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Proofs

Theorem 3 The Pht/Pht/∞ arrival-process state-probability

differential equations (ADE’s) are:

P(t; ·, k)′ = αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)P(t; ·, `) +
mA∑

`=1

a`k(t)λ`(t)P(t; ·, `) − λk(t)P(t; ·, k)

for k = 1, 2, . . . ,mA.

Proof: While we can show this result by straightforward and tedious algebraic manipulation

of the expression

P(t; ·, k)′ ≡
∞∑

n1=0

∞∑

n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB
=0

P(t;n1, n2, . . . , nmB
, k)′.

We also note that the arrival process is independent of the service process and therefore we

can formulate the Kolmogorov forward equations associated with this simple time-dependent

Markov arrival process directly.

Theorem 4 The Pht/Pht/∞ pth−partial-moment differential equations (pth PMDE’s):

d

dt
Ep

j,k(t) = − λk(t) Ep
j,k(t) + [1 − bjj(t)] µj(t)

p−1∑

q=0

(
p

q

)
Eq+1

j,k (t) (−1)p−q

+ αk(t)
mA∑

`=1

λ`(t) a`,mA+1(t) Ep
j,`(t)
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+ αk(t) βj(t)
mA∑

`=1

λ`(t) a`,mA+1(t)
p−1∑

q=0

(
p

q

)
Eq

j,`(t)

+
mA∑

`=1

λ`(t) a`k(t) Ep
j,`(t)

+
mB∑

`=1
6̀=j

µ`(t) b`j(t)
p−1∑

q=0

(
p

q

)
Eq

j`,k(t)

for i = 1, 2, . . . ,mA, j = 1, 2, . . . ,mB, and p = 0, 1, 2, . . ..

Proof:

d

dt
Ep

j,k(t) ≡
∞∑

n1=0

∞∑

n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB =0

np
jP(t;n1, n2, . . . , nmB

, k)′

=
∞∑

n1=0

∞∑

n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB =0

np
j ×

{
− [1 − akk(t)]λk(t)P(t;n1, n2, . . . , nmB

, k)

−
mB∑

`=1

n`µ`(t)[1− b``(t)]P(t;n1, n2, . . . , nmB
, k)

+
mA∑

`=1

a`,mA+1(t)αk(t)λ`(t)
mB∑

h=1

I[nh>0]βh(t)P(t;n1, . . . , nh − 1, . . . , nmB
, `)

+
mA∑

`=1
6̀=k

a`k(t)λ`(t)P(t;n1, n2, . . . , nmB
, `)

+
mB∑

`=1

b`,mB+1(t)[n` + 1]µ`(t)P(t;n1, . . . , n` + 1, . . . , nmB
, k)

+
mB∑

`=1

I[n`>0]

mB∑

h=1
h 6=`

bh`(t)[nh + 1]µh(t)P(t;n1, . . . , n` − 1, . . . , nh + 1, . . . , nmB
, k)

}

= −[1 − akk(t)]λk(t)E
p
j,k(t)

−
mB∑

`=1
6̀=j

µ`(t)[1 − b``(t)]E
p
j`,k(t) − µj(t)[1 − bjj(t)]E

p+1
j,k (t)

+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)





mB∑

h=1
h 6=j

βh(t)E
p
j,`(t) + βj(t)

∞∑

nj=0

[nj + 1]pP(t;nj, `)




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+
mA∑

`=1
6̀=k

a`k(t)λ`(t)E
p
j,`(t)

+
mB∑

`=1
6̀=j

b`,mB+1(t)µ`(t)
∞∑

n`=0

∞∑

nj=0

np
j [n` + 1]P(t;n`+1, nj, k)

+bj,mB+1(t)µj(t)
∞∑

nj=0

np
j [nj + 1]P(t;nj + 1, k)

+
mB∑

`=1
6̀=j

{
mB∑

h=1
h 6=`
h 6=j

bh`(t)µh(t)
∞∑

n`=1

∞∑

nh=0

∞∑

nj=0

np
j [nh + 1]P(t;n` − 1, nj, nh + 1, k)

