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Abstract

Moment robust optimization models formulate a stochastic problem with an uncer-
tain probability distribution of parameters described by its moments. In this paper
we study a two-stage stochastic convex programming model using moments to define
the probability ambiguity set for the objective function coefficients in both stages. A
decomposition based algorithm is given. We show that this two-stage model can be
solved to any precision in polynomial time. We consider a special case where the prob-
ability ambiguity sets are described by the exact information of the first two moments
and the convex functions are piece-wise linear utility functions. A two-stage stochastic
semidefinite programming formulation is given of this problem and we provide com-
putational results on the performance of this problem using a portfolio optimization
application. Results show that the two stage modeling is effective when forecasting
models have predictive power.

1 Introduction

Moment robust optimization models specify information on the distribution of the uncertain
parameters using moments of the probability distribution of these parameters. The probabil-
ity distribution is not known. Scarf [16] proposed such a model for the newsvendor problem.
In his problem the given information is the mean and variance of the distribution. Recently,
different forms of the distributional ambiguity sets have been considered. Bertsimas et al. [2]
studied a piece-wise linear utility model with exact knowledge of the first two moments. Two
cases are considered in [2]: (i) the uncertain coefficients are in the objective function, and
(ii) the uncertain coefficients are in the right-hand side of the constraints. For the first case,
Bertsimas et al. [2] give an equivalent semidefinite programming (SDP) formulation. When
the uncertain coefficients are in the right-hand side of the constraints, they show that their
robust model is NP-complete. The uncertain parameters only appear in the second stage
problem, hence their model can be considered as a single stage moment robust optimization
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problem. Delage and Ye [5] also considered such a single stage moment robust convex opti-
mization program with the ambiguity set defined by a confidence region for both first and
second moments. They show that this problem can be formulated as a semi-infinite convex
optimization problem. It is then solved by the ellipsoid method in polynomial time. Alter-
natives to using moments to specify the distribution uncertainty have been proposed. Pflug
and Wozabal [14] analyzed the portfolio selection problem with the ambiguity set defined
by a confidence region over a reference probability measure using the Kantorovich distance.
Shapiro and Ahmed [17] analyzed a class of convex optimization problem with ambiguity set
defined by general moment constraints and bounds over the probability measures. Mehrotra
and Zhang [13] give conic reformulations of ambiguity models in [5, 14, 17] for the distribu-
tionally robust least-squares problem.

In this paper we consider a two-stage moment robust stochastic convex optimization problem
given as:

gg/{/l f(x) + G(x), (1.1)
k=1
Gr(x) == Wkrenvivrkl(x) gr(Wg). (1.3)

The objective functions f(x) and gi(wy) are defined as:

f(x) = max Ep|py(x, )], (1.4)
gr(Wy) = Pfeﬂg?k Ep[p2 (W, q)], (1.5)

where p;(-) and py(-) are two general functions and the expectations in (1.4) and (1.5) are
taken for the random vectors p and q. . and .%; are first and second stage sample spaces.
Note that %, may depend on k. Let M; and Mj be the measures defined on .#; and .7,
with the Borel o-algebra. The probability ambiguity sets &7, and &, are defined as:

P = {P:Pe My, Es[1] = 1, (Ee[p] — )78 (Ee[p] — 1) < an, (1.6)
Ep[(p — p1)(P — p1)"] = A1},
Posi={P: P € Mo Bel1] = 1, (Eeldl] — o) "S5 h(Beld] — o) < g, (1)

Ep[(q — po) (@ — pr2se)"] < PosZa},

where p1, X1, po ), o, are moment parameters used to define ambiguity sets &, and & .
This definition is same as the one used in Delage and Ye [5]. The feasible set X is a convex
compact set and the second stage feasible set Wi (x) is defined as:

Wk(X) = {Wka =h, — Tyx,wy € W}, (18)

where W is a nonempty convex compact set in R™?, x € R™ and w;, € R™. The situation
leading to modeling framework (1.1)-(1.8) is one where the current parameters of a decision
problem are uncertain, and this uncertainty propogates through a known stochastic process,
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leading to future uncertain parameters. For example, the estimated current returns of stocks
are ambiguous, and the portfolio needs to be balanced at a future step where the returns
are also ambiguous. In (1.1)-(1.3), we have moment robust problems in both stages and
the parameter estimations of the moments for the second stage problem (1.3) are uncertain
when the decision makers optimize the first-stage problem (1.1). Note that although the
parameter Wy, T} and h; are random in this model, in view of the NP-completeness results
for the single stage case [2], in the current paper we do not define an ambiguity set for
these parameters. Only the parameters of the convex objective function for the first and the
second stage problem are defined over an ambiguity set.

In this paper we develop a decomposition based algorithm to solve (1.1)-(1.8). We show
that (1.1)-(1.8) can be solved in polynomial time under suitable, yet general assumptions.
For the single stage moment robust problem in [5], a key requirement is that a semi-infinite
constraint is verified, or an oracle gives a cut in polynomial time. Since the constraint can
only be verified to e-precision in our case, we need further development to prove the polyno-
mial solvability of (1.1)-(1.8). The e-precision only allows an e-precision verification of the
constraint feasibility. Also, we can only generate an approximate cut to separate infeasible
points. Both facts suggest that we need to use approximate separation oracles to prove
the polynomial solvability. We also study a two-stage moment robust portfolio optimiza-
tion model and empirical results suggests that the two-stage modeling framework is effective
when we have forecasting power.

This paper is organized as follows. In Section 2 we give additional notations, the necessary
definitions, and assumptions for (1.1)-(1.8). In Section 3 we develop an equivalent formula-
tion of the two-stage framework (1.1)-(1.3). In Section 4, we present some results for convex
optimization problem needed to calculate e-sub and supergradients. Section 5 gives analysis
of an ellipsoidal decomposition algorithm for (1.1)-(1.8). In Section 6 a two-stage moment
robust portfolio optimization model is considered. We use data to study the effectiveness
of the two-stage model. We compare our two-stage model with two other models and ex-
perimental results suggest that our two-stage model has better performance when we have
forecasting power.

2 Definitions and Assumptions

In this section we summarize several definitions and assumptions used in the rest of this
paper. Throughout we use the phrase “polynomial time” to refer to computations performed
using number of elementary operations that are polynomial in problem dimension, size of
the input data, and log(%), using exact arithmetric. Here € is the desired precision for the
optimization problem (1.1)-(1.8).

Definition 1 Let us consider variables x with dim(x) = n. For any set C C R" and a
positive real number €, the set Bx(C,€) is defined as:

Bx(Cie) :={x e R" : ||lx —y|| <€ for some y € C}.

Bx(C¢€) is the e-ball covering of C. In particular, when C' is a singleton, i.e. C' = {X}, we
set Bx(C,€) = Bx(X,€), which is the e-ball around X.
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Definition 2 Let us consider an optimization problem (P): mingec h(x), where C' C R™ is
a full dimensional closed convex set and h(x) is a convex function of x. We say that (P) is
solved to e-precision if we can find a feasible x € C, such that h(X) < h(x)+€ for allx € C.

Definition 3 For a convez function f(x) defined on R™, d € R™ is an e-subgradient at x if
for allz € R", f(z) > f(x) +dT(z — x) — €. For a concave function f(x) defined on R",
d € R" is an e-supergradient at x if for allz € R", f(z) < f(x) +d”(z — x) + €.

