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STEP OPTIONS

VADIM LINETSKY

Department of Industrial and Operations Engineering, University of Michigan

Motivated by risk management problems with barrier options, we propose a flexible modification of
the standard knock-out and knock-in provisions and introduce a family of path-dependent options:step
options. They are parametrized by afinite knock-out (knock-in) rate,ρ. For a down-and-out step option,
its payoff at expiration is defined as the payoff of an otherwise identical vanilla option discounted by
theknock-out factorexp(−ρτ−B ) or max(1− ρ τ−B ,0), whereτ−B is the total time during the contract
life that the underlying price was lower than a prespecified barrier level (occupation time). We derive
closed-form pricing formulas for step options with any knock-out rate in the range [0,∞). For any
finite knock-out rate both the step option’s value and delta are continuous functions of the underlying
price at the barrier. As a result, they can be continuously hedged by trading the underlying asset and
borrowing. Their risk management properties make step options attractive “no-regrets” alternatives
to standard barrier options. As a by-product, we derive a dynamic almost-replicating trading strategy
for standard barrier options by considering a replicating strategy for a step option with high but finite
knock-out rate. Finally, a general class of derivatives contingent on occupation times is considered and
closed-form pricing formulas are derived.

KEY WORDS: barrier options, path-dependent options, occupation time, Feynman–Kac formula,
Laplace transform

1. INTRODUCTION

1.1. Risk Management Problems with Barrier Options

Barrier options have become increasingly popular over the last several years in over-
the-counter options markets. A large variety of barrier options are currently traded in
foreign exchange, equity, and fixed-income markets. The popular knock-out options are
extinguished (knocked out) when the price of the underlying asset hits a prespecified price
level (barrier) from above (below) for down-and-out (up-and-out) options. Closed-form
pricing formulas for barrier options were obtained by Merton (1973) for a down-and-out
call and Rubinstein and Reiner (1991) for all eight types of barrier options (see also Derman
and Kani (1993) and Rich (1994) for details). Barrier options are often attractive to investors
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because they are cheaper than vanilla contracts. If an investor believes that it is unlikely
that the underlying asset price will fall lower than a certain price level (support), he could
consider adding a knock-out provision to his option with the barrier set at the support
level, thus reducing the premium payment. By including the barrier provision, he can
eliminate paying for those scenarios he feels are unlikely. The reduction in premium can
be substantial, especially when volatility is high.

However, these benefits come at a cost. Thediscontinuityat the barrier inherent in
knock-out contracts creates a number of problems for both option buyers and sellers. An
erroneous short-term price movement through the barrier can extinguish the option, leaving
the buyer without his position. Even if an investor is generally right on market direction, a
short-term price spike through the barrier can lead to the loss of the entire investment.

Furthermore, when large positions of knock-out options with the same barrier level are
accumulated in the market, traders who sold the options can attempt to drive the price of
the underlying through the barrier, thus eliminating their liabilities and creating massive
losses for barrier options buyers by triggering the barriers. This creates an obvious conflict
of interest between investors and dealers, and may lead to short-term market manipulation.

This is vividly illustrated by the events in the foreign exchange market in 1995. According
to theWall Street Journal,1

Knock-out options can roil even the mammoth foreign-exchange markets
for brief periods. David Hale, chief economist at Kemper Financial in
Chicago, notes that in the past year, many Japanese exporters moved to
hedge against a falling dollar with currency options. Confident at the time
that the dollar would fall no further than 95 yen, the exporters chose options
that would knock out at that level. Once the dollar plunged through 95 yen
early last month, “they lost everything,” he says. The dollar then tumbled
as the Japanese companies, “which had lost their hedges, scrambled to
cover” their large exposures by dumping dollars.

Making matters more volatile, dealers say that pitched battles often erupt
around knock-out barriers, with traders hollering across the trading floor of
looming billion-dollar transactions. In three or four minutes it is all over.
But in that time every trade gets sucked into the vortex.

As a result, according toDerivatives Week,2 “Some U.S. players are keen to include
a statement [in the standardized trade confirmation for barrier options – V.L.] alerting
counterparties to that fact they may be involved in other trades that could move the market
and extinguish the barrier.”

This situation prompted some market participants to appeal for regulation of knock-out
options. George Soros went so far as to suggest they be banned. He said in his recent book
“Knock-out options relate to ordinary options the way crack relates to cocaine” (Soros
1995). He went on to explain why he thought they should be banned:

I would not have said that a few months ago, when I testified before
Congress, but we have had a veritable crash in currency markets since
then. As I have said before, knock-out options played the same role in the
1995 yen explosion as portfolio insurance did in the stock market crash of
1987, and for the very same reason. Portfolio insurance was subsequently

1“Do Knock-out Options Need to Be Knocked Out?”Wall Street Journal, May 5, 1995.
2“Barrier Options Standard Waits on Risk Disclosure,”Derivatives Week, November 6, 1995.
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rendered inoperable by the introduction of the so-called circuit breakers.
Something similar needs to be done now with knock-out options. (emphasis
added)

The barrier option’s delta is discontinuous at the barrier (and the gamma explodes to infinity),
thus creating hedging problems for option sellers as well. To hedge barrier options, dealers
establish static positions in a series of standard vanilla options that provide a good hedge
for a wide range of underlying prices. However, when the underlying price nears the barrier
level, these static hedges need to be rebalanced, which results in a flurry of trading activity
in vanilla options (see Bowie and Carr 1994 and Derman, Ergener, and Kani 1995 for
static replication of barrier options). This, in turn, results in further trading activity in the
underlying asset as dealers who sold vanilla options to hedgers of knock-out options need to
dynamically hedge their exposure (see Malz 1995). This increases market volatility around
popular barrier levels and increases the cost of hedging barrier options.