+ µj(t)bj`(t)
∞∑

n`=1

∞∑

nj=0

np
j [nj + 1]P(t;n` − 1, nj + 1, k)

}

+
mB∑

h=1
h 6=j

bhj(t)µh(t)
∞∑

nh=0

∞∑

nj=1

np
j [nh + 1]P(t;nj − 1, nh + 1, k)

= −λk(t)E
p
j,k(t)

−
mB∑

`=1
6̀=j

µ`(t)[1 − b``(t)]E
p
j`,k(t) − µj(t)[1 − bjj(t)]E

p+1
j,k (t)

+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)



[1 − βj(t)]E

p
j,`(t) + βj(t)

p∑

q=0

(
p

q

)
Eq

j,`(t)





+
mA∑

`=1

a`k(t)λ`(t)E
p
j,`(t)

+
mB∑

`=1

b`,mB+1(t)µ`(t)
∞∑

n`=1

∞∑

nj=0

np
jn`P(t;n`, nj, k)

+bj,mB+1(t)µj(t)
∞∑

nj=1

[nj − 1]p njP(t;nj, k)

+
mB∑

`=1
6̀=j

mB∑

h=1
h 6=`
h 6=j

bh`(t)µh(t)
∞∑

n`=0

∞∑

nh=0

∞∑

nj=0

np
j [nh + 1]P(t;n`, nj, nh + 1, k)

+µj(t)
mB∑

`=1
6̀=j

bj`(t)
∞∑

nj=1

[nj − 1]pnj

∞∑

n`=0

P(t;n`, nj, k)
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+
mB∑

h=1
h 6=j

bhj(t)µh(t)
∞∑

nh=0

∞∑

nj=0

[nj + 1]p[nh + 1]P(t;nj, nh + 1, k)

= −λk(t)E
p
j,k(t)

−
mB∑

`=1
6̀=j

µ`(t)[1 − b``(t)]E
p
j`,k(t) − µj(t)[1 − bjj(t)]E

p+1
j,k (t)

+αk(t)βj(t)
mA∑

`=1

a`,mA+1(t)λ`(t)
p∑

q=0

(
p

q

)
Eq

j,`(t)

+αk(t)(1 − βj(t))
mA∑

`=1

a`,mA+1(t)λ`(t)E
p
j,`(t)

+
mA∑

`=1

a`k(t)λ`(t)E
p
j,`(t)

+
mB∑

`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+bj,mB+1(t)µj(t)
p∑

q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+
mB∑

`=1
6̀=j

mB∑

h=1
h 6=`
h 6=j

bh`(t)µh(t)
∞∑

n`=0

∞∑

nh=1

∞∑

nj=0

np
jnhP(t;n`, nj, nh, k)

+µj(t)
mB∑

`=1
6̀=j

bj`(t)
∞∑

nj=1

[nj − 1]pnjP(t;nj, k)

+
mB∑

h=1
h 6=j

bhj(t)µh(t)
∞∑

nh=1

∞∑

nj=0

[nj + 1]pnhP(t;nj, nh, k)

= −λk(t)E
p
j,k(t)

−
mB∑

`=1
6̀=j

µ`(t)[1 − b``(t)]E
p
j`,k(t) − µj(t)[1 − bjj(t)]E

p+1
j,k (t)

+αk(t)βj(t)
mA∑

`=1

a`,mA+1(t)λ`(t)
p−1∑

q=0

(
p

q

)
Eq

j,`(t)
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+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)E
p
j,`(t)

+
mA∑

`=1

a`k(t)λ`(t)E
p
j,`(t)

+
mB∑

`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+bj,mB+1(t)µj(t)
p∑

q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+
mB∑

`=1
6̀=j

mB∑

h=1
h 6=`
h 6=j

bh`(t)µh(t)E
p
jh,k(t)

+µj(t)
mB∑

`=1
6̀=j

bj`(t)
p∑

q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+
mB∑

h=1
h 6=j

bhj(t)µh(t)
p∑

q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)

−
mB∑

`=1
6̀=j

µ`(t)[1 − b``(t)]E
p
j`,k(t) − µj(t)[1 − bjj(t)]E

p+1
j,k (t)

