
inspection has to be performed at the beginning of every time period).

The first assumption has been demonstrated to be incorrect in several empirical studies
(for example, Humplick 1992): there is substantial measurement uncertainty in
infrastructure inspection. This uncertainty affects M& R decisions because a
measurement error will lead to the selection of a"wrong" activity if the prescribed M&R
activity for the true condition and that prescribed for the measured condition are
different. The second assumption reflects the absence of a systematic methodology for

making inspection decisions in the field of infrastructure management.



In previous papers, a methodology for M& R activity selection, which accounts for the
presence of both forecasting and measurement uncertainty, was presented. This
methodology is the Latent Markov Decision Process (Madanat 1993, Madanat and Ben-
Akiva1994). The Latent Markov Decision Process (LMDP) is an extension of the
traditional MDP, but differs from it in one major aspect: it does not assume the
measurement of facility condition to be necessarily error-free (Eckles 1968, Smallwood
and Sondik 1973).

In this paper, we extend this methodol ogy to include network level constraints. This can
be achieved by extending the LMDP model to the network-level problem through the use
of "randomized policies’. Thetype of policies produced by the LMDP (and by the
ordinary MDP) are non-randomized policies. Thisis because, given a state of the
system, the model specifiesasingle M&R activity. A randomized policy does not
specify asingle optimal activity for each state of the system. Instead, it specifies optimal
probabilities for different activities for each state of the system.

In the following section, an overview of the LMDP is presented. Section 3 presents the
extension of this methodology to incorporate network level constraints for the case of a
finite horizon problem. Section 4 extends the network level problem for the infinite
planning horizon problem. Section 5 presents a case study on the application of this
methodology. Section 6 discusses some practical aspects of these models and concludes

the paper.

2. TheLatent Markov Decision Process

When measurement uncertainty is introduced into the MDP, what the decision maker
observes at the beginning of t becomes a measured state which is probabilistically related
to the true state of the facility. Thisrelation can be mathematically stated as:

gx =k|x =j) 1<j,k<n t=0,.,T-1 2
where:

X = measured condition state of the facility at start of t,

X, = true condition state of the facility at start of t,

J, k=indices of elementsin the set of discrete condition states,



g = aknown probability mass function.

These measurement probabilities can be obtained empirically, using the concept of
measurement error models (Humplick 1992, Ben-Akiva et al 1993).

Due to the presence of measurement errors, the true state of the facility is no longer
observed. Using state augmentation, a new state is defined to account for all the
information available to the decision maker and relevant to future decisions (Bertsekas
1987). Theinformation available to the decision maker at the beginning of t includes the
entire history of measured states up to t and the decisions made up to t-1. Moreover,
knowledge of the measured state is not sufficient for decision making. Thus, all the
previous measured states and decisions can be relevant to future decisions, and have to be

included in the augmented state. Denoting the new state by |, we have:

l ={l,,a,%,-,a_,%} t=12,..T 3
o ={X a. ., ...a,%}
where:

7 = number of years between first inspection of facility and start of planning horizon.

It follows that:

Il |1y, 8y, Xy on lgya ) =TI(L | 4,8 ,) t=1...,T 4
Assuming lo to be known, the transition probabilities 71l | I+.1,a.1) define the evolution
of the state of information, and this evolution is Markovian.

We can thus write a Dynamic Programming formulation over the space of information
states; for notational simplicity, thisis done using the generic cost function g(x,a). First,
the cost function has to be rewritten in terms of the new variables. The cost per stageasa

function of the new state, | , and of the activity a, is:

Ex{g(x,a)ll}=§p(><=i|l)*9(x,a) ©)
To evaluate expression (5), we need to know the distribution of the true condition state at
t conditional on | , that is:

p(x|l), Vx,VI (6)

or, in vector form,

P, VI @)



where:

P|l = n-dimensional vector (the information vector).

If (P|I)o is known, then (P|l); can be calculated recursively for al t, starting from t=1to
t=T, using Bayes' law, the known measurement probabilities and the known transition

probabilities. Given l; ={l.1,a.1,% } , each element of (P|l); can be calculated as

follows:

Q(>A<t|xt = j)Z?Z'(Xt = ”thl = i’at—l)p(xz ill)t—l
Zq(f(tlxt = k)Zﬂ(Xt = jlxt—l = i'at—l) p(x = ill)t—l
k i

p(x = j|), = 8

It can be seen that the denominator of (8) yields the total probability of measuring X in
time period t conditional on the information state in the previous time period (It.1) and the
activity a performed in time period t-1. Since each combination of measured state X and
activity a produces a new information state in time period t, the denominator of (8) isthe
transition probability from state |;.; to state J; conditional on activity a..; . We denote
these transition probabilities by 77(J;| 111, &).