Definition 4 Let us consider the convex optimization problem

min f(x) (2.1)

where f: R* = R, g : R® — R™ are conver component-wise, h : R — R! is affine, and X
is a nonempty convex compact set. For any p € R, X € R!, we define the Lagrangian dual
as:

0, ) == min{f(x) + p' g(x) + A"h(x)}. (2.2)

Let v* be the optimal objective value of (2.1). We call p € R and X e R to be an € optimal
Lagrange multipliers of the constraints g(x) < 0 and h(x) =0 if 0 <" —0(p, ) < e.

Note that because of weak duality v* — (,A) > 0 for any p € R7 and A € R". For the
two-stage moment robust problem (1.1)-(1.3), we make the following assumptions:

Assumption 1 For a; >0, 81 > 1, and £y = 0, p1(x,p) is P-integrable for all P € Z.

Assumption 2 The sample space 1 C R™ is convexr and compact (closed and bounded),
and it is equipped with an oracle that for any p € R™ can either confirm that p € ./ or
provide a hyperplane that separates p from .1 in polynomial time.

Assumption 3 The set X C R™ is convez, compact, and full dimensional (closed and
bounded with nonempty interior). There exists an xg € X and 1}, R§ € Ry, such that
Bx(x0,75) C X C By(0,R}). In the context of the ellipsoid method we assume that xg, 7}
and R} are known. X is equipped with an oracle that for any x € R™ can either confirm
that x € X or provide a vector d € R™ with ||d||, > 1 such that d*x < d'x for Vx € X in
polynomial time.

Assumption 4 The function py(x,p) is concave in p. In addition, given a pair (X,p), it
15 assumed that in polynomial time, one can:

1. evaluate the value of py(x,p);
2. find a supergradient of p1(x,p) in p.

Assumption 5 The function pi(x,p) is convex in x. In addition, it is assumed that one
can find in polynomial time a subgradient of p1(x,p) in X.
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Assumption 6 For any k € {1,...,K}, agy > 0, oy > 1, and By, > 0, pa(w,q) is
P-integrable for all P € Py .

Assumption 7 The sample space S C R™2 is conver and compact (closed and bounded),
and it is equipped with an oracle that for any q € R™? can either confirm that q € % or
provide a hyperplane that separates q from %5 in polynomial time.

Assumption 8 The set W C R™ s convex, compact, and full dimensional. There exists
known wog € W and r}, R3 € R, such that By (wo,r3) C W C By(0, R%). It is equipped
with an oracle that for any w € R™ can either confirm that w € W or provide a hyperplane,
i.e. a vectord € R™ with ||d||, > 1 that separates w from W in polynomial time.
Assumption 9 For any k € {1,..., K}, x € X, Wi(x) := {wy : Wywy = h, — Tyx, wy €
Wi # 0.

Assumption 9 implies that Wy (x) is nonempty and compact for any k € {1,..., K}. Thisis

a standard assumption in stochastic programming. It may be ensured by using an artificial
variable for each scenario.

Assumption 10 The function ps(w,q) is concave in q. In addition, given a pair (w,q),
we assume that we can in polynomaial time:

1. evaluate the value of pa(W,q);
2. find a supergradient of pa(w,q) in q.

Assumption 11 The function pa(w,q) is convex in w. In addition, we assume that we can
find in polynomial time a subgradient of pa(W,q) in w.

Assumptions 1-2 are to guarantee that the first stage ambiguity set (1.6) is well defined.
Assumption 3 requires that the first stage feasible region is compact, and a separating hy-
perplane with enough norm can be generated for any infeasible point. Assumptions 4-5 make
sure that the objective function is convex/conave and its sub and supergradients can be com-
puted efficiently. Assumptions 1-5 are similar as the assumptions in [5]. Assumptions 6-11
are similar to Assumptions 1-5. These assumptions ensure that the second stage problem is
a well-defined convex program for each scenario.

3 Equivalent Formulation of Two-Stage Moment Ro-
bust Problem

In this section we give an equivalent formulation of the two stage moment robust problem
(1.1)-(1.3). The next theorem gives such a reformulation for a single stage problem.

Theorem 1 (Delage and Ye 2010 [5]). Let v := (Y,y,vo,t) and define:
c(v):i=yo+t
V(h,x):={v: y > h(x,q) —q' Yqa—q'y, Vg€ .7,
t> (B0 + poto’ ) ¢ Y + gy + \/EHZ‘%(y +2Y po)
Y = 0}.

)




Consider the moment robust problem

min(max Ez[h(x, q))) (3.3)

with probability ambiguity set &2 defined as
P = {P:P e M,Es[d] = 1, (Ee[d] — po) "¢ " (Eeld] — o) < @, (3.4)
Ep[(q — po)(a — po)"] = B0}
Consider the following assumptions:
(i) >0, >1,8 =0, and h(x,q) is P-integrable for all P € Z.
(ii) The sample space . C R™ is convex and compact, and it is equipped with an oracle that

for any q € R™ can either confirm that q € . or provide a hyperplane that separates
q from . in polynomial time.

(iii) The feasible region X is conver and compact, and it is equippend with an oracle that
for any x € R"™ can either confirm that x € X or provide a hyperplane that separates
x from X in polynomial time.

(iv) The function h(x,q) is concave in q. In addition, given a pair (X,q), it is assumed
that one in polynomial time can:
1. evaluate the value of h(x,q);
2. find a supergradient of h(x,q) in q.

(v) The function h(x,q) is convexr in x. In addition, it is assumed that one can find in
polynomial time a subgradient of h(x,q) in X.

If assumption (i) is satisfied, then for any given x € X, the optimal value of the inner
problem maxpe 2 Ep[h(x,q)] in (3.3) is equal to the optimal value c(v*) of the problem:

i . 3.5
B, o) 35

If assumptions (i)-(v) are satisfied, then (3.3) is equivalent to the following problem
min ~ ¢(v). (3.6)

veV(h,x),xeX

Problem (3.6) is well defined, and can be solved by the ellipsoid method to any precision € in
polynomial time. |

Applying Theorem 1 to (1.4) and (1.5), we have an equivalent two-stage semi-infinite pro-
gramming formulation of (1.1)-(1.8) as stated in the following theorem.

Theorem 2 Suppose that Assumptions 1-11 are satisfied. Then the two-stage moment robust
problem (1.1)-(1.8) is equivalent to

min c(vh) + G(x) (3.7)

x€X,vieV(p1,x)

G(x) =Y mGi(x), (3.8)

Gi(x) == min c(var), (3.9)

WEEWE(X),v2 1€V (p2,Wi)



where:

vi = (Y, y, 10 ), (3.10)
c(v1) =y +t, (3.11)
Vi(pr,x) == {vi: 9} > p(x,p) =P Yip—p'y1, ¥p € S (3.12)
ty > (5151 + pp] ) o Y1+ piyr + /ay ‘ ‘21%(}’1 + 2Y1M1)H
Y, = 0},

and for any k € {1,..., K},

Var = (You, Yo Yo g t2) (3.13)
c(Var) = Yoy, + o, (3.14)
Vo r(p2, Wi) i= { Vo : yS,k > pa(Wi,q) — qTngkq - qTY2,1c7 Vq € S, (3.15)

ok > (BoXo + Mz,kﬂg,k) oY, + #zT,kka
1
+ /2 222,k<y2,k + 2Y2,kﬂf2,k)) , Yo, =0}
Problem (3.7)-(3.9) is a two-stage stochastic program, where both stages are semi-infinite

programming problems. We will develop a decomposition algorithm to prove the polynomial
solvability of (3.7)-(3.9) in Section 5.

4 Subgradient Calculation and Polynomial Solvability

In this section, we summarize some known results on convex optimization. We also present
a basic result for computing an e-subgradient for general convex optimization problem. The
following theorem from Grotschel, Lovasz and Schrijver [7] shows that a convex optimization
problem and the separation problem of a convex set are polynomially equivalent.