Another example of problems created by the discrete nature of barrier options is provided
by recent events in the Venezuelan bond market.3 A group of hedge funds managed by
Steinhardt and Leitner purchased from Merrill Lynch and other dealers $500 million of
barrier (up-and-in) puts on Venezuelan bonds with the strike of 45 cents on the dollar. In
order for the puts to be activated, underlying bonds should have traded above the barrier set
at 51 cents at some time prior to the puts’ maturity. An obvious conflict of interests between
the counterparties—the funds who needed to drive the prices higher to trigger the barrier and
the dealers who needed the prices to stay below the barrier to avoid the liability—resulted
in a fierce battle to control Venezuelan bond prices. TheWall Street Journalreported:

At one point during the clash, the screen flashed a “bid” price of 511
8,

indicating a willing buyer at that price. Shortly afterwards, however, Euro
Brokers flashed “error” on its screens, negating that particular transaction.
At that point, whether or not the knock-in options had been triggered was
academic: the puts’ 45 exercise price was far below the market, meaning
that they could not be exercised at a profit. A few days later, however,
it mattered a great deal: Mexico devalued its peso, torpedoing emerging-
market bonds. By Jan. 10, Venezuelan par bonds had plunged 24% to
about 38.75 cents on the dollar. Suddenly the knock-ins were potentially
very valuable, if they had, in fact, been activated. But had they? By
January, that was a matter of mighty dispute. Merrill Lynch vehemently
disagreed. The 5118 bid that had flickered on the Euro Brokers screen “was
one of two things: Either someone made a mistake or it was an attempt at
manipulation.”

This prompted the SEC to start an investigation into alleged price manipulation in the
Venezuelan bond market by U.S. institutions.

To summarize, the main disadvantages of standard barrier options are:

• Option buyers stand to lose their entire investment due to a short-term price spike
through the barrier.

• The delta is discontinuous at the barrier, thus creating hedging problems for options
dealers.

3“Funds, Merrill Battle over Venezuelan Bonds,”Wall Street Journal, February 15, 1995. I am grateful to Jim
Bodurtha for bringing this example to my attention.
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• A conflict of interest exists between option dealers and option buyers, leading to the
possibility of short-term market manipulation.

• Increased volatility around popular barrier levels.

Thus, it is desirable to modify the barrier provision to retain as much of the premium
savings as possible, and at the same time achieve continuity at the barrier.

1.2. Regularizing Barrier Contracts by Introducing Finite Knock-out Rates

The stochastic model of barrier options is that of Brownian motion instantaneously killed
as soon as a Brownian particle reaches a prespecified barrier levelB (see Ito and McKean
1974; Karlin and Taylor 1981; Karatzas and Shreve 1992; and Revuz and Yor 1994). A
natural extension is to consider a Brownian motionwith killing at finite rateρ below the
barrierB. That is, the probability that a Brownian particle survives until timeT is

exp

(
−ρ

∫ T

0
H(B− St )dt

)
,

whereH(x) is theHeaviside step function. The time integral is equal to theoccupation
timebelow the barrier until timeT , which we denote byτ−B , times the killing rateρ.4 This
exponential can be interpreted as aknock-out discount factor with knock-out rateρ. The
introduction of the finite knock-out rate will regularize barrier options by making the option’s
payoff and delta continuous at the barrier and thus alleviate some of the hedging problems
with standard barriers. This paper focuses on the development of pricing methodology for
the family of occupation time derivatives parameterized by knock-out rates. We call them
step options. They could also be calledgradual knock-out(knock-in) options.

The paper is organized as follows. In Section 2.1, we introduceproportional step options
and discuss their qualitative properties. For example, a down-and-out proportional step call
is defined by its payoff:

exp
(−ρτ−B ) max(ST − K ,0).

It proportionally amortizes its principal below the barrier. In Section 2.2, we introduce
simple step optionswith simple principal amortization below the barrier:

max(1− ρτ−B ,0)max(ST − K ,0).

In Section 2.3, we consider delayed barrier options that knock out after the underlying
spends a predetermined amount of time below the barrier:

1{τ−B<αT}max(ST − K ,0),

4Another interpretation in physics is that of a quantum particle in the infinitely high potential barrier. Here we
suggest considering afinite rather than theinfinite potential barrier, or astep potential of finite height(see, e.g.,
Messiah 1961 and Landau and Lifshitz 1965).
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whereα is a given fraction of the contract’s lifeT . In Section 2.4, a general class of
contingent claims based on occupation times is considered. In Section 3, we obtain closed-
form pricing formulas for proportional and simple step options and delayed barrier options,
as well as general occupation time derivatives by means of the Feynman–Kac approach. In
Section 4, we obtain closed-form formulas for step options sensitivities and discuss their
hedging properties. We also show how a dynamic almost-replicating strategy for barrier
options can be formulated by considering a dynamic replicating strategy for step options
with arbitrarily high but finite knock-out rate. Numerical examples are given in Section 5.
Some related path-dependent options are discussed in Section 6. Section 7 summarizes our
results and discusses future research directions. In Appendix A we compute the expectation
Ex[eνWT−ρ0−T 1{WT≥k}] for a Brownian motion{Wt , t ∈ [0, T ]} started atx, where0−T is the
occupation time of(−∞,0] until time T . In Appendix B we derive the law of the pair
(WT , 0

−
T ). Appendix C provides some formulas useful in inverting the Laplace transform.

Appendix D develops the PDE formulation for pricing occupation time derivatives. In
Appendix E, we obtain static perpetual solutions to the step option PDE,perpetual step
options.

2. STEP OPTIONS: A NO-REGRETS ALTERNATIVE TO BARRIER OPTIONS

2.1. Proportional (Geometric, Exponential) Step Options

Consider a standard call with strike priceK and time to expirationT . A down-and-out
provision renders the option worthless as soon as the underlying price hits a prespecified
price level (barrier)B. Accordingly, the payoff of a down-and-out call at expiration can be
written as

1{LT>B} max(ST − K ,0),(2.1)

whereST is the underlying price at expiration,LT is the lowest price of the underlying
between the contract inceptiont = 0 and expirationt = T , and1{LT>B} is the indicator
function equal to one ifLT > B (the barrier is never hit) and zero otherwise. (Note that
the contract inception time is always set to zero,t = 0, the contract expiration time is
denoted byT , and some intermediate time between inception and expiration is denoted by
t , t ∈ [0, T ] .)

We introduce a finiteknock-out rateρ and define the payoff of a down-and-out call with
strike K by the formula

exp(−ρτ−B ) max(ST − K ,0),(2.2)

whereτ−B is the amount of time during the option life that the underlying price was lower
than a prespecified barrier levelB, or occupation timebelow the barrier until timeT (see
Ito and McKean 1974; Karlin and Taylor 1981; Karatzas and Shreve 1992; and Revuz and
Yor 1994 for background on occupation times of stochastic processes). We decompose the
option lifetimeT as follows:

τ−B + τ+B = T,(2.3)
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whereτ−B (τ
+
B ) is the amount of time the underlying spent below (above) the barrier:

τ−B =
∫ T

0
H(B− St )dt,(2.4a)

τ+B =
∫ T

0
H(St − B)dt,(2.4b)

whereH(x) is the Heaviside step function defined by

H(x) =
{

1 if x ≥ 0
0 if x < 0.