Using the elements p(x |I), calculated above, the Dynamic Programming recursion over

the space of information states can be written as:

V() = m;n{Z p(x=il1),9(x.a) + e, p(x=il1),[} #(x.; = jIx = i,&)(ZK:Q(ﬁt+l = KIX1 = 1)* Via (B}
wt,tlz 0,.,T-1 | | ©)
where:

a = discount amount factor, and

Jier ={ly, a K}

The model defined by this formulation is referred to as the Latent Markov Decision
Process with annual inspections, because it assumes that the state of the facility is latent,
and because it assumes that a measurement of facility condition is available at the start of
every period t. In Figure 2, the decision tree for the Latent Markov Decision Processis
shown. Unlikeinthe classical MDP decision tree in Figure 1, decisions are made based
on information states, rather than error prone condition states.

For computational reasons, it is of interest to replace I; with a quantity of smaller



dimension, but which has the same information content. Such a quantity isreferred to as
a"sufficient statistic” for l;. Since, as observed earlier, |; affects decisions only through
p(x|1),, anideal sufficient statistic is the information vector (P|!):.
The advantage of using the vector (P|I); isthat it allows for direct comparison among
states at agivent. Whereasit isimpossible to directly compare the states I;, it is possible
to compare the information vectors (P|l);, by pair-wise comparison of corresponding
elements. When two states are found to have equal, or amost equal, values of (P|l);, they
can be combined into a single state, which reduces the number of times equation (9) has
to be applied. The subject of combination of different statesis covered in (Madanat
1991) in more detail.
We assume that (P|l)o is given, in order to be able to calculate (P|l);, for al t, using (8).
Thisinitial vector, the prior distribution of the true states, represents the prior belief of
the decision-maker regarding the state of the facility.
Solving program (9) for a specified planning horizon T will yield the minimum expected

cost Vo(P|1)o and the optimal sequence of policies & ={uy(P|1)g,-.., 447 (P 1)1},

where 1 (P|1), , the optimal policy for period t, specifies the optimal M&R activity for
each possible information vector at timet, (P|l).. A "possible” information vector isone
which can be reached with non-zero probability at timet, given (P|1)o, and given the

optimal policiesup to't.

Cost Functions

The components of the cost function g(x,a) are:

e thecost of performing an activity, which depends on the type of activity and the
condition state of the facility; this cost is denoted by c(a, X) ;

e the user cost, which depends on the condition state of the facility; this cost is denoted

by u(x).

3. Extension to the network level problem: thefinite horizon case
The type of policies produced by the LMDP (and by the ordinary MDP) are non-

randomized policies. Thisis because, given a state of the system, the model specifies a



single M&R activity. A randomized policy does not specify a single optimal activity for
each state of the system. Instead, it specifies optimal probabilities for different activities
for each state of the system.

At the facility level, the concept of the probabilities of different activities is ambiguous.
On the other hand, if we are dealing with a number of facilities in the same information
state, these probabilities can be interpreted as fractions. In other words, the optimal
policies would specify the optimal fractions of activities to be applied to facilities in each
state. The choice of the specific activity to be applied to each facility in this state is left to
the engineer. This procedure recognizes that there exist other considerationsin the
choice of M&R activities that are not captured by the model; for example, materials and
labor availahility, traffic disruption, etc. Thus, it is necessary to alow for some
flexibility in the model recommendations, which can be exploited by the engineer in
charge of these facilities.

By using randomized policies, it is possible to include in the LMDP formulation budget
constraints, a feature that would make it possible to use the new model for the solution of
the network-level problem. Thisis achieved by formulating the problem asaLinear
Program, where the decision variables are the fractions of activities to be applied to
facilitiesin each state of the information. The concept of randomized policies has been
used extensively in the context of classical MDP models; see Golabi et al (1982), Harper
et a (1990) and Gopal and Mgjidzadeh (1991).

For afinite horizon of T periods, a Linear Program can be used to solve for the optimal
fraction of facilities in each information state receiving each of the maintenance and
rehabilitation activities. Asin the facility-level LMDP, the information states I, are
represented by the vector of conditional probabilities (P|1); which contain the information
needed to determine the optimal M&R policies. Representing the probability that a
facility isin one of n condition states, the n elements of the vector (P|I); can be any value
from 0 to 1 and the sum of the n elements must equal one.