+αk(t)βj(t)
mA∑

`=1

a`,mA+1(t)λ`(t)
p−1∑

q=0

(
p

q

)
Eq

j,`(t)

+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)E
p
j,`(t)

+
mA∑

`=1

a`k(t)λ`(t)E
p
j,`(t)

+
mB∑

`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+µj(t)[bj,mB+1(t) + 1 − bjj(t) − bj,mB+1(t)]
p∑

q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q
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+
mB∑

`=1
6̀=j

mB∑

h=1
h 6=`
h 6=j

bh`(t)µh(t)E
p
jh,k(t)

+
mB∑

h=1
h 6=j

bhj(t)µh(t)
p∑

q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)

−
mB∑

`=1
6̀=j

µ`(t)[1 − b``(t)]E
p
j`,k(t)

+αk(t)βj(t)
mA∑

`=1

a`,mA+1(t)λ`(t)
p−1∑

q=0

(
p

q

)
Eq

j,`(t)

+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)E
p
j,`(t)

+
mA∑

`=1

a`k(t)λ`(t)E
p
j,`(t)

+
mB∑

`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+µj(t)[1 − bjj(t)]
p−1∑

q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+
mB∑

`=1
6̀=j

mB∑

h=1
h 6=`
h 6=j

bh`(t)µh(t)E
p
jh,k(t)

+
mB∑

h=1
h 6=j

bhj(t)µh(t)
p∑

q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)

−
mB∑

`=1
6̀=j

µ`(t)[1 − b``(t)]E
p
j`,k(t)

+αk(t)βj(t)
mA∑

`=1

a`,mA+1(t)λ`(t)
p−1∑

q=0

(
p

q

)
Eq

j,`(t)
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+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)E
p
j,`(t)

+
mA∑

`=1

a`k(t)λ`(t)E
p
j,`(t)

+
mB∑

`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+µj(t)[1 − bjj(t)]
p−1∑

q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+
mB∑

h=1
h 6=j

[1 − bhh(t)− bh,mB+1(t)− bhj(t)]µh(t)E
p
jh,k(t)

+
mB∑

h=1
h 6=j

bhj(t)µh(t)
p∑

q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)

−
mB∑

`=1
6̀=j

µ`(t)[1 − b``(t)]E
p
j`,k(t)

+αk(t)βj(t)
mA∑

`=1

a`,mA+1(t)λ`(t)
p−1∑

q=0

(
p

q

)
Eq

j,`(t)

+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)E
p
j,`(t)

+
mA∑

`=1

a`k(t)λ`(t)E
p
j,`(t)

+
mB∑

`=1
6̀=j

b`,mB+1(t)µ`(t)E
p
j`,k(t)

+µj(t)[1 − bjj(t)]
p−1∑

q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+
mB∑

`=1
6̀=j

µ`(t)[1− b``(t)]E
p
j`,k(t)
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−
mB∑

`=1
6̀=j

µ`(t)b`,mB+1(t)E
p
j`,k(t)

−
mB∑

`=1
6̀=j

µ`(t)b`j(t)E
p
j`,k(t)

+
mB∑

h=1
h 6=j

bhj(t)µh(t)
p∑

q=0

(
p

q

)
Eq

jh,k(t)

= −λk(t)E
p
j,k(t)

+αk(t)βj(t)
mA∑

`=1

a`,mA+1(t)λ`(t)
p−1∑

q=0

(
p

q

)
Eq

j,`(t)

+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)E
p
j,`(t)

+
mA∑

`=1

a`k(t)λ`(t)E
p
j,`(t)

+µj(t)[1 − bjj(t)]
p−1∑

q=0

(
p

q

)
Eq+1

j,k (t)(−1)p−q

+
mB∑

`=1
6̀=j

b`j(t)µl(t)
p−1∑

q=0

(
p

q

)
Eq

jh,k(t)
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Theorem 5 The Pht/Pht/∞ cross-product partial-moment differential equations are

Eij,k(t)
′ =

mB∑

`=1

b`i(t)µ`E`j,k(t) +
mB∑

`=1

b`j(t)µ`E`i,k(t)