(2.5)

Accordingly, we call a one-parameter family of path-dependent options defined by the
payoff (2.2)proportional step options(or geometricor exponential step options). They
proportionally amortize their principal based on the occupation time. We call the discount
factor exp(−ρτ−B ) proportional knock-out factor. It is easy to see that in the limitρ →∞
payoff (2.2) tends to the payoff of an otherwise identical standard barrier option (2.1), and
in the limit ρ → 0 it coincides with the standard European call payoff.

The other three types of proportional step options, up-and-out step call, down-and-out
step put, and up-and-out step put, are defined similarly by their payoffs:

exp(−ρτ+B ) max(ST − K ,0),(2.6a)

exp(−ρτ−B ) max(K − ST ,0),(2.6b)

exp(−ρτ+B ) max(K − ST ,0).(2.6c)

The holder of a down-and-out (up-and-out) proportional step option is penalized at rateρ

for the time the underlying price spends below (above) the barrier during the option’s life.
For a standard knock-out option, the knock-out rate is infinitely high and the entire option
is instantaneously lost should the underlying price hit the barrier even momentarily. In
contrast, step options knock out gradually.

We define a 90 percentknock-out timeT −B (T +B ) as the occupation time below (above)
the barrier needed to reduce the option principal by 90 percent. That is, the holder of a
down-and-out step option receives only 10 percent of the payoff of an otherwise identical
vanilla option if the underlying asset spent timeT −B below the barrier during the contract
life (exp(−ρTB) = 0.1, andTB = ln 10/ρ).

Another useful measure of knock-out speed is adaily knock-out factorβ, β =
exp(−ρ/250) (we assume 250 trading days per year). The payoff is discounted byβ

for every trading day the underlying spends below the barrier. Theβ is zero for barrier
options and unity for vanilla options. The payoff (2.2) can be rewritten as

βn−B max(ST − K ,0),(2.7)
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wheren−B is the total number of trading days the underlying spent below the barrier during
the option’s life (τ−B and n−B are occupation times measured in years and trading days,
respectively;τ−B = n−B/250 ). The option principal remaining after one day below the
barrier is equal to the principal at the end of the previous day multiplied by the daily
knock-out factorβ.

One of the advantages of step options is the ability to structure contracts with any desired
knock-out rate. By choosing a finite rate, the option buyer assures himself that the option
will never lose its entire value due to a short-term price spike through the barrier. An option
buyer can customize the option by selecting an appropriate knock-out rate according to his
risk aversion and the degree of confidence in the barrier not being hit during the option’s life.
On the other hand, because the step option delta is continuous at the barrier, the advantage
for the dealer is the ability to hedge step options by trading the underlying asset. Thus,
step options with finite knock-out rates (gradual knock-out options) have risk management
advantages both for option buyers and sellers.

Let us also mention another positive effect of finite knock-out rates. Since different
market participants select different knock-out rates, even though they may all set the barrier
at the same obvious support or resistance level, no short-term manipulation by traders will
result in simultaneous knock-outs. This may help reduce market volatility around popular
barrier levels.

2.2. Simple (Arithmetic, Linear) Step Options

The specific choice of the knock-out factor exp(−ρτ−B ) in equation (2.2) corresponds
to proportional principal amortization at knock-out rateρ below the barrier. A practically
interesting alternative choice issimple principal amortization:

max(1− ρ τ−B ,0).(2.8)

A down-and-outsimple step call(or arithmeticor linear step call) is defined similarly to
the proportional step call (2.2):5

max(1− ρ τ−B ,0) max(ST − K ,0).(2.9)

The optionality on occupation time is needed to limit the option buyer’s liability to not more
than the premium paid for the option.

The knock-out timeT −B of a simple step option is defined as the minimum occupation
time below the barrier required to reduce the option principal to zero:

T −B =
1

ρ
.(2.10)

5I am grateful to Vladimir Finkelstein and Eric Reiner for suggesting to consider this payoff structure.
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Another useful quantity is a ratio of knock-out time to the option lifetime:

α = T
−

B

T
= 1

ρT
.(2.11)

One should note that, given the same fraction of the option principal lost in the first trading
day below the barrier, a simple step option will knock out faster thereafter than an otherwise
identical proportional one. Indeed, the simple and proportional knock-out factors are(1−
ρdn−B) andβn−B , whereβ is the daily knock-out factor for the proportional option,ρd is the
daily knock-out rate for the simple option, andn−B is the total number of trading days spent
below the barrier during the option life. To compare the two structures, let us chooseβ

andρd so thatβ = 1− ρd; that is, fractions of the option principal lost in the first trading
day below the barrier are equal in both cases. Then, aftern−B > 1 trading days below the
barrier we have:(1− ρdn−B) < βn−B . For example, if we selectρ = 0.2 per trading day, the
simple step option will lose its entire principal in five days, but the proportional one will
lose its principal more and more slowly due to the effect of proportional amortization. This
may create undesirable accounting problems. Suppose a six-month proportional option is
structured with the effective knock-out time of five days. This means that after the first five
trading days below the barrier the option loses 90 percent of its principal. However, there
may still be several months to expiration, and both the buyer and the seller will have to carry
on their books this low-priced tail left over from the proportional knock-out option. Often,
the parties will elect to close out the position before expiration to avoid the accounting
hassle. In contrast, the simple knock-out option will lose all of its principal over the first
five trading days below the barrier, leaving no low-priced tail to worry about. Thus the
simple step option payoff (2.11) could be more attractive in practice than the proportional
payoff (2.2).