To maintain computational feasibility, state space discretization was used. The elements,
p(x=K|1);, of the conditional probability vector (P|I); were limited to a set of discrete
values. Asan example, consider the ssmple of case of two condition states, ‘good’ and

‘fair’. The vector (P|l); would consist of two elements: p(x="good’ |I); and p(x="fair’|):.



Using a discretization level of 0.25, the allowable values of the conditional probabilities
p(x=k|1); would be limited to the following: 1.0, 0.75, 0.5, 0.25, and 0. Therefore, there
would be only 5 points in the grid of the state space, (P|l);, as shown in Figure 3.

The decision variables in the Linear Program are the fractions of facilitiesin each
information state (P|1); receiving activity ain timet, and are denoted by Wxpyy: . Included
in the set of activitiesis the decision to inspect; each activity can be performed with
inspection or without. Since not inspecting essentially yields the same information as
inspecting with atechnology of infinite variance, the decision to inspect is modeled as a
choice between performing an inspection and incurring the additional cost of inspection
or inspecting with atechnology of infinite variance and incurring no inspection cost
(Madanat and Ben-Akiva 1994).

The formulation of the Linear Program is as follows:

Min)_ ZZ{Z (c(a k) +u(k)* p(x = K|l )t} Wha(p 1)t (10)
t (PI) a L k

Subject to:

Wppye 20 va, (P[I), t (1)
z ZVVa(Pll)t =1 7't (12
a (P|I)

ZWa(PIJ)(t +1) = Z ZWa(Pmt* I[(P|J)...I(PI 1), &,] v (P|J), t=1..T-1 (13)
a a (PIl)

D> Wi * p(x = k|1), = PMIN, vk, t (14)
a (PIl)

D Warie* p(x = k1), < PMAX, vk, t (15)
a (PIl)

DD c@k)* p(x=kll1), [* Wacee = BMIN: 4 (16)
a (PINL k _

DD c@k)* p(x = K1), |* Waei < BMAX: 4 (17)
a (PINL k |

where:

Wappye = fraction of facilitiesin information state P|l receiving activity ain timet



PMIN = minimum fraction of facilities allowed in condition state k
PMAX, = maximum fraction of facilities allowed in condition state k
BMAX; = budget maximum for time period t

BMIN; = budget minimum for time period t

The objective function (10) minimizes the total expected cost to both the agency and the
users by selecting the optimal values of the decision variables, Wy, over the planning
horizon T.

The first constraint (11) limits al decision variables to non-negative values. The unity
constraint (12) defines each Wxppiy: as afraction of the total number of facilitiesin the
network. The Chapman-Kolmogorov equations (13) provide for conservation of facilities
over time, where facilities move from one information state I to another state Ji+1 with
transition probabilities 77 (P|J)w1] (P|:, & .

Additional constraints (14-17) impose network-level restrictions on the optimal solution.
Performance level constraints (14,15) set acceptable ranges for the fractions of facilities
in the best and the worst condition states. Agency budget constraints (16,17) require
yearly expendituresto fall within a specified budget.

4. Extension tothenetwork level problem: theinfinite horizon case

It is desirable, from the highway agency’s perspective, to achieve a constant distribution
of network conditions and M& R expenditures. To satisfy this objective, a steady-state
formulation of the network level LMDP isused. Inthisformulation, it isassumed that
after aninitial transient period, an optimal steady-state distribution of network conditions
and activity mix will bereached. A steady-state distribution of network conditions can
be reached if there exists a set of policies for which the probabilistic evolution of states
corresponds to an ergodic Markov chain (Gallager 1995). Therefore, an infinite planning
horizon formulation is used, in which the objective is to minimize the expected cost per
time period. In thisinfinite horizon case, the fractions of facilitiesin each information
state that receive a given activity do not vary from year to year. The resulting Linear

Program can be written without time indices. The formulation of the LP reduces to:



Min)_ Z{z (c(a,k) + u(k))* p(x = k||)}* W 1)

a (P[HL k

Subject to:
W, gy 20

al

ZZVVa(PH):l

a (Pl

D Waeiay = Y > Waceiy* TI[(P|)|(P1), ]

a (Pl

ZZWa(Pm* p(x=k|I) > PMIN,

a (P

> S Waeein* p(x = k|1) < PMAX,

a (P

D21 2 cak)* p(x=Kl) [*Waein = BMIN
a (PHL K ]

DD c(ak)* p(x= K1) [*Waei < BMAX

a (PIL k

10

7a,l
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The objective function (18) in the infinite horizon formulation minimizes the total
expected cost for one year, since expenditures will be equal in each year in the steady-
state. Again, decision variables are non-negative and must sum to one. With the absence
of time indices, the Chapman-Kolmogorov equations (21) guarantee that the distribution
of facilitieswill remain constant, although individual facilities may change states over
time. Network level constraints (22-25) set the range of acceptable annual performance

and budget levels.