Theorem 3 (Grotschel et al. [7, Theorem 3.1]). Consider a convex optimization problem
of the form

min ¢’z

ze?
with a linear objective function and a convex closed feasible set 2 C R™. Assume that there
are known constants ag, and R such that B,(ag,r) C Z C B,(0, R). Assume that we have
an oracle such that given a vector z and a number 6 > 0, we can conclude with one of the
following:

1. z passes the test of the oracle, i.e., ensure that z € B,(Z,0) in polyhnomial time.

2. Z does not pass the test of the oracle and it can generate a vector d € R"™ with ||d||, > 1
such that ATz < d”z + § for every z € Z in polynomial time.

Then, given an € > 0, we can find a vector'y satisfying the oracle with some 6 < € such that
cly —e<clz forVz € Z in polynomial time by using the ellipsoid method.

The following proposition tells us that the average of NV e-subgradients is still an e-subgradient
of the average of the N convex functions.



Proposition 1 (Hiriart-Urruty and Lemarechal [8, Theorem 3.1.1]). If hi(x),..., hy(X)
are N convez functions w.r.t. x and Vh{(X),...,Vh§(X) are e-subgraduents of these N
convex function at X, then for any 7y,...,mn € Ry with Zfil mo=1, Zfil miVhi(X) is a
e-subgradient of SN | mhi(x) at X. |

The following lemma shows that the e-optimal solutions of the Lagrangian may be used to
obtain an e-supergradient of the Lagrangian w.r.t. the Lagrange multipliers.

Lemma 1 Consider the convex programming problem defined in (2.1), where f : R" — R,
g : R" — R™ is convex, h : R" — R! is affine, and X is a nonempty convexr compact set.
Assume that {x : g(x) <0} N{x:h(x) =0} NX # &. For any given i € RT, A € R! and
€ >0, if X is an e-optimal solution of O(f, A, i.e,

e <0 X) ~ (/@) + B'(x) + A h(x) <0,
then (g(X);h(X)) is an e-supergradient of 0(-,-) at (@, ), where (-, -) is the Lagrangian dual
defined in (2.2).

Proof It is well known that (g, A) is a concave function w.r.t. (u, ) [3, Sec. 5.1.2]. Since
f, g are convex, h is affine and X is nonempty and compact, we know that (g, A) is finite
for V(u; A) € R™*!. Therefore,

(. ) = min{ £ (x) + u"g(x) + Ah(x)}
< f(®) + #g(%) + ATh(x)

= (%) +[(1:A) — (B A)]" (g(%);h(x)

The following strong duality theorem is from Bazaraa, Sherali and Shetty [1, Theorem 6.2.4].

Theorem 4 Consider the convexr optimization problem (2.1). Let X be a nonempty convex
set in R". Let f : R" - R, g : R* — R™ be convez, and let h : R® — R be affine;
that is, h is of the form h(x) = Ax — b. Suppose that the Slater constraint qualification
holds, i.e, there exists an x € X such that g(Xx) < 0, h(x) = 0, and 0 € int(h(X)), where
h(X) = {h(x) : x € X} and int(-) is the interior of a set. Then,

inf{f(x): g(x) <0,h(x) =0,x € X} =sup{f(p,A) : p > 0}.

Furthermore, if the inf is finite, then sup{0(p,A) : p > 0} is achieved at (f1;\) with p > 0.
If the inf is achieved at x, then p’'g(x) = 0. [

The following theorem states that the e-optimal Lagrangian multipliers can be used as an
e-subgradient of the perturbed convex optimization problem (4.1) at the origin.

Theorem 5 Consider the convex optimization problem (2.1). Let X be a nonempty convex
set in R”, let f : R" = R, g : R®" — R™ be convex, and h : R® — R be affine. Assume that
the Slater constaint qualification as in Theorem 4 holds. Assume that p € R, X € R! are



e-optimal Lagrangian multipliers for the constraints g(x) < 0 and h(x) = 0. Now consider
the perturbed problem:
m(u, v) := minf(x) (4.1)
s.t. g(x) <u
v

with u € R™ and v € R'. Then, w(u,v) is convexr and (@;\) is an e-subgradient of 7(u, v)
at (0,0) w.r.t. (u;v).

Proof The convexity of m(u,v) is known from [3, Sec. 5.6.1]. For any p € R7", A € R, the
Lagrangian function of the original problem 7(0,0) is written as

L(x,p,A) = f(x) + pg(x) + A h(x).

Slater constraint qualification conditions ensure that the strong duality holds. For given
p € R?, X € R, consider the dual problem: (g, ) := infyex L(x,p,\). For any u € R™,
v € Rl let

Y(u,v) ={x:x€ X, g(x) <uh(x)=v}

If Y(u,v) # @, since O(u,A) = infycx{f(x) + pTg(x) + ATh(x)}, for any x € Y(u,v), we
can have:

01 A) = inf {f(x) + B"g(x) + X h(x)}
< f(%) +A"g(x) + A" h(x)
< f(®) +p u+A"v.

The first inequality follows from the definition of inf and the second inequality follows from
f € R Since x is an arbitrary point in Y(u, v), we can take the infimum of the right-hand
side over the set Y(u,v) to get:

0(f.2) < m(u,v) + A u+ A v.

Since 0 < 7(0,0) — 6(i2, A) < €, we know that:
7(0,0) — e < 0(,XN) < 7(u,v) + gTu+ A" v. (4.2)
Inequality (4.2) holds when Y(u,v) = & because m(u,v) = oo in this case. Therefore, we

can conclude that (fz; A) is an e-subgradient of 7(u,v) at (0,0) with respect to (u;v). |

5 A Decomposition Algorithm for a General Two-Stage
Moment Robust Optimization Model

In Section 3 we presented an equivalent formulation (3.7)-(3.9) of the two-stage moment
robust program (1.1)-(1.3) as a semi-infinite program. In this section we propose a decom-
position algorithm to show that this equivalent formulation can be solved to any precision
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in polynomial time. A key ingredient of the decomposition algorithm is the construction of
an e-subgradient of the function G(x) defined in (3.9). Theorem 5 will be useful for this
purpose. First, observe that we can apply Theorem 1 to the second stage problem (3.9) to
solve them in polynomial time. This is stated in the following corollary.

Corollary 1 For Vk € {1,...,K}, let Assumptions 6-10 be satisfied. The second stage
problem Gi(x) defined as (3.9) can be solved to any precision € in polynomial time.

Proof Given k € {1,..., K}, consider the moment robust problem:

min  max E[ps(w, q)].
Wi EWg(x) PEP2 i [IO2< F Q)]

Assumption 8 guarantees that for k£ € {1,..., K} and x € X, the set Wj(x) is nonempty and
bounded. This verifies condition (iii) in Theorem 1. Assumption 6, 7, 9, 10 verify conditions

(1), (i), (iv), (v). N

For any given k € {1,..., K}, define the Lagrangian function L;(X, x) of (3.9) as:

ﬁk(A, X) = min yg Tt tz,k + AT(Wka — hk + TkX) (51&)
Wk7Y2,k7YQ,k7yg7k,t2,k ’
sty = p2(Wi, @) — ' Yorq — q'yar, Vq € .5 (5.1b)
tor > (BopXon + Mz,kﬂg,k) oY, + /&km
+ Qg ‘ ‘Eé,k(}b,k + 2Y2,kl£2,k)‘ ’ (5.1c)
Yo, =0, wp €W. (5.1d)

We now give a summary of the remaining analysis in this section. In Proposition 2, we show
that for any given A, the Lagrangian problem L;(A,x) can be evaluated to any precision
polynomially. In Proposition 3, the e approximate solution of L£;(A,x) can be used to gen-
erate an e-subgradient to prove the polynomial time solvability of the second stage problem
for each given first stage solution x, as stated in Lemma 2 and 3. Based on this result, we
further prove the polynomial solvability of the two-stage semi-infinite problem (3.7)-(3.9) in
Theorem 6.