The other three types of simple step options, up-and-out call, down-and-out put, and
up-and-out put, are defined similarly by their payoffs:

max(1− ρ τ+B ,0) max(ST − K ,0),(2.12a)

max(1− ρ τ−B ,0) max(K − ST ,0),(2.12b)

max(1− ρ τ+B ,0) max(K − ST ,0).(2.12c)

Knock-in step options are defined so that the sum of an in option and the corresponding
out option is equal to the vanilla option:

min(ρ τ−B ,1) max(ST − K ,0),(2.13a)

min(ρ τ+B ,1) max(ST − K ,0),(2.13b)

min(ρ τ−B ,1) max(K − ST ,0),(2.13c)

min(ρ τ+B ,1) max(K − ST ,0).(2.13d)
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2.3. Delayed Barrier Options

Another practical and interesting occupation time derivative is defined by the payoff

1{τ−B<αT} max(ST − K ,0).(2.14)

This option is a down-and-out call that knocks out when the occupation time below the
barrier B exceeds a given fractionα, 0 < α < 1, of the option lifeT . We call such
contractsdelayed barrier options(Chesney et al. 1997b call them cumulative Parisian
options).

Delayed barrier options (2.14) and step options (2.2) and (2.9) have different properties.
Step options knock out gradually, amortizing their principal for each unit of time the un-
derlying is below the barrier. In contrast, the holder of a delayed barrier option receives
either the full payoff from an otherwise identical vanilla option if the occupation time never
exceeded the fractionα of the option’s lifetime, or nothing.

The other three types of delayed knock-out options are

1{τ+B<αT} max(ST − K ,0),(2.15a)

1{τ−B<αT} max(K − ST ,0),(2.15b)

1{τ+B<αT} max(K − ST ,0).(2.15c)

Delayed knock-in options are defined so that the sum of a delayed in option and the corre-
sponding out option is equal to the standard vanilla option:

1{τ−B≥αT} max(ST − K ,0),(2.16a)

1{τ+B≥αT} max(ST − K ,0),(2.16b)

1{τ−B≥αT} max(K − ST ,0),(2.16c)

1{τ+B≥αT} max(K − ST ,0).(2.16d)

2.4. General Occupation Time Derivatives

All of the contracts considered above are examples of a payoff structure of the form

f (τ−B )max(ST − K ,0),(2.17a)

f (τ+B )max(ST − K ,0),(2.17b)

f (τ−B )max(K − ST ,0),(2.17c)

f (τ+B )max(K − ST ,0),(2.17d)
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where f is a given function. The simple step options, proportional step options and delayed
barrier options are particular examples with

f (t) = max(1− ρt,0),(2.18a)

f (t) = exp(−ρt),(2.18b)

f (t) = 1{t<αT},(2.18c)

respectively.
A more general payoff structure isF(ST , τ

−
B ), whereF is a given function of the terminal

asset price and occupation time.
A simpler class of contracts is composed of claims contingent only on the occupation

time and independent of the underlying price at maturity. Particularly simple are contracts
linear in occupation times. Aswitch option(see Pechtl (1995)) pays off a dollar amount
proportional to the fraction of the contract life for which the underlying lies above or below
the barrier:

Aτ−B , Aτ+B ,(2.19)

whereA is a specified constant dollar amount.
A day-in/day-out optionis a difference of two switches

A(τ−B − τ+B ) = A(2τ−B − T).(2.20)

An occupation time optionis a call or put on the occupation time

max(τ−B − αT,0), max(αT − τ−B ,0).(2.21)

In particular, if we limit the buyer’s liability on the day-in/day-out option to not more than
the premium paid, we obtain an occupation time option

Amax(τ−B − τ+B ,0) = Amax(2τ−B − T,0).(2.22)

3. ANALYTICAL PRICING FORMULAS

3.1. Proportional Step Options

To value step options, we assume we live in the Black–Scholes (1973) world with con-
stant continuously compounded risk-free interest rater , and the underlying asset follows
a geometric Brownian motion with constant volatilityσ and continuous dividend yield
q. According to the risk-neutral valuation approach (see, e.g., Hull 1996; Duffie 1996;
and Jarrow and Turnbull 1996), at the contract inceptiont = 0 the value of a step option
with the payoff (2.2) is given by its discounted expectation under the risk-neutral measure
conditional on the information at timet = 0:

C−ρ (S; T, K , B) = e−rT ES

[
e−ρτ

−
B max(ST − K ,0)

]
,(3.1)
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whereES is the conditional expectation operator associated with a geometric Brownian
motion processSt , t ∈ [0, T ], started atS at time t = 0 and solving the SDEdSt =
(r − q)Stdt + σStd Zt .

Introduce the following notation

ν = 1

σ

(
r − q − σ

2

2

)
, γ = r + ν

2

2
,(3.2)

x = 1

σ
ln

(
S

B

)
, k = 1

σ
ln

(
K

B

)
.(3.3)

To calculate the expectation (3.1), we first note that the processSt can be represented as

St = Beσ(νt+Wt ),(3.4)

whereWt is a Brownian motion started atx at timet = 0. Then due to the Girsanov theorem
we have

C−ρ (S; T, K , B) = e−rT Ex

[
eν(WT−x)−(ν2/2)T−ρ0−T (BeσWT − K )1{WT≥k}

]
(3.5)

= e−ξT−νx[B9ρ(ν + σ ; k, x, T)− K9ρ(ν; k, x, T)],

where0−T is the occupation time of(−∞,0] until time T ,

0−T =
∫ T

0
1{Wt≤0} dt,(3.6)

and the function9ρ(ν; k, x, T) is defined by

9ρ(ν; k, x, T) := Ex[eνWT−ρ0−T 1{WT≥k}] =
∫ ∞

k
eνzEx[e−ρ0

−
T ;WT ∈ dz].(3.7)

The conditional expectation operatorEx in equations (3.5) and (3.7) is associated with the
Brownian motionWt started atx at timet = 0.

Introduce the following notation:

d1 = −k+ x + νT√
T

, d2 = d1+ σ
√

T,(3.8a)

d3 = −k− x + νT√
T

, d4 = d3+ σ
√

T,(3.8b)
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d5 = −k− x + νt√
t

, d6 = d5+ σ
√

t,(3.8c)

d7 = −k+ νt√
t

, d8 = d7+ σ
√

t,(3.8d)

C1 = 1− x2

T − t
− νx, C2 = t−1/2C1− t−3/2xk, C3 = C1− σ x.(3.8e)

Then the function9 is given by the following proposition.