−bij(t)µi(t)Ei,k(t) − bji(t)µj(t)Ej,k(t)

−[µi(t) + µj(t)]Eij,k(t) − λk(t)Eij,k(t)

+
mA∑

`=1

λ`(t)a`k(t)Eij,`(t) + αk(t)
mA∑

`=1

λ`(t)a`,mA+1(t)Eij,`(t)

+βi(t)αk(t)
mA∑

`=1

λ`(t)a`,mA+1(t)Ej,`(t) + βj(t)αk(t)
mA∑

`=1

λ`(t)a`,mA+1(t)Ei,`(t).

i = 1, 2, . . . ,mB and j = 1, 2, . . . ,mB, i 6= j, and k = 1, 2, . . . ,mA.

Proof:

Eij,k(t)
′ ≡

∞∑

n1=0

∞∑

n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB
=0

ninjP(t;n1, n2, . . . , nmB
, k)′

=
∞∑

n1=0

∞∑

n2=0

· · ·
∞∑

nj=0

· · ·
∞∑

nmB
=0

ninj ×

{
− [1 − akk(t)]λk(t)P(t;n1, n2, . . . , nmB

, k)

−
mB∑

`=1

n`µ`(t)[1− b``(t)]P(t;n1, n2, . . . , nmB
, k)

+
mA∑

`=1

a`,mA+1(t)αk(t)λ`(t)
mB∑

h=1

I[nh>0]βh(t)P(t;n1, . . . , nh − 1, . . . , nmB
, `)

+
mA∑

`=1
6̀=k

a`k(t)λ`(t)P(t;n1, n2, . . . , nmB
, `)

+
mB∑

`=1

b`,mB+1(t)[n` + 1]µ`(t)P(t;n1, . . . , n` + 1, . . . , nmB
, k)

+
mB∑

`=1

I[n`>0]

mB∑

h=1
h 6=`

bh`(t)[nh + 1]µh(t)P(t;n1, . . . , n` − 1, . . . , nh + 1, . . . , nmB
, k)

}

= −[1− akk(t)]λk(t)Eij,k(t)

−
mB∑

`=1
6̀=i
6̀=j

µ`(t)[1 − b``(t)]Eij`,k(t)

−µi(t)[1− bii(t)]E
2
ij,k(t)− µj(t)[1− bjj(t)]E

2
ji,k(t)
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+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)

{
mB∑

h=1
h 6=i
h 6=j

βh(t)Eij,`(t)

+ βi(t)
∞∑

ni=0

[ni + 1]njP(t;ni, nj, `) + βj(t)
∞∑

nj=0

ni[nj + 1]P(t;ni, nj, `)

}

+
mB∑

`=1
6̀=i
6̀=j

b`,mB+1(t)µ`(t)
∞∑

n`=0

∞∑

ni=0

∞∑

nj=0

ninj [n` + 1]P(t;n` + 1, ni, nj, k)

+ bi,mB+1(t)µi(t)
∞∑

ni=0

∞∑

nj=0

ninj[ni + 1]P(t;ni + 1, nj, k)

+ bj,mB+1(t)µj(t)
∞∑

ni=0

∞∑

nj=0

ninj[nj + 1]P(t;ni, nj + 1, k)

+
mB∑

`=1
6̀=i
6̀=j

{
mB∑

h=1
h 6=`
h 6=i
h 6=j

bh`(t)µh(t)
∞∑

n`=1

∞∑

nh=0

∞∑

ni=0

∞∑

nj=0

ninj(nh + 1)P(t;n` − 1, ni, nj , nh + 1, k)

+ µi(t)bi`(t)
∞∑

n`=1

∞∑

ni=0

∞∑

nj=0

ninj[ni + 1]P(t;n` − 1, ni + 1, nj, k)

+ µj(t)bj`(t)
∞∑

n`=1

∞∑

ni=0

∞∑

nj=0

ninj[nj + 1]P(t;n` − 1, ni, nj + 1, k)

}

+
mB∑

h=1
h 6=i
h 6=j

bhi(t)µh(t)
∞∑

nh=0

∞∑

ni=1

∞∑

nj=0

ninj[nh + 1]P(t;ni − 1, nj , nh + 1, k)