The following proposition states that (5.1) can be solved to any precision in polynomial time.

Proposition 2 Let Assumptions 6-10 be satisfied. Then, for YA € R2, Ly(X,x) can be
evaluated and a solution (Wi, vay) can be found to any precision € in polynomial time.

Proof Given k € {1,...,K}, x € X, and X € R"2, consider the optimization problem:

i, g, B9 Do ) o

where ¢, (x, X, Wi, q) := pa(Wg, q) + AT (Wrwy, — hy + Tyx). Since AT(Wywy, — hy + Tyx)
is linear w.r.t. wy, Assumptions 10 and 11 are also satisfied for ¢ (x, X, wé,q). Therefore,
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by using Theorem 1, (5.2) is equivalent to

min Yo s + tok (5.3)

Wk7Y2,k7}’2,k7yg’k7t2,k
s.t. y%k Z qbk(xv Aa Wi, q) - qTYQ,kq - quQ,ka vq € y?
tog > (BorXok + Illz,kllgT,k) °Y,, + Il;k}’zk

1
+ /o HEQQ,;C(}Q,;C + QYQ,k,UQ,k)H
Yo, =0, wp €W,
and (5.3) is polynomially solvable. By substituting for y, 4, 25 in the objective, it is easy to

see that (5.3) is equivalent to (5.1), which implies that (5.1) can be solved to any precision
€ in polynomial time. |

The following proposition shows that the e-optimal solution of the Lagrangian problem (5.1)
gives an e-supergradient of Li (A, x) w.r.t. A.

Proposition 3 For any k € {1,..., K}, x € X, A € R, let (W, Vo) := (Wi, You, Yok
ggw tar) be an e-optimal solution of the Lagrangian problem defined in (5.1) for A = A.
Then, W Wy, — hy, — Tyx is an e-supergradient of Ly(A,x) w.r.t. X at A.

Proof Since (5.1) is the Lagrangian dual problem of (3.9), we apply Lemma 1 and the result
follows. |

From Assumption 8, for each x € X and k € {1,..., K},
Gu(x) = sup {L4(\ %)} (5.4)

AeR!2

We make the following additional assumption on the knowledge of the bounds on the optimal
Lagrange multipliers and the optimum value of the Lagrangian. Note that the existence of
these bounds is implied by Assumption 8.

Assumption 12 There exists known constants Ry > 1, 5 and s such that, for Vx € X and
k e {1,...,K}, the optimal objective value of (5.4) is in [s, 5| and the interestion of the
optimal solution of (5.4) and Bx(0, Ry) is nonempty.

The following lemma guarantees the polynomial time solvability of (5.4).

Lemma 2 Suppose that Assumption 12 is satisfied. Given x € X and k € {1,..., K}, we
can find X € R, so that L1, (X, x) > Gr(x) — € in polynomial time.

Proof Given § > 0, denote § = g and consider the problem

Ok(x) :=min —s (5.5a)
s.t. s < Li(A, x) (5.5b)

s<s5<3s (5.5¢)

A € By(0, Ry). (5.5d)

Since Li(A,x) is a concave function w.r.t. A, the feasible region of (5.5) is convex. From
Assumption 12, (5.5) is equivalent to (5.4). Let Ck(x) := {(s5;A) : s < Lx(A,x),s < s <
5, A € Bx(0, Ry)} be the feasible region of (5.5). For (5;\) ¢ B, x(Ck(x), ), either:
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(i) §—6 > L\ x) or

~

(ii) (8,A) violates at least one of (5.5¢) and (5.5d).

If (5, )) satisfies none of (i) and (ii), i.e., §— 8 < ﬁk()\ x) and (5 5c) and (5.5d) are satisfied,
then obviously, (3,)) € B A(Cr(x), 6). Let £5()\ x) be the d-precision value of L’k()\ X)
evaluated from Proposition 2 in polynomial time. £2 ()\ x) < § because LA, x) — 6 <
Ei (A, x) < Lx(X,x) + 6. For condition (ii), it is trivial to check the exact feasibility of (3, )
in polynomail time. Therefore, we get an oracle as:

(1) LA, x) < §
(2) s<sors>s;
(3) A ¢ Bx(0, Ry).

Any (§,5\) ¢ BsA(Ci(x),0) will satisfy at least one of (1)-(3). Consequently, if (8,\) passes
the oracle (1)-(3), (8,)) € By A(Ci(x),6). Now, we prove that for a given (3,X) not passing
the oracle (1)-(3), we can generate a d-cut, i.e, we can find a vector (ds;dy) such that
(dy: d))T(8,X) < (dg;dx)T(s,A) + 6 for V(s,A) € C(x). For a given (8,A), if (1) is satisfied,
then according to Proposition 3, we can generate a 5—supergradient of Lrx(A,x) at X. Let g
denote this 5—supergradient. Since

LA x) < LA x) +8T(A =) + 6 for VA € R”,

inequality s < Li(\,x) + g T\ — )\) + 4 is valid for VA € R2. We combine this inequality
with £3 (X, x) < § and LA, x) — 6 < ) 5(X,x), and get a valid inequality:

s <5+8"(A—A)+ 26 for VA € R,
It implies that:
(~1:@)7(5A) < (~1;8)"(s:4) + 0 for ¥(s;X) € Ci(x).

Obviously, ||(—=1;8)||,, = 1. If (2) is satisfied, either § < s or § > 5. The valid separat-
ing inequality for the first case is: (1;0)7(5;X) < (1;0)7(s;A) and for the second case is:
(—1;0)T(3;X) < (=1;0]T(s; A for V(s; A) € Ci(x). If (3) is satisfied, a valid separating in-
equality is: (0;: —yA)T(5;A) < (0; —A)T(§;A) for V(s;A) € Cy(x), where v > 0 is a constant

that ensures |{(0, —75\) > 1. Let € = %e and s* be an optimal solution of max(s xjec, (x) 5-

From Theorem 3 we have a (§;A) € B A (Cr(x), €) satistying the oracle (1)-(3) with some
9 < €in polynomial time in log( %), such that § > s*—¢é. According to the definition of Cy(x),
we know that s* is the optimal objective value of (5.4). On the other hand, since (3; ) sat-
isfies the oracle (1)-(3) with some 6 < €, we have that s* — € < § < L'i(;\, x) < Li(A,x) + 6.
Therefore, s* < Lp(A,x) + 3¢ =Lk (X, x) 4+ e. We conclude that (5.4) can be solved to any
precision € in polynomial time. |
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According to Proposition 2, for Vx € X and k € {1,..., K}, the second stage problem G(x)
can be solved to any precision in polynomial time. The next lemma claims that the recourse
function G(x) can be evaluated to any precision in polynomial time.

Lemma 3 Suppose that Assumption 12 is satisfied. Let x € X, and the recourse function
G(x) be defined in (1.2). Then, (i) G(x) can be evaluated to any precision €; (ii) an €-
subgradient of G(x) can be obtained in time polynomial in log(%) and K.