PROPOSITION3.1. The function9ρ(ν; k, x, T) defined by equation (3.7) is continuous
for all k ∈ R and x∈ R and

• Region I. k≥ 0 (K ≥ B) and x≥ 0 (S≥ B):

9 I
ρ(ν; k, x, T)=eνx+ν2T/2N(d1)−e−νx+ν2T/2N(d3)(3.9a)

+e−νx
∫ T

0

(1−e−ρ(T−t))eν
2t/2

√
2πρ(T − t)3/2

[
νN(d5)+t−1/2N ′(d5)

]
dt;

• Region II.6 k ≥ 0 (K ≥ B) and x≤ 0 (S≤ B):

9 I I
ρ (ν; k, x, T)(3.9b)

=
∫ T

0

(1− e−ρ(T−t))eν
2t/2

√
2πρ(T − t)3/2

[
νC1N(d7)+ C2N ′(d7)

]
e−x2/[2(T−t)] dt;

• Region III. k≤ 0 (K ≤ B) and x≥ 0 (S≥ B):

9 I I I
ρ (ν; k, x, T) = 9 I

ρ(ν;0, x, T)(3.9c)

+ e−ρT [9 I I
−ρ(−ν;0,−x, T)−9 I I

−ρ(−ν;−k,−x, T)];

• Region IV. k≤ 0 (K ≤ B) and x≤ 0 (S≤ B):

9 I V
ρ (ν; k, x, T) = 9 I I

ρ (ν;0, x, T)(3.9d)

+ e−ρT [9 I
−ρ(−ν;0,−x, T)−9 I

−ρ(−ν;−k,−x, T)]

where

N(x) = 1√
2π

∫ x

−∞
e−z2/2dz, N ′(x) = d N(x)

dx
= 1√

2π
e−x2/2(3.10)

6For k = 0, the function9 I I
ρ (ν;0, x, T) is defined as a limit of the integral fork → 0: 9 I I

ρ (ν;0, x, T) =
limk→09

I I
ρ (ν; k, x, T).
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is the cumulative standard normal and its density.

The proof is given in Appendix A.
Substituting the result (3.9) into equation (3.5), we arrive at the analytical pricing formula

for the down-and-out proportional step call.

PROPOSITION3.2. The price of a down-and-out proportional step call at the contract
inception t= 0 is given by

• K ≥ B and S≥ B:

C−ρ (S; T, K , B) = e−γT−νx[B9 I
ρ(ν + σ ; k, x, T)− K9 I

ρ(ν; k, x, T)](3.11)

= DOC(S; T, K , B)

+
(

B

S

)2ν/σ ∫ T

0

(
1− e−ρ(T−t)

)
e−γ (T−t)

√
2π ρ (T − t)3/2

×
[
(ν + σ)e−qt

(
B2

S

)
N(d6)− ν e−r t K N(d5)

]
dt;

• K ≥ B and S≤ B:

C−ρ (S; T, K , B) = e−γT−νx[B9 I I
ρ (ν + σ ; k, x, T)− K9 I I

ρ (ν; k, x, T)](3.12)

=
(

B

S

)ν/σ ∫ T

0

(
1− e−ρ(T−t)

)
e−γ (T−t)

√
2π ρ (T − t)3/2

× [(ν + σ)C3e−qt BN(d8)− νC1e−r t K N(d7)

− σ xt−1/2e−qt BN′(d8)
]

e−x2/[2(T−t)] dt;

• K ≤ B and S≥ B:

C−ρ (S; T, K , B) = e−γT−νx[B9 I I I
ρ (ν + σ ; k, x, T)− K9 I I I

ρ (ν; k, x, T)];(3.13)

• K ≤ B and S≤ B:

C−ρ (S; T, K , B) = e−γT−νx[B9 I V
ρ (ν + σ ; k, x, T)− K9 I V

ρ (ν; k, x, T)].(3.14)

TheDOC(S; T, K , B) in equation (3.11) is the standard down-and-out call (Merton 1973;
Rubinstein and Reiner 1991):

DOC(S; T, K , B) = e−qT SN(d2)− e−rT K N(d1)(3.15)

−
(

B

S

)2ν/σ [
e−qT

(
B2

S

)
N(d4)− e−rT K N(d3)

]
.
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To prove equations (3.11) and (3.12), substitute the result (3.9) into equation (3.5) and
simplify by using the following identities:

e−qt

(
B2

S

)
N ′(d6)− e−r t K N ′(d5) = 0,(3.16)

and

e−qt BN′(d8)− e−r t K N ′(d7) = 0.(3.17)

We see from equation (3.11) that the step option premium consists of two parts: the standard
down-and-out call and some additional premium for the privilege of having the option knock
out gradually with prespecified rateρ, rather than instantly. The higher the knock-out rate,
the lower the premium. In the limitρ →∞ the option knocks out instantly as soon as the
barrier is hit,

lim
ρ→∞C−ρ (S; T, K , B) = DOC(S; T, K , B),(3.18)

and in the limitρ → 0 it is equal to the vanilla option,

lim
ρ→0

C−ρ (S; T, K , B) = C(S; T, K ).(3.19)

One can readily check that the option price (3.11) and (3.12) is indeed continuous at the
barrierS= B

lim
ε→0+

(
C−ρ (B+ ε; T, K , B)− C−ρ (B− ε; T, K , B)

) = 0.(3.20)

The other three types of step options (2.6) are priced similarly. For the up-and-out call we
have

C+ρ (S; T, K , B) = e−rT ES

[
e−ρτ

+
B max(ST − K ,0)

]
(3.21)

= e−(r+ρ)T ES

[
eρτ

−
B max(ST − K ,0)

]
= e−ρTC−−ρ(S; T, K , B).

For the down-and-out put we have the following proposition.

PROPOSITION3.3.

P−ρ (S; T, K , B)(3.22)

= e−γT−νx−ρT [K9−ρ(−ν;−k,−x, T)− B9−ρ(−(ν + σ);−k,−x, T)].
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To prove, note that

P−ρ (S; T, K , B) = e−rT ES[e−ρτ
−
B max(K − ST ,0)](3.23)

= e−γT−νx[K8ρ(ν; k, x, T)− B8ρ(ν + σ ; k, x, T)],

where

8ρ(ν; k, x, T) = Ex[eνWT−ρ0−T 1{WT≤k}].(3.24)

Introduce a Brownian motioñWt = −Wt , so that

8ρ(ν; k, x, T) = E−x[e−νW̃T−ρ̃0+T 1{W̃T≥−k}](3.25)

= e−ρT E−x[e−νW̃T+ρ̃0−T 1{W̃T≥−k}]

= e−ρT9−ρ(−ν;−k,−x, T).