+
mB∑

h=1
h 6=i
h6=j

bhj(t)µh(t)
∞∑

nh=0

∞∑

ni=0

∞∑

nj=1

ninj[nh + 1]P(t;ni, nj − 1, nh + 1, k)

+bji(t)µj(t)
∞∑

nj=0

∞∑

ni=1

ninj[nj + 1]P(t;ni − 1, nj + 1, k)

+bij(t)µi(t)
∞∑

nj=1

∞∑

ni=0

ninj[ni + 1]P(t;nj − 1, ni + 1, k)

+
mA∑

`=1
6̀=k

a`k(t)λ`(t)Eij,`(t)
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= −[1− akk(t)]λk(t)Eij,k(t)

−
mB∑

`=1
6̀=i
6̀=j

µ`(t)[1 − b``(t)]Eij`,k(t)

−µi(t)[1− bii(t)]E
2
ij,k(t)− µj(t)[1− bjj(t)]E

2
ji,k(t)

+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)

{
[1 − βi(t) − βj(t)]Eij,`(t)

+ βi(t)[Eij,`(t) + Ej,`(t)] + βj(t)[Eij,`(t) + Ei,`(t)]

}

+
mB∑

`=1
6̀=i
6̀=j

b`,mB+1(t)µ`(t)Eij`,k(t)

+bi,mB+1(t)µi(t)
∞∑

ni=1

∞∑

nj=0

[ni − 1]njniP(t;ni, nj, k)

+bj,mB+1(t)µj(t)
∞∑

ni=0

∞∑

nj=1

ni[nj − 1]njP(t;ni, nj, k)

+
mB∑

`=1
6̀=i
6̀=j

{
mB∑

h=1
h 6=`
h 6=i
h 6=j

bh`(t)µh(t)
∞∑

n`=0

∞∑

nh=1

∞∑

ni=0

∞∑

nj=0

ninjnhP(t;n`, ni, nj, nh, k)

+ µi(t)bi`(t)
∞∑

n`=0

∞∑

ni=1

∞∑

nj=0

[ni − 1]njniP(t;n`, ni, nj, k)

+ µj(t)bj`(t)
∞∑

n`=0

∞∑

ni=0

∞∑

nj=1

ni[nj − 1]njP(t;n`, ni, nj , k)

}

+
mB∑

h=1
h 6=i
h 6=j

bhi(t)µh(t)
∞∑

nh=1

∞∑

ni=0

∞∑

nj=0

[ni + 1]njnhP(t;ni, nj, nh, k)

+
mB∑

h=1
h 6=i
h6=j

bhj(t)µh(t)
∞∑

nh=1

∞∑

ni=0

∞∑

nj=0

ni[nj + 1]nhP(t;ni, nj , nh, k)

+bji(t)µj(t)
∞∑

nj=1

∞∑

ni=0

[ni + 1][nj − 1]njP(t;ni, nj, k)
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+bij(t)µi(t)
∞∑

nj=0

∞∑

ni=1

[ni − 1][nj + 1]niP(t;nj, ni, k)

+
mA∑

`=1
6̀=k

a`k(t)λ`(t)Eij,`(t)

= −λk(t)Eij,k(t)

−
mB∑

`=1
6̀=i
6̀=j

µ`(t)[1 − b``(t)]Eij`,k(t)

−µi(t)[1− bii(t)]E
2
ij,k(t)− µj(t)[1− bjj(t)]E

2
ji,k(t)

+αk(t)
mA∑

`=1

a`,mA+1(t)λ`(t)

{
Eij,`(t) + βi(t)Ej,`(t) + βj(t)Ei,`(t)

}

+bi,mB+1(t)µi(t)
[
E2

ij,k(t) − Eij,k(t)
]
+ bj,mB+1(t)µj(t)

[
E2

ji,k(t) − Eij,k(t)

]

+
mB∑

`=1
6̀=i
6̀=j

b`,mB+1(t)µ`(t)Eij`,k(t)

+
mB∑

`=1
6̀=i
6̀=j

{
mB∑

h=1
h 6=`
h 6=i
h 6=j

bh`(t)µh(t)Eijh,k(t)