Proof For a given ¢ > 0, from Lemma 2, G(x) can be obtained to ¢ = $-precision in
polynomial time. Let sé, A be an é-optimal solution of (5.4). Since —¢é < Gj(x) — s < ¢,
sC+ € > LA, x) > s& — ¢, we see that —e < Gi(x) — Lx(Af,x) < e. We can apply
Theorem 5 to conclude that —TF A is an e-subgradient of Gj(x) at x. Therefore, with
Gr(x) == S8 mGr(x), we have:

K
—e < G(x) — Zwksi < €,
k=1

which implies that G(x) can be evaluated to e-precision in polynomial time. From Theorem
L, — fozl m TEXE is an e-subgradient of G(-) at x. |

The following Lemma shows that the feasibility of the semi-infinite constraint (5.6b) can be
verified to any precision in polynomial time.

Lemma 4 (Delage and Ye 2010). Assume the support set ¥ C R™ is convex and compact,
and it is equipped with an oracle that for any & € R™ can either confirm that £ € . or
provide a hyperplane that separates € from . in time polynomial in m. Let function h(x,§)
be concave in & in time polynomial in m. Then, for any x, Y = 0, and y, one can find a
solution &* that is e-optimal with respect to the problem

max t (5.6a)
st.t <h(x,€) —€TYE €Ty (5.6Db)
s (5.6¢)
in time polynomial in log(2) and the dimension of €. |

The next theorem shows the solvability of the two-stage problem (3.7)-(3.9) with recourse
function G(x).

Theorem 6 Let Assumptions 1-12 be satisfied. Problem (3.7)-(3.9) can be solved to any
precision € in time polynomial in 10g(%) and the size of the problem (3.7)-(3.9).

Proof We want to apply Theorem 3 to show the polynomial solvability. The proof is divided
into 5 steps. The first step is to verify that the feasible region is convex. Secondly, we prove
the existence of an optimal solution of problem (3.7)-(3.9). In step 3 and 4, we establish the
weak feasibility and weak separation oracles. We then verify the polynomial solvability of
(3.7)-(3.9) by applying Theorem 3 in step 5.
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Step 1. Verification of the Convexity of the Feasible Region

Let z := (x,Y1,y1,4?, t1,7) and rewrite (3.7) as:

min WA+t +T (5.7a)
st. > G(x) (5.7b)
> p(x,p)—p Yip-p'y, Vp €S (5.7c)
t1 > (6151 + ppy) o Y1+ piyi ++/ar 21%(}’1 +2Y 1) ‘ (5.7d)
Y, =0 (5.7¢)
x € X. (5.7f)

From Proposition 2, for Vk € {1,..., K}, Gr(x) can be evaluated to any precision in poly-
nomial time. Since Gj(x) is a convex function w.r.t. x, G(x) is a convex function w.r.t. x.
It implies that (5.7b) is a convex contraint. According to Assumption 5, (5.7e) and (5.7¢)
are convex, (5.7d) is a second order cone constraint, which is convex. Constraints (5.7e) and
(5.7f) are obviously convex. Therefore, the feasible region of (5.7) is convex.

Step 2. Existence of an Optimal Solution of (3.7)-(3.9).

Let X € X and z := (X,Y1,¥1,9),%1,7) be defined as: 7 = G(X), Y =1L y =0, ¥ =
SUPpe o {p1(X, p) — PTY1p}, By = trace(51E1 + papl ) + 2y/on HzfulH. Then Z is a feasible
solution of (5.7). Note that 7 exists because .#; is compact. Therefore, the feasible region

of (5.7) is nonempty. On the other hand, from Theorem 1 and Assumptions 1-5, the set of
optimal solutions of the problem:

. 0
min Y, +1 5.8
x7Yl7y11y(1]7t1 ! ! ( )

st.yl > pi(x,p) =P Yip— P y1, Vp € A,
t1 > (51 +pap]) o Y1+ plyr +oq Hzf(}’l + QYlﬂl)H ,
Y, =0, x€ X,

is nonempty. Let us assume that the optimal objective value of (5.8) equals ;. From Lemma
2, the recourse function G(x) is finite for ¥x € X'. Since X is compact, Vo := mingey G(x)
is finite. Since the optimal objective value of (5.7) is no less than ; + 72, we conclude that
(5.7) has a finite objective value and the set of optimal solutions is nonempty.

Step 3. Establishment of the Weak Feasibility Oracle

According to Assumption 3, we know that By (xo,73) C X C Bx(0, R}). Let x =%¢. Y, =1
and y = 0. Let 0 < ry < 75 be a constant such that Y, +8 > 0 for V[[S||, < ro, where
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|||  is the Frobenius norm of matrices. Let

Yy, = sup {m(x,p)—pP YiP—DP'yi1}+70
1Y 11| z<ro,|ly1]|<r0,||x—x%0||<7r0,PES
1
L = sup {(B1Z1 + i) o Y1 +ply Y2 (y1 +2Yim) )} + 70
[1Y1—I|| p<ro,|ly1]|<ro
= sup G(x)+ro.

x€ Bx(x0,70)

Z = (X Y17y17 ylvt >

Then, the feasible region of problem (5.7) contains the ball B,(z,7). On the other hand,
let Ry > 7o + ||z|| be a constant such that the intersection of the set of optimal solutions of
problem (5.7) and the ball B,(0, Ry) is nonempty. Consequently, solving (5.7) is equivalent
o (5.7) with the additional constraint z € B,(0, Ry). Let the feasible region of problem
(5.7) with this additional constraint be C'. From the above discussion, we have B,(z, 1) C
C C B,(0,Ry). Given § >0, let 6 = 2. Let 2 := (X, Y1,¥1,7, 90, f1) & B,(C, ). The point
z satisfies at least one of the following three conditions.

(i) 740 < G(X);
(i) 99+ 0 < suppess {p1(X,P) = P"Yip — P’ Y1 };
(ili) z at least violates one of (5.7d)-(5.7f).

If none of the conditions (i)-(iii) is satisfied, then z € B,(C, ). If (i) is satisfied, since G(x)

can be evaluated to precision § in polynomial time for Vx € X, we have that 7 < G°(%),

where G°(X) is the d-optimal objective value of G(%) according to Proposition 2. Assume
that (ii) is satisfied. According to Lemma 4, sup,c s, {p1(X,P) — p”Y.p — p’y1} can be
found to o precision polynomially. Let p be the corresponding ) optimal solution. Then
condition (i) implies that 79 < p(X,p) — PTY1p — pTy1. We have an oracle system as:

F < GF(R); (5.9)
9 < p1(%,p) — P"Y1D - P'Y1; 5.10)
t < (B'S) +mpl) o Yy + pi 31 + Var ’ ‘21%(5’1 +2Y 1) ‘ ; 5.11)
)
)

(

(
Y10 (5.12
x¢ X. (5.1

We need to show that the system (5.9)-(5.13) can be verified in polynomial time. Condition
(5.9) can be verified in polynomial time by using Lemma 3. Condition (5.10) can be veri-
fied in polynomial time by using Lemma 4. Condition (5.11) can be verified by verifing the
feasibility of (5.7d). Condition (5.12) can be verified using matrix factorization in O(m?})
arithmetic operations. Condition (5.13) can be verified in polynomial time according to As-
sumption 3. In addition from the above discussion, if z does not satisfy any of (5.9)-(5.13),
then z € B,(C,0).
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Step 4. Establishment of the Weak Separation Oracle

In Step 3, we showed that the oracle system (5.9)-(5.13) can find any z ¢ B,(C,0) and can
be verified in polynomial time. If any of (5.9)-(5.13) are satisfied, we will prove that we can
generate an inequality which separates z from the feasibility region C' with d-tolerence, i.e.
satisfy the condition 2 described in Theorem 3. Assume that a point z is given. If (5.9)
is satisfied, from Lemma 3 we can obtain a é- subgradient of G(x) at x. Let us denote this
d-subgradient as g. Since G(x) > G(A) gT(x — %) — 6 for Vx € X, we generate a valid

inequality: 7 > G(x) + g7 (x — %) — 0. Combining with G%(%) — § < G(X) < G%(X) + § and
G5( ) > 7, we get the separating hyperplane (5.14):

(—g;0;0;1;0;0) vec(z) + 6 > (—g;0;0;1;0; 0] vec(z) (5.14)

for Vz € C, where vec(z) = (X vec(Yl);yl;y?;tl;T) and vec(+) vectorizes a matrix. It is
clear that: ||(g;0;0;1;0;0)||

If (5.10) is satisfied, assume p be the d-optimal solution of problem (5.6) w.r.t. z. Then, we
can generate the separating hyperplane:

—(Vxpr(%, D) vee(pp’ ); ;0 1;0) vec(z) > —(Vxpr (%, p);vec(pp’): b; 0; 1;0) vec(2),
(5.15)
for Vz € C, where Vyp;(x,p) is a subgradient of p;(x,p) w.r.t. x (Assumption 4). Note
that: [|(Vaps (%, B); vec(pp®); i 0:1;0)| | > 1.