Finally, for the up-and-out put we have

P+ρ (S; T, K , B) = e−rT ES

[
e−ρτ

+
B max(K − ST ,0)

]
(3.26)

= e−(r+ρ)T ES

[
eρτ

−
B max(K − ST ,0)

]
= e−ρT P−−ρ(S; T, K , B).

Equations (3.11) through (3.14) price a newly written option at the contract inceptiont = 0.
Suppose now we wish to value aseasonedstep option at some timet during the life of the
contract, 0< t < T . We divide the occupation time from inceptiont = 0 to expirationT
as follows:

τ−B (0, T) = τ−B (0, t)+ τ−B (t, T),(3.27)

whereτ−B (0, t) is the occupation time accumulated up to timet , andτ−B (t, T) is yet unknown.
Since the underlying asset prices between 0 andt are already fixed, one can readily determine
τ−B (0, t) by looking at the price history available to date. Then to value the seasoned step
option at timet , one must discount the value of a newly written option with time to expiration
(T − t), given by equations (3.11) through (3.14), by the already fixed knock-out factor
exp(−ρτ−B (0, t)):

C−ρ (S, τ
−
B (0, t), t; T, K , B) = exp

(−ρτ−B (0, t))C−ρ (S; T − t, K , B).(3.28)

3.2. Simple Step Options, Delayed Barrier Options, and Other Occupation Time
Derivatives

Consider now a general claim that pays off an amountF(ST , τ
−
B ). Its price att = 0 is

given by

CF (S; T, B) = e−rT ES[F(ST , τ
−
B )](3.29)
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= e−rT Ex

[
eν(WT−x)−ν2T/2F(BeσWT , 0−T )

]
= e−γT−νx Ex

[
eνWT F(BeσWT , 0−T )

]
,

whereWt is a Brownian motion started atx at timet = 0 and0−T is the occupation time of
(−∞,0] until time T . The law of the pair(WT , 0

−
T ) is given in Appendix B, and we have

the following proposition.

PROPOSITION3.4. The price at t= 0 of a claim with the payoff F(ST , τ
−
B ) at time T is

given by

• S≥ B:

CF (S; T, B) = e−γT−νx

{∫ ∞
0

F(Beσz,0)eνzK−(z, x; T)dz(3.30a)

+
∫ T

0

∫ ∞
0

F(Beσz, t)eνz pI
x(z, t; T)dz dt

+
∫ T

0

∫ 0

−∞
F(Beσz, t)eνz pI I I

x (z, t; T)dz dt

}
;

• S≤ B:

CF (S; T, B) = e−γT−νx

{∫ 0

−∞
F(Beσz, T)eνzK−(z, x; T)dz(3.30b)

+
∫ T

0

∫ ∞
0

F(Beσz, t)eνz pI I
x (z, t; T)dz dt

+
∫ T

0

∫ 0

−∞
F(Beσz, t)eνz pI V

x (z, t; T)dz dt

}
,

where the density px(z, t; T) is given by equation (B.2).

Our proportional step options, simple step options, and delayed barrier options are all
particular examples of the payoff profile (2.17). For this class of occupation time derivatives
with separable payoffsf (τ−B )8(ST ) we have

e−rT ES
[

f (τ−B )8(ST )
] = ∫ T

0
f (t)L−1

t

{
e−rT ES

[
e−ρτ

−
B8(ST )

]}
dt(3.31)

(the inverse Laplace transform is taken with respect to the knock-out rateρ). For the claim
(2.17a) in particular, we have the following proposition.
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PROPOSITION3.5. The present value at inception is

• K ≥ B and S≥ B:

Cf (S; T, K , B) = f (0) DOC(S; T, K , B)(3.32)

+
(

B

S

)2ν/σ ∫ T

0

F(T − t)e−γ (T−t)

√
2π (T − t)3/2

×
[
(ν + σ)e−qt

(
B2

S

)
N(d6)− νe−r t K N(d5)

]
dt,

• K ≥ B and S≤ B:

Cf (S; T, K , B) =
(

B

S

) ν
σ
∫ T

0

F(T − t)e−γ (T−t)

√
2π (T − t)3/2

(3.33)

× [(ν + σ)C3e−qt BN(d8)− νC1e−r t K N(d7)

−σ xt−1/2 e−qt BN′(d8)
]

e−x2/[2(T−t)] dt,

where

F(T − t) =
∫ T−t

0
f (u)du.(3.34)

The proof follows from

Cf (S; T, K , B) =
∫ T

0
f (u)L−1

u

{
C−ρ (S; T, K , B)

}
du,(3.35)

and a simple identity

∫ T

0
f (u)L−1

u

{
1− e−ρ(T−t)

ρ

}
du=

∫ T−t

0
f (u)du.(3.36)

For proportional step options, delayed barrier options, and simple step options we have:

Fp(T − t) =
∫ T−t

0
e−ρu du= 1− e−ρ(T−t)

ρ
,(3.37)

Fd(T − t) =
∫ T−t

0
1{u<αT} du=

{
αT, 0≤ t ≤ (1− α)T
T − t, (1− α)T < t ≤ T

,(3.38)



72 VADIM LINETSKY

Fs(T − t) =
∫ T−t

0
max(1− ρ u,0)du(3.39)

=
{

1
2ρ , 0≤ t ≤ T − 1

ρ

(T − t)
[
1− ρ

2 (T − t)
]
, T − 1

ρ
< t ≤ T

,

respectively.
Seasoned simple step options at some timet during the contract life, 0< t < T , are

priced by dividing the occupation time from inception to expiration as in (3.27), where
τ−B (0, t) is the occupation time already known to datet , andτ−B (t, T) is yet unknown. Then
the payoff of a seasoned option can be rewritten as follows:

max(1− ρ τ−B (0, t)− ρ τ−B (t, T),0)max(ST − K ,0)(3.40)

= Q max(1− ρ ′ τ−B (t, T),0)max(ST − K ,0),

where

Q = 1− ρ τ−B (0, t), ρ ′ = ρ

1− ρ τ−B (0, t)
.(3.41)

Thus a seasoned simple step option can be priced in the same way as the quantityQ of
newly written options with the adjusted knock-out rateρ ′ and time to expiration(T − t).