5. Case study application

Combining the finite and infinite horizon formul ations, the network-level LMDP offers a
complete methodology for optimizing M& R and inspection activities for a network of
facilitiesin the presence of measurement and forecasting uncertainty. The methodol ogy
was used to evaluate the reduction in expected life cycle cost that results from areduction

in the uncertainty in measurement output.

Data:

Both transient and steady-state optimal M& R and inspection policies were determined
for anetwork of highway pavements. Facility condition was represented by a set of three
discrete states: 1, 2, and 3 (3 being the best condition). The M&R activities consisted of
no action, routine maintenance and resurfacing. Associated with each M&R activity was
aset of costs which varied by condition state, and a set of condition state transition
probabilities. These costs and transition probabilities are presented in Tables1to 4. At
each time period, the M&R activity for the current period and the inspection decision for
the next period were jointly selected. Table 4 presents the cost of inspection as well; this
cost was assumed to be independent of measurement accuracy.

For computational simplicity, the information state space was discretized using an
interval of 0.25; therefore, there were 15 unique information vectors, (P|l);, enumerated in
Table 5. Elements of the vector (P|I); were limited to the values: 1.0, 0.75, 0.5, 0.25, 0.
Each information vector computed by using equation (8) was mapped to the numerically
closest of the fifteen predetermined information states. Thus, several of the actual
information states can be aggregated into asingle point in the grid. This aggregation
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leads to a substantial reduction in computational costs, abeit at the cost of some loss of
computational accuracy.

For the finite time horizon case, a planning horizon (T) of 15 yearswas used. Theinitia
distribution of facilities reflects afairly new network of pavements. 90% of facilities
werein state 3; 9.75% in state 2 and 2.25% were in state 1.

The maximum performance level constraint specified that, over all possible actions and
information states, the probability of facilities being in state 3 must be at |east 45%. The
minimum performance constraint limited the probability of facilities being state 1 over all
activities and information states to, at most, 5%. The range of acceptable budget levels
and user costs were predetermined. In the finite planning horizon, these constraints were

relaxed to allow for greater flexibility in the short term solution.

The optimal M&R policies were obtained for four levels of measurement accuracy.

M easurement errors were assumed to be normally distributed with a mean of zero and
four possible standard deviations: 0, 0.375, 0.75, and 1.125. Standard deviationsarein
units of condition states. Table 6 presents the four levels of accuracy evaluated in this

case study.

Results:

The Linear Program was solved with AMPL, a mathematical programming language, for
both the finite and infinite horizon cases; the results are shown in Figures 4 and 5,
respectively. Figure 4 shows the effect of measurement uncertainty on the minimum
total expected cost for the transient problem, using a planning horizon of 15 years.
Figure 5 shows the effect of measurement uncertainty on the minimum expected cost per
year for the steady-state problem with an infinite planning horizon. The results show
that, in both cases, the expected costs increase as measurement uncertainty increases.
The slope of the expected cost curve yields amarginal benefit from decreasing
measurement uncertainty. From these figures, one can quantify the value of more precise
measurement for both the short and long term planning horizons.

Further, the results of the case study show that the degree of measurement uncertainty

has a significant impact on the optimal inspection policies, as shown in Figures 6 and 7
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for the finite and infinite cases respectively. Figure 6 shows that the average fraction of
all facilitiesinspected in one year (averaged over the planning horizon) decreases as
measurement uncertainty increases. Figure 7 shows the same resultsin the infinite
planning horizon. In both cases, the optimal policy dictates that all facilities should be
inspected each year when using a measurement technology with perfect accuracy. At the
other extreme, when the measurement technology yields no information, no facilities
should be inspected, since inspecting offers no additional information yet adds a cost of
inspection. For measurement technologies in between the two extremes, the cost of
inspection is weighed against the accuracy of the information provided from inspection to

determine the optimal fraction of facilities to be inspected.

6. Discussion

In this paper, we have presented a network-level extension of the Latent Markov

Decision Process. This extension is based on a Linear Programming formulation that

uses randomized policies in conjunction with network level constraints, such as budget

constraints and condition standards. Unlike the network-level MDP, the network
extension to the LM DP accounts for measurement error that has been shown to have an
impact on life-cycle costs. In addition, the methodology does not require a fixed
inspection schedule, but rather solves for the optimal inspection policy.