If (5.11) is satlsﬁed a valid inequality can be generated as: (5%, +A,u1,u1T + G) Y + (p +
g)ly —t1 <glp + GeY, — g(Yl,yl) where g = Vylg(Yl,yl), G =mat(Vy,9(Y1,¥1)),

1
9(Y1,y1) ‘212(}’1 +2Y1#1)H, and Vy,g(Y1,¥1); Vy,9(Y1,y1) are the gradients of

9(Y1,y1) in Y, and y; respectively. Note that mat(-) puts a vector to a symmetric square
matrix. It implies that:

— (0;vec(B181 + pipl + G); (uy + §);0;1)Tvec(z) <
— (0; vec(6181 + pupt + G); (1 + g);0; 1) Tvec(z)
for Vz € C. Obviously,

(O veclBiz + il + G): (i + &) 051)|| =1,

If (5.12) is satisfied, a separating hyperplane can be generated based on the eigenvector
corresponding to the lowest eigenvalue. The vector to represent this nonzero separating hy-
perplane can be scaled to satisfy the requirement ||-[| . > 1. If (5.13) is satisfied, a separating
hyperplane with ||-|| ., > 1 can be generated in polynoial time according to Assumption 3.

Step 5. Verification of the Polynomaial Solvability

According to the analysis in steps 1-4, we can apply Lemma 3 to conclude that for a given

€>0and € = 3, we can find a z := (X Y., y1,9%, £, 7) in time polynomial in log(%), such
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that 2 satisfies the oracle (5.9)-(5.13) with some 6 < € and §{ +#, + 7 < n* + ¢, where n*
is the true optimal value of the problem (3.7). Since z satisfies the oracle (5.9)-(5.13) with
d < €, the solution z* = (x, Yl,yl,g? + é,11,7 + €) € C and the objective value associated
with z* is no greater than n* 4+ 3¢ = n* + €.

In summary, we have shown that problem (3.7)-(3.9) can be solved to any precision in
polynomial time. |}

Remark: Delage and Ye [5] use Lemma 4 to verify the feasibility of the constraint (5.6b). For
infeasibility point, a separating hyperplane can be generated by using the optimal solution
of (5.6). The assumption they make is that an exact solution of (5.6) can be found. Lemma
4 can only claim that the problem can be solved to e-precision for the two-stage moment
robust model. In the proof of Theorem 6, we show that it is enough to use the b} optimal
solution to verify the feasibility of (5.6) and generate a separating hyperplane.

6 A Two-Stage Moment Robust Portfolio Optimiza-
tion Model

In this section we analyze a two-stage moment robust model with piecewise linear objectives.
In Section 6.1 we show that when (1) the probability ambiguity sets &2, an s, are described
by (1.6)-(1.7) or exact moment information; (2) the support .#; and . are the full space
R™ R™ or described by ellipsoids, the two stage moment robust problem can be reformulated
as a semidefinite program. Note that the single stage moment robust model with piecewise
linear objective and probability ambiguity set described by exact moments are discussed
by Bertsimas et al. [2]. In Section 6.2 we study a two-stage moment robust portfolio
optimization application with practical data. Our numerical results suggest that the two-
stage modeling is effective when we have forecasting power.

6.1 A Two-Stage Moment Robust Optimization Model with Piece-
wise Linear Objectives

Consider the two-stage moment robust optimization model:

{(Iéi}(l max Ex[U(p"x)] + G(x), (6.1)
G(x) =)  mGi(x), (6.2)
Gr(x):= min  max [U(q"wy)], (6.3)

Wi EWg(x) PEP i

where X and Wg(x) are described by linear, second-order cone and semidefinite constraints,
and the ambiguity sets &, and P are defined in (1.6)-(1.7). The utility function U(-)
is piecewise linear convex and defined as: U(z) = max;—; . a{ciz + d;}, where ¢, di, k =
1,..., M are given. Let Assumption 1 and Assumption 6 be satisfied. By applying Theorem
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1, problem (6.1)-(6.3) is equivalent to:

min ¥+t + G(x), (6.4)

%Y1,y

s.t. y? > cipTx+di —pTYlp—pTyl, Vpe SA,i=1,..., M,

1
ty > (BiZ1 + papy ) o Y1+ piyr + Vor ||BE(y1 +2Y 1)
Y1 >~ 0, X € X,

)

where

G(x) =Y mGi(x), (6.5)

Gr(x) = min Yo 1 + tok, (6.6)

kaYQ,k7YQ,kayg7k7t2,k
stoyor > cd Wi+ di —q" Yorq — q'yan, Vg IS i=1,..., M,
to > (BoXon + NQ,kll;k) °Y,, + Mg,k}’zk,

+ Vo Hzg,k(}’zk +2Y 5 o k) ’ ;

Y2,k >0, w € Wk(X)

The piecewise utility function U can be understood as a convex utility on the linear objective
p’x and q! w;. Now we discuss three subcases: (i) Assume that .} and . are convex and
compact; (ii).#7 = R™ and . = R", where n; = dim(x) and ny = dim(wy); (iili) .7
and .% are described by some ellipsoids, i.e. % = {p : (p — po)?Qi(p — po) < 1},
S =1{q:(q—q0)TQz2(q — qo) < 1}, where py, Q1, qo and Q, are given and matrices Q,
and Qy have at least one strictly positive eigenvalue. For case (i), problem (6.1)-(6.3) will
be a special case of the general model analyzed in Section 5. For cases (ii) and (iii), we give
two-stage semidefinite reformulations of (6.4)-(6.6). The next lemma from Delage and Ye [5]
provide an equivalent reformulation of the semi-infinite constraints in (6.4)-(6.6).

Lemma 5 (Delage and Ye 2012 [5]). The semi-infinite constraints
EYE+Ey+yo >l x+d, Ve S i=1,..., M, (6.7)
can be reformulated as the following semidefinite constraints.

(1) If ¥ =R™, we can reformulate (6.7) as:

1 — .
<l Y 2(y C’LX)) t07V’L:177M (68>
(Y

—ex)t oy —d;
(2) If & ={&: (£ —&)TO(& — &) < 1}, we can reformulate (6.7) as:

Y sy — ex) ([ © —64, ‘ .
(%(y—ciX)T Vo — d - 670 6760, - 1 T >0Yi=1,...,M, (6.9)

where g is given and © > 0 has at least one strictly positive eigenvalue.

18



By the following theorem applying Lemma 5 to (6.4)-(6.6), we can reformulate (6.1)-(6.3) as
a two-stage semidefinite program.