4. DYNAMIC REPLICATION OF STEP AND BARRIER OPTIONS

Closed-form expressions for hedge ratios can be readily obtained by differentiating the
pricing formulas with respect to the underlying priceS. In particular, for the proportional
down-and-out call withK ≥ B we have:

• S≥ B:

1−ρ =
∂C−ρ
∂S
= 1− − 1

σS

(
B

S

)2ν/σ ∫ T

0

(
1− e−ρ(T−t)

)
e−γ (T−t)

√
2π ρ (T − t)3/2

(4.1)

×
(

e−qt

(
B2

S

) [
(2ν + σ)(ν + σ)N(d6)+ σ t−1/2N ′(d6)

]
− 2ν2e−r t K N(d5)

)
dt,

where1− is the standard down-and-out call delta:

1− = e−qT N(d2)(4.2)

+ 1

σS

(
B

S

)2ν/σ [
e−qT(2ν + σ)

(
B2

S

)
N(d4)− 2νKe−rT N(d3)

]
;
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• S≤ B:

1−ρ =
∂C−ρ
∂S
= 1

σS

(
B

S

)ν/σ ∫ T

0

(
1− e−ρ(T−t)

)
e−γ (T−t)

√
2π ρ (T − t)3/2

(4.3)

× [νC4e−r t K N(d7)− (ν + σ)C5e−qt BN(d8)

−σC1e−qtt−1/2BN′(d8)
]

e−x2/[2(T−t)] dt,

where

C4 =
(

x

T − t
+ ν

)
(C1+ 2)− ν, C5 =

(
x

T − t
+ ν

)
(C3+ 2)− ν + σ.(4.4)

The delta of a seasoned option at some timet during the life of the contract, 0< t < T , is
obtained by discounting similar to equation (3.28)

exp
(−ρτ−B (0, t))1−ρ (S; T − t, K , B),(4.5)

where1−ρ is the delta of a newly written option with time(T − t) to expiration.
The delta is continuous at the barrier for any finiteρ due to the continuity boundary

condition for the first derivative of the resolvent (A.6b):

lim
ε→0+

(
1−ρ (B+ ε; T, K , B)−1−ρ (B− ε; T, K , B)

) = 0,(4.6)

allowing the step options to be dynamically replicated by continuously trading the under-
lying asset and borrowing. Although continuous everywhere, the delta does have a kink at
the barrierS= B. Hence, the step option’s gamma undergoes a finite jump at the barrier
proportional to the knock-out rate (see equation (D.6)):

lim
ε→0+

(
0−ρ (B+ ε; T, K , B)− 0−ρ (B− ε; T, K , B)

) = 2ρ

σ 2B2
C−ρ (B; T, K , B).(4.7)

In the limit ρ → ∞ this jump is infinite; in the limitρ → 0 the right-hand side of
equation (4.7) vanishes and the gamma is continuous.

Now consider a standard down-and-out call. According to the asymptotic property (3.28)
it can be approximated by a down-and-out step call with the large but finite knock-out rate
ρ. Consequently, a barrier option can be approximately hedged by executing a dynamic
replicating strategy for a step option. The higher the knock-out rateρ, the closer the strategy
approximates the barrier option. Theoretically, any degree of accuracy can be attained by
choosing high enoughρ. Thus, barrier options can bealmost replicatedby this dynamic
trading strategy.7 Another method of hedging barrier options is static replication, developed
by Bowie and Carr (1994) and Derman et al. (1995).

7The notion ofalmost replicabilitywas introduced by Chriss and Ong (1995) in the context of digital options.
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TABLE 5.1
Down-and-Out Proportional Step Call Value (Cp,−

ρ ) and Delta (1p,−
ρ ) as Functions of the

Daily Knock-out Factorβ (β = exp(−ρ/250))

β ρ T −B Cp,−
ρ 1

p,−
ρ β ρ T −B Cp,−

ρ 1
p,−
ρ

0.000 ∞ 0.00 4.9958 0.9932 0.525 161.09 3.57 7.6621 0.9361
0.025 992.22 0.62 6.1650 0.9690 0.550 149.46 3.85 7.7550 0.9340
0.050 748.93 0.77 6.2884 0.9663 0.575 138.35 4.16 7.8539 0.9317
0.075 647.57 0.89 6.3819 0.9643 0.600 127.70 4.51 7.9595 0.9293
0.100 575.65 1.00 6.4623 0.9626 0.625 117.50 4.90 8.0731 0.9266
0.125 519.86 1.12 6.5356 0.9610 0.650 107.70 5.35 8.1960 0.9236
0.150 474.28 1.21 6.6044 0.9596 0.675 98.26 5.86 8.3298 0.9206
0.175 435.74 1.32 6.6706 0.9581 0.700 89.17 6.46 8.4767 0.9171
0.200 402.36 1.43 6.7351 0.9567 0.725 80.34 7.16 8.6394 0.9133
0.225 372.91 1.54 6.7988 0.9553 0.750 71.92 8.00 8.8214 0.9089
0.250 346.57 1.66 6.8623 0.9539 0.775 63.72 9.03 9.0274 0.9039
0.275 322.75 1.78 6.9260 0.9525 0.800 55.76 10.32 9.2639 0.8980
0.300 300.99 1.91 6.9904 0.9511 0.825 48.09 11.97 9.5403 0.8911
0.325 280.98 2.05 7.0559 0.9497 0.850 40.63 14.17 9.8705 0.8827
0.350 262.46 2.19 7.1227 0.9482 0.875 33.38 17.24 10.2762 0.8722
0.375 245.21 2.35 7.1913 0.9467 0.900 26.34 21.85 10.7942 0.8583
0.400 229.07 2.51 7.2620 0.9451 0.925 19.49 29.53 11.4918 0.8389
0.425 213.92 2.69 7.3352 0.9435 0.950 12.82 44.89 12.5130 0.8085
0.450 199.63 2.88 7.4114 0.9417 0.975 6.33 90.95 14.2252 0.7519
0.475 186.11 3.09 7.4904 0.9400 1.000 0 ∞ 17.8551 0.6068
0.500 173.29 3.32 7.5743 0.9381

Option parameters:S= 100,K = 100,B = 95,σ = 0.6, r = 0.05,q = 0, T = 0.5 (six months).