Two complementary versions of the joint optimal inspection and M&R policies problem

were presented: atransient, finite-horizon formulation and a steady-state, infinite horizon

formulation. An agency would use this methodology in the following manner:

o first, theinfinite horizon problem would be solved to obtain the optimal steady-state
distribution of facilities in each information state receiving each of the M&R and
inspection activities,

e then, using this optimal steady-state distribution as atarget to bereached in T
periods, the finite horizon problem would be solved to obtain the optimal transient
distributions of facilitiesin each information state receiving each of the activities for
each period fromt=0to T-1.

A case study was performed to evaluate the effect of increasing the uncertainty in facility

condition measurement on the minimum expected cost of both the finite horizon and
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infinite horizon problems. The results of the case study concur with earlier resultsin the
literature (Madanat 1993, Madanat and Ben-Akiva 1994) and with a priori expectations:
even limited reductions in measurement error are shown to yield significant savingsin
the life cycle costs of a network of highway pavements. In Figure 8, the effect of
measurement error on expected costs found in Madanat 1993 are shown.

The results of the case study also show that relaxing the inspection frequency contributes
to these cost savings, especially for higher levels of measurement uncertainty. These
results underscore the importance of improving the accuracy of infrastructure facility
inspections, and of jointly optimizing inspection and M&R policies.

In the case study, the specification of input data (three condition states, three activities,
and afifteen-year planning horizon) yielded a moderate number of decision variables and
constraints (including non-negativity) when a 0.25 discretization level was used.
However, these numbers were greatly reduced after preprocessing. (1,350 decision
variables and 1,695 constraints before preprocessing and 952 decision variables and 214
constraints after.) Theinfinite planning horizon case is a smaller problem with only 90
decision variables and 114 constraints before preprocessing. The main limiting factors
on problem size are the number of condition states and the level of discretization since
the combination of these two factors determines the size of the state space (P|l);;
increasing the number of activities or the length of the planning horizon has a smaller
affect on problem size. While increasing the number of condition states or using afiner
level of discretization will expand the state space, it is possible to eliminate many states

because of infeasibility.
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Table 1. Deterioration transition matrix (Do nothing” aternative)

X(t+1) 3 2 1
X(t) 3 0.5 0.5 0
2 0 0.5 0.5
1 0 0 1
Table 2. Routine mai ntenance transition matrix
X(t+1) 3 2 1
X(t) 3 0.8 0.2 0
2 0 0.8 0.2
1 0 0 1
Table 3. Resurfacing transition matrix
X(t+1) 3 2 1
X(t) 3 1 0 0
2 0.8 0.2 0
1 0.6 0.4 0

Table 4. Costs of M&R alternatives and Inspection (in dollars per square yard)

State Routine Resurfacing I nspection
Maintenance

3 5 20 0.1

2 8 20 0.1

1 15 20 0.1




Table 5. State Space Vectors

State V ector p(x =‘Good'|I) ¢ p(x =‘Far|l) p(x = ‘Poor’|l)
1 1 0 0

2 0.75 0.25 0

3 0.75 0 0.25

4 0.5 0.5 0

5 0.5 0 0.5

6 0.5 0.25 0.25

7 0.25 0.75 0

8 0.25 0.5 0.25

9 0.25 0.25 0.5

10 0.25 0 0.75
11 0 1 0

12 0 0.75 0.25
13 0 0.5 0.5

14 0 0.25 0.75
15 0 0 1
Table 6. Precision of Measurement

Standard deviation* | q(X=]—-1x=]) qX=j|x=1j) gX=j+1x=1j)
0 0 1 0
0.375 0.0925 0.815 0.0925
0.750 0.24 0.52 0.24
1.125 0.33 0.34 0.33

* Measured in discrete condition states
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Figure 3: State space (P|I), with 0.25 discretization and 2 condition states
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Figure 4. Rise in minimum expected cost with increase in measurement
uncertainty (Finite planning horizon)
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Figure 5. Rise in minimum expected cost with increase in measurement
uncertainty (Infinite planning horizon)
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Average fraction of facilities inspected (per

year)

Fraction of facilities inspected (per year)

Figure 6. Decrease in inspection frequency with increase in measurement
uncertainty (Finite planning horizon)
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Figure 7. Decrease in inspection frequency with increase in measurement
uncertainty (Infinite planning horizon)
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Figure 8. Effect of Measurement Uncertainty on Minimum Expected Cost
(Madanat 1993)
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