Theorem 7 Let Assumption 1 and Assumption 6 be satisfied. If (i) 1 = R™ and /5 =
R or (i) #1 ={p: (P—Po) QP —po) <1}, ¥2 ={a: (a—q0)" Qa(q — qo) < 1},
where po, Q1, qo and Qo are given and matrices Qi and Qs have at least one strictly
positive eigenvalue, then the two-stage moment robust problem (6.1)-(6.3) is equivalent to
the two-stage semidefinite programming problem:

min )+t + G(x), (6.10)
xY1,y1,99,t1

Yl Y1—CiX
s.t. ( 2 )tTiBla forizl,...,M,

—e;x)T
(y1 . ) y(l) —d;

1
ty > (5181 + mapt) o Y1 +piy1 + vor ||BF (y1 4+ 2Y )| |
Y1 >~ O,X € X,
where
K
G(x) := Zﬂ'ka(X), (6.11)
k=1
Gr(x) = min Y9 .+ tok, (6.12)
wk7Y2,kzy2,kzyg’k7t2,k '
Y Y2,k —CiWEk
s.t. (YZk*Q"’]VCk)T 0 2 iTiB2 for i = 1,...,M,
’T yQ,k — d;
to > (BoXor + #2,kll2T,k) ° Y, + Il'g,kYZIc
+ Vg ||E3 . (yor +2Ya ko k) ’ ;
Yor = 0,wp € X,
where
(1) B1 IBQ IO 1f,71 :Rnl, yz :Rn2,
Q: —Q1po ) ( Q2 —Q2qo ) .
2) B, = , By = ,if A = : -
(2) B <—poTQ1 P0TQ1I)0 —1 2 —quQ2 quQ2QO -1 ! P (p

Po) Qi(p —po) <1}, 2 ={q:(q—q0)"Qa2(q — qo) < 1}.

Equations (6.10)-(6.12) are standard two-stage linear semidefinite programming problem.
Two-stage linear semidefinite programs can be solved using interior decomposition methods
in [11, 12, 10]. The performance will be demonstrated in our context in Section 6.2.

Another interesting case of model (6.1)-(6.6) is to assume that the ambiguity sets &7, and
Py, are described by the exact mean vector and covariance matrix, i.e. & and Py, are
given as:

Py ={P:Pe My, Ep[l] = 1,Ep[p] = 1, Ep[pp’] = Ty + pupl,pp € A}, (6.13)
P ={P: P € My, Ep[1] = 1,Ep[q] = proy, Bp[Aq’ ] = Bo + poppts s, G € S} (6.14)
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We continue to assume that 3;,3,; = 0. We now analyze the two-stage moment robust
model with piecewise linear objective and ambiguity sets &% and &5, defined in (6.13)-
(6.14), and focus on the cases (i) 4 = R™ and . = R™, where n; = dim(x) and
ny = dim(wy); (ii) . and % are described by some ellipsoids, ie. . = {p : (p —
Po)"Qi(p — po) < 1}, %% = {a: (4 — q0)"Q2(q — qo) < 1}, where py, Q1, qo and Qs are
given and matrices Q; and Qs have at least one strictly positive eigenvalue. We provide an
equivalent two-stage semidefinite reformulation in the following theorem.

Theorem 8 Assume 31,35y > 0 for Vk. Consider the cases (i) FP=R" and .* =R™;
or (i) S ={p: (P —Po) QP —po) < 1}, %2 = {a: (ad—a)"Qz(q — qo) < 1}, where
Po, Q1, o and Qs are given and matrices Qi and Qo have at least one strictly positive
eigenvalue. Then, the two-stage moment robust problem (6.1)-(6.3) is equivalent to the
two-stage semidefinite programming problem:

min (B4 papy) o Yo+ plyr + 4 + G(x), (6.15)
x,Y1,y1,9)
t<Y1 YIQCi)>Bf'1 M
S.T. —e;x)T Dy, I0T 1 =1,..., y
(y1 . ) y? —d;
x € X,
where
K
G(x) = Zkak(x), (6.16)
k=1
Gr(x) = min (B2 + Motz )  You + pa Yok + Yo (6.17)

0
Wi, Y2, 1,52,k:Y3 k

Y2k; Y2,k CiWk
s.t. . \T 2 iTiBngI'Z':L...,M,

W% yg,k — Gy
Wi € Wk(X),
where By and By are defined in Theorem 7.

Proof Given x € X, the dual of the inner problem (6.18)

T
max Ep[U(p"x)] (6.18)
can be written as:
min (3 +ppy) @ Yo+ piyi + 4, (6.19)
Y1,y1,97
st.p Yip+p'yr+yl >U(q'x) for Vq € 7. (6.20)

Since U(z) = max;—;__a{ciz + d;}, constraint (6.20) is equivalent to:

.....

p’Yp+plyi+) >cq’x+d forvVqe . A,i=1,...,M. (6.21)
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Applying Theorem 5 to (6.21), we know that the inner problem (6.18) is equivalent to the
semidefinite programming problem

min (21 + pipy) o Yo+ piyi + i, (6.22)
Yi,y1,49
Y]_ Y1—G¢X
s.t. ((ylcix)T 0 ) =By, fori=1,..., M. (6.23)
gt 4,

Similarly, we can prove that for each given x € X', k = 1,..., M, w; € Wi(x), the inner
problem

Ep(U(q" 24
prax Ep[U(q we)] (6.24)

is equivalent to the semidefinite programming problem

min_ - (Zok + pogng) @ Yor + B3k + Yo (6.25)
Yo ko¥2,k0Ys
Y Y2,k —CiWg
S\ (yaroome)™ o 2 | = miBa, fori=1,... M. (6.26)
a5 Yo —

We can get the desired equivalent two-stage semidefinite programming reformulation (6.10)-
(6.12) by combining the equivalent reformulations (6.22)-(6.23) and (6.25)-(6.26) with the
outer problem. |

6.2 A Two-Stage Portfolio Optimization Problem

In this section we study a two-stage portfolio optimization problem based on model (6.1)-
(6.3). The problem is described as follows. An investor needs to plan a portfolio of n assets
for two periods. In the first period, the first two moments, pq and X; + ppul are the
known information of the probability distribution of the return vector p = (p1,...,p,)7T.
The probability distribution of the return vector p can be any probability measure in the
ambiguity set &) defined in (6.13). The magnitude of the variation between the investment
strategy x and initial strategy xo should not excede ¢, i.e. ||x —xo|| < §, to maintain
investment stability and reduce trading costs. The investor reinvests in the n assets at the
beginning of the second period. Similarly, the deviation between the investment strategy
of this period and the strategy x of the last period should not exceed §. The probability
distribution of the return vector of the second period depends on some scenario € drawn
from distribution ID. Assume that the sample space of distribution ID consists of K scenarios
£, ... €K Let the probability distribution of the return vector q = (qi,...,¢,)? be in the
ambiguity set Py, defined in (6.13). We assume that the investor is risk-averse and use a
piecewise linear concave utility function as: w(y) = mineqr, ay al y + b;. The total utility
of the investor is the sum of utilities from both stages. We consider two options for the
choices of .7 and %%: either ./ = %% =R or ./ = {p: (p — po)'Qi(p — po) < 1},
S =1{q:(q—q0)"Qz2(q — qo) < 1}, where matrices Q; and Q, have at least one strictly
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positive eigenvalue. Therefore, we model this investor’s problem as:

min max Ep[max —a;p’ x — b;] + G(x),
x Pes 3

st |jx — x| <6,

eTX:]-a X < X < Xy,

G(X) = Zﬂ'ka(X),

Gr(x) ;= min max Ep[max —a;q"wt — bi,
Wi PE,@Q,]C 7

st ||x —xol| <6,

e’wp =1, wi < wp, < Wiy,

(6.27)

(6.28)

(6.29)

where e is the n-dimensional vector with 1 in each entry, and x;, x,,, Wy, Wy, are bounds
on the investments. A direct application of Theorem 8 results in the following theorem.