+ µi(t)bi`(t)
[
E2

ij,k(t)− Eij,k(t)
]
+ µj(t)bj`(t)

[
E2

ji,k(t) − Eij,k(t)
]}

+
mB∑

h=1
h 6=i
h 6=j

bhi(t)µh(t)
[
Eijh,k(t) + Ejh,k(t)

]
+

mB∑

h=1
h 6=i
h6=j

bhj(t)µh(t)
[
Eijh,k(t) + Eih,k(t)

]

+
mA∑

`=1

a`k(t)λ`(t)Eij,`(t)

+bji(t)µj(t)
[
E2

ji,k(t) − Eij,k(t) + E2
j,k(t) − Ej,k(t)

]

+bij(t)µi(t)
[
E2

ij,k(t) − Eij,k(t) + E2
i,k(t) − Ei,k(t)

]

= −λk(t)Eij,k(t)
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−
mB∑

`=1
6̀=i
6̀=j

µ`(t)Eij`,k(t) +
mB∑

`=1
6̀=i
6̀=j

µ`(t)b``(t)Eij`,k(t) +
mB∑

`=1
6̀=i
6̀=j

µ`(t)b`,mB+1(t)Eij`,k(t)

−µi(t)[1− bii(t)]E
2
ij,k(t)− µj(t)[1− bjj(t)]E

2
ji,k(t)

+αk(t)
mA∑

`=1

{
a`,mA+1(t)λ`(t)Eij,`(t) + βi(t)Ej,`(t) + βj(t)Ei,`(t)

+bi,mB+1(t)µi(t)
[
E2

ij,k(t) − Eij,k(t)
]
+ bj,mB+1(t)µj(t)

[
E2

ji,k(t) − Eij,k(t)
]

+
mB∑

`=1
6̀=i
6̀=j

mB∑

h=1
h 6=`
h 6=i
h 6=j

bh`(t)µh(t)Eijh,k(t)

+µi(t)
mB∑

`=1
6̀=i
6̀=j

bi`(t)
[
E2

ij,k(t) − Eij,k(t)
]
+ µj(t)

mB∑

`=1
6̀=i
6̀=j

bj`(t)
[
E2

ji,k(t)− Eij,k(t)
]

+
mB∑

h=1
h 6=i
h 6=j

bhi(t)µh(t)
[
Eijh,k(t) + Ejh,k(t)

]
+

mB∑

h=1
h 6=i
h6=j

bhj(t)µh(t)
[
Eijh,k(t) + Eih,k(t)

]

+bji(t)µj(t)
[
E2

ji,k(t) − Eij,k(t) + E2
j,k(t) − Ej,k(t)

]

+bij(t)µi(t)
[
E2

ij,k(t) − Eij,k(t) + E2
i,k(t) − Ei,k(t)

]

+
mA∑

`=1

a`k(t)λ`(t)Eij,`(t)

= −λk(t)Eij,k(t)

−
mB∑

`=1
6̀=i
6̀=j

µ`(t)Eij`,k(t) +
mB∑

`=1
6̀=i
6̀=j

µ`(t)b``(t)Eij`,k(t) +
mB∑

`=1

µ`(t)b`,mB+1(t)Eij`,k(t)

−µi(t)E
2
ij,k(t)− µj(t)E

2
ji,k(t)

+αk(t)
mA∑

`=1

{
a`,mA+1(t)λ`(t)Eij,`(t) + βi(t)Ej,`(t) + βj(t)Ei,`(t)

}

−bi,mB+1(t)µi(t)Eij,k(t)− bj,mB+1(t)µj(t)Eij,k(t)
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+
mB∑

`=1
6̀=i
6̀=j

mB∑

h=1
h 6=`
h 6=i
h 6=j

bh`(t)µh(t)Eijh,k(t)

+µi(t)
{mB∑

`=1
6̀=i

bi`(t)
}[

E2
ij,k(t)− Eij,k(t)

]

+µj(t)
{mB∑

`=1
6̀=j

bj`(t)
}[

E2
ji,k(t) − Eij,k(t)