Theorem 9 Assume 3, ¥y > 0 for k = 1,...,M. The two stage portfolio optimiza-
tion problem (6.27)-(6.29) is equivalent to the two-stage stochastic semidefinite programming

problem:
min (2 +pip]) e Y1+ piyr + 3 + G(x), (6.30)
an17y17y1
Yl l(yl -+ CLiX) .
s.t. 2 -7B,i=1,..., M,
(%(}ﬁ + a;x)" yi + b - !
|Ix = xol| <9,
efx=1,% <x<x,,
>0Vi=1,..., M,
K
G(x) =Y mGi(x), (6.31)
k=1
Gr(x):=  min (3 + Poibs i) ® Yoy + B3 o yok + U5 g (6.32)
Wi, 2,k7YQ,kvy2‘k
Yo l(}’2 K+ a;wWg) :
s.t. ’ 2 f >~ iB,Zzl,...,M,
(%(YM + a;wi) " yS,i + b; = kD2
|[wy — x| <6,
e'wy =1, wi; < wy, < Wi,
Nik Z O,V'l = 17"'7M7
where
(1) By =By =0 if &/ =R";
Q: —Q1po Q: —Q2qo .
2) B, = , By = L if A = : —
(2) B (—PoTQl PoTleo -1 ? —quQ2 quQ2QO -1 f p:(p

Po) " Qi(p — Po) <1}, 7 = {q: (4 — q0)"Qa(q — qo) < 1}.
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6.3 Computational Study

In this section the two stage model (6.27)-(6.29) is numerically studied with practical data.
We first choose a multivariate AR-GARCH model to forecast the second stage mean vector
Mo and covariance matrix 3, from the first stage moments gy and 3;. Then we compare
the performance of our two stage moment robust model with the other two models, i.e. (1)
stochastic programming model and (2) single stage moment robust model. Our empirical
results suggest that our two-stage moment robust modeling framework performs better when
we have predictive power.

6.3.1 Establishing Parameters of the Two-Stage Portfolio Optimization Model

In the numerical example, the vectors p and q in (6.27)-(6.29) are return vectors in period ¢
and t+ 1. The return process r; is described by a multivariate AR-GARCH model as follows:

ry = ¢o+ G111 + €, € ~ N(0,Qy), (6.33)
Q; = CC”" + ATe, 1€l AT + B"Q, ,B. (6.34)

The expected return r; is predicted by using a multivariate AR model and the covariance is
predicted by a multivariate BEKK GARCH model. The data set is a historical data set of
3 assets over a 7-year horizon (2006-2013), obtained from Yahoo! Finance website. The 3
assets are: AAR Corp., Boeing Corp. and Lockheed Martin. The basic calibration strategy
is to use least squares to solve the multivariate AR model to get the residuals € and then use
€ as an input for the BEKK GARCH model [9]. The return model is described as follows. At
the beginning of a certain day t, we estimate the expected return r; and covariance matrix
Q; of the current day by using the data of the last 30 days. We then use the AR-GARCH
model (6.33)-(6.34) to forecast Q41 and then ry,; follow the distribution N (¢~ ¢1rs, Qrs1)-
We start by generating (r; + 1) using an n-dimensional Sobol” sequence [4, 6]. We start to

generate a set of K n-dimensional Sobol’ points (Sy, ..., Sk). Then we set €; = gjfb_l(Si),
1=1,..., K, where ® is the cumulative normal distribution function. Finally, we generate
K samples of ryyq, i.e. Tyq1,..., i1k by using (6.35).

Tip1;=¢0+ o1y + €, 1=1,..., K. (6.35)

At the beginning of day ¢, we optimize the investment strategy x by considering the forecasts
of day t+ 1. We will use the data from ¢t — 750 to ¢t — 1 (around 3 year) to calibrate the model
(6.33)-(6.34). We re-calibrate the model at the beginning of each day. The two-stage linear
conic programming model (6.30)-(6.32) is solved by using SeDuMi [18]. In particular, the
parameters are chosen as follows, . = %% =R", § =1, x; = wi; = —e and x, = Wy, = €
for Vk. Note that the lower bounds x; and wy,, are negative since the investor is allowed to
take a short position. We start from 2009 and solve the problem for each day in 2009-2012.
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6.3.2 Static Models

We compare our two-stage model (6.27)-(6.29) with the single stage moment robust model
which is described as:

: T
min Er};% Ep[U(p” x)],

st ||x — x| <6,
elx =1,

XZSXSXU7

where U(-) is the piecewise-linear concave function described in Section 6.1 and 7 is the
probability ambiguity set defined in (6.13).

6.3.3 Evaluating the Significance of the Two-Stage Moment Robust Model

Computational results for the two stage robust model and the static models are shown in
Figures 1 and 2 for a three asset and a ten asset problem. These results show that in the
case of the three asset problem the returns from the two-stage model are better than those
from the static model. However, in the case of the ten asset problems the returns are not
significantly different. This is because in the two-case model the AR-GARCH model appears
to have greater predictability of returns on this subset of assets than in the case of the ten
asset problem. Nevertheless, this example illustrates that the two-stage robust model can
out-perform the static robust model when we have future predictive ability in the system.

1.8 T T T
Single stage
Two stage
1.6+
1.4+ i
1.2+ ) (L i
11
0.8} | .
l
0.6 i
04 1 | | 1
2009 2010 2011 2012

Figure 1: The summary of comparison in 2009-2012 (3 assets, i.e. AAR Corp., Boeing Corp.,
Lockheed Martin).
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1.5 ‘ ‘
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2009 2010 2011 2012

Figure 2: The summary of comparison in 2009-2012 (10 assets, i.e. AAR Corp., Boeing
Corp., Lockheed Martin, United Technologies, Intel Corp., Hitachi, Texas Instruments, Dell,
Hewlett Packard and IBM Corp).

6.3.4 Algorithmic Performance

We summarize the computational performance of the two-stage model for both 3-asset and
10-asset problems by generating K = 100; 200; 500; 1000 samples for the second stage prob-
lem. The results are summarized in Table 1. We find that that the average number of IPM
iterations do not change with the number of second stage scenarios. We also find that the
average runtime increases linearly with the second stage sample size. Both facts implies that
our two-stage moment robust model can be solved efficiently by applying the interior point
method.

Table 1: Summary of Computational Results.

Sample Size Avg Num of IPM Iterations | Average Runtime (sec)
3-Asset 10-Asset 3-Asset 10-Asset
100 10.7088 15.2821 2.1780 12.9273
200 9.9468 12.8203 3.4871 12.7866
200 9.4116 11.4237 6.8157 33.8398
1000 8.6606 11.0743 13.1113 79.8326
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7 Conclusion

In this paper, we propose a two-stage moment robust optimization model. We show that
under certain general assumptions, this model can be solved to any € precision in polynomial
time. New analysis was required because the second stage problem could only be solved to
e precision. The weak version of the polynomial solvablity theorem of Grotschel and Lovasz
[7] for convex programs was needed to prove the polynomial solvability. Although the second
stage problem has a discrete support, it can be generalized to the continuous support case
by the Sample Average Approximation technique, whose convergence is guaranteed (see
[15] for details). A two-stage portfolio optimization model with piecewise linear objective
is presented and practical data are used to prove the effectiveness and solvability of the
two-stage moment robust model.
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