]

+
mB∑

h=1
h 6=i

bhi(t)µh(t)
[
Eijh,k(t) + Ejh,k(t)

]
− bji(t)µj(t)E

2
ji,k(t)

+
mB∑

h=1
h 6=j

bhj(t)µh(t)
[
Eijh,k(t) + Eih,k(t)

]
− bij(t)µi(t)E

2
ij,k(t)

−bji(t)µj(t)Ej,k(t)− bij(t)µi(t)Ei,k(t)

+
mA∑

`=1

a`k(t)λ`(t)Eij,`(t)

= −λk(t)Eij,k(t)

−
mB∑

`=1
6̀=i
6̀=j

µ`(t)Eij`,k(t) +
mB∑

`=1

µ`(t)b`mB+1(t)Eij`,k(t)

−µi(t)E
2
ij,k(t)− µj(t)E

2
ji,k(t)

+αk(t)
mA∑

`=1

{
a`,mA+1(t)λ`(t)Eij,`(t) + βi(t)Ej,`(t) + βj(t)Ei,`(t)

}

−bi,mB+1(t)µi(t)Eij,k(t)− bj,mB+1(t)µj(t)Eij,k(t)

+
mB∑

h=1
h 6=i
h 6=j

µh(t)Eijh,k(t)−
mB∑

h=1
h 6=i
h 6=j

bhi(t)µh(t)Eijh,k(t) −
mB∑

h=1
h 6=i
h6=j

bhj(t)µh(t)Eijh,k(t)

−
mB∑

h=1
h 6=i
h6=j

bh,mB+1(t)µh(t)Eijh,k(t)

+µi(t)
(
E2

ij,k(t)− Eij,k(t)
)(

1 − bi,mB+1(t)
)
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+µj(t)
(
E2

ji,k(t) − Eij,k(t)
)(

1 − bj,mB+1(t)
)

+
mB∑

h=1

bhi(t)µh(t)
[
Eijh,k(t) + Ejh,k(t)

]
+

mB∑

h=1

bhj(t)µh(t)
[
Eijh,k(t) + Eih,k(t)

]

−bji(t)µj(t)E
2
ji,k(t) − bij(t)µi(t)E

2
ij,k(t)

−bji(t)µj(t)Ej,k(t)− bij(t)µi(t)Ei,k(t)

−µi(t)bii(t)E
2
ij,k(t) − µj(t)bjj(t)E

2
ji,k(t)

+
mA∑

`=1

a`k(t)λ`(t)Eij,`(t)

= −λk(t)Eij,k(t)

+
mB∑

`=1

µ`(t)b`,mB+1(t)Eij`,k(t)

+αk(t)
mA∑

`=1

{
a`,mA+1(t)λ`(t)Eij,`(t) + βi(t)Ej,`(t) + βj(t)Ei,`(t)

}

−µi(t)Eij,k(t)− µi(t)bi,mB+1(t)E
2
ij,k(t)− µj(t)Eij,k(t)− µj(t)bj,mB+1(t)E

2
ji,k(t)

−
mB∑

h=1
h 6=i
h 6=j

bh,mB+1(t)µh(t)Eijh,k(t)

+
mB∑

h=1

bhi(t)µh(t)Ejh,k(t) +
mB∑

h=1

bhj(t)µh(t)Eih,k(t)

−bji(t)µj(t)Eij,k(t)− bij(t)µi(t)Eij,k(t)

+
mA∑

`=1

a`k(t)λ`(t)Eij,`(t)

=
mB∑

h=1

bhi(t)µh(t)Ejh,k(t) +
mB∑

h=1

bhj(t)µh(t)Eih,k(t)

−bij(t)µi(t)Ei,k(t) − bji(t)µj(t)Ej,k(t)

−
[
µi(t) + µj(t)

]
Eij,k(t)

+αk(t)
mA∑

`=1

{
a`,mA+1(t)λ`(t)Eij,`(t) + βi(t)Ej,`(t) + βj(t)Ei,`(t)

}
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−λk(t)Eij,k(t) +
mA∑

`=1

a`k(t)λ`(t)Eij,`(t)
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