5. NUMERICAL EXAMPLES

Table 5.1 and Figures 5.1 and 5.2 show dependence of a down-and-out proportional step
call value and delta on the daily knock-out factorβ and knock-out rateρ. One sees that
step option prices vary between the vanilla call price (forβ = 1, ρ = 0) and the barrier call
price (forβ = 0, ρ = ∞) asβ andρ vary. The knock-out rate acts as a control parameter
controlling the trade-off between premium savings and knock-out speed. Table 5.2 and
Figures 5.3 and 5.4 show dependence of a down-and-out simple step call value and delta
on the daily knock-out rateρd (ρd = ρ/250). The dotted horizontal lines on Figures 5.3
and 5.4 are asymptotic values in the standard barrier limitρ → ∞ (DOC = 4.9958 and
1 = 0.9932). Table 5.3 and Figures 5.5 and 5.6 show vanilla, proportional step, simple
step, and standard down-and-out call values and deltas as functions of the underlying asset
price S. Figure 5.5 shows that the step option value holds up well when the underlying
asset falls slightly below the barrier, but deteriorates quickly as the underlying continues
to fall further, as the probability of getting back up above the barrier decreases. Figure 5.6
illustrates continuity of the step option’s delta at the barrier. Figure 5.7 shows dependence
of an up-and-out proportional step call value on the daily knock-out factor. Figures 5.8
through 5.10 show dependence of an up-and-out proportional step call value, delta, and
gamma on the underlying price.
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FIGURE5.1. Down-and-out proportional step call value as a function of the daily knock-out
factorβ. Option parameters:S = 100, K = 100, B = 95, σ = 0.6, r = 0.05, q = 0,
T = 0.5 (six months).

6. RELATED PATH-DEPENDENT OPTIONS

Several interesting families of path-dependent options have recently appeared in the liter-
ature that either pursue similar goals of reducing the knock-out risk of barrier options or
involve occupation times for other purposes.

Parisian Barrier Options, introduced by Chesney, Jeanblanc-Picque, and Yor (1997a)
and Chesney et al. (1997b), are delayed barrier options based on the age of excursion of
the underlying price process beyond a given barrier level. The owner of a down-and-out
Parisian option loses his entire position if the underlying falls below the barrier and stays
continuouslybelow the barrier for a time interval longer then a specified delay. It is similar
to the occupation time-based delayed barrier, but for Parisian options only thecurrent
excursion is relevant. Based on Brownian excursions theory, Chesney et al. (1997b) derive
an analytical expression for the Laplace transform of a relevant probability density, and
Parisian options are priced via numerical inversion of the Laplace transform.

Quantile Options, introduced by Miura (1992) and studied by Akahori (1995), Dassios
(1995), Embrechts, Rogers, and Yor (1995), and Yor (1995), are options on theα-quantile
M(α, T), which can be interpreted as the lowest barrier levelB such that the occupation
timeτ−B is greater than a given fractionα of the option’s life. To relate theα-quantile and the
occupation time below the barrierB, one notes that events{τ−B < αT} and{M(α, T) > B}
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FIGURE 5.2. Down-and-out proportional step call delta as a function of the daily knock-out
factorβ. Option parameters:S = 100, K = 100, B = 95, σ = 0.6, r = 0.05, q = 0,
T = 0.5 (six months).

are equivalent, and thus

Px(τ
−
B < αT, WT ∈ dz) = Px(M(α, T) > B, WT ∈ dz).

Differentiating with respect to the barrier levelB, one obtains the probability law of the
pair (WT , M(α, T)) from the known law of(WT , τ

−
B ). It can then be used to price claims

contingent on theα-quantileM(α, T).
Continuous Barrier (Soft Barrier) Options, introduced by Hart and Ross (1994), replace

a single discrete barrier levelB with a continuous barrier range fromBmin to Bmax.

7. SUMMARY AND CONCLUSION

In this paper we studied a family of path-dependent options contingent on occupation times
of the underlying price process. Step options are parameterized by knock-out rates and their
payoffs at expiration are defined as payoffs of otherwise identical vanilla options discounted
by knock-out factors exp(−ρτB) or max(1−ρ τB,0), whereτB is the occupation time below
(above) some prespecified barrier levelB for down (up) step contracts. We derived closed-
form pricing formulas for step options with any knock-out rate 0≤ ρ <∞. In the limitρ →
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TABLE 5.2
Down-and-Out Simple Step Call Value (Cs,−

ρ ) and Delta (1s,−
ρ ) as Functions of the Daily

Knock-Out Rateρd (ρd = ρ/250)

ρd ρ T −B Cs,−
ρ 1s,−

ρ ρd ρ T −B Cs,−
ρ 1s,−

ρ

0.000 0.00 ∞ 17.8551 0.6068 0.525 131.25 1.90 7.2671 0.9453
0.025 6.25 40.00 13.2122 0.7917 0.550 137.50 1.82 7.2180 0.9463
0.050 12.50 20.00 11.3723 0.8452 0.575 143.75 1.74 7.1720 0.9474
0.075 18.75 13.33 10.4117 0.8706 0.600 150.00 1.67 7.1288 0.9483
0.100 25.00 10.00 9.7953 0.8862 0.625 156.25 1.60 7.0881 0.9492
0.125 31.25 8.00 9.3557 0.8970 0..650 162.50 1.54 7.0497 0.9500
0.150 37.50 6.67 9.0212 0.9050 0.675 168.75 1.48 7.0133 0.9508
0.175 43.75 5.71 8.7554 0.9113 0.700 175.00 1.43 6.9789 0.9516
0.200 50.00 5.00 8.5373 0.9164 0.725 181.25 1.38 6.9461 0.9523
0.225 56.25 4.44 8.3542 0.9207 0.750 187.50 1.33 6.9150 0.9530
0.250 62.50 4.00 8.1974 0.9243 0.775 193.75 1.29 6.8854 0.9536
0.275 68.75 3.64 8.0612 0.9274 0.800 200.00 1.25 6.8571 0.9542
0.300 75.00 3.33 7.9414 0.9302 0.825 206.25 1.21 6.8300 0.9548
0.325 81.25 3.08 7.8350 0.9326 0.850 212.50 1.18 6.8042 0.9554
0.350 87.50 2.86 7.7395 0.9347 0.875 218.75 1.14 6.7794 0.9559
0.375 93.75 2.67 7.6532 0.9367 0.900 225.00 1.11 6.7556 0.9564
0.400 100.00 2.50 7.5748 0.9384 0.925 231.25 1.08 6.7327 0.9569
0.425 106.25 2.35 7.5030 0.9400 0.950 237.50 1.05 6.7107 0.9574
0.450 112.50 2.22 7.4371 0.9415 0.975 243.75 1.03 6.6896 0.9579
0.475 118.75 2.11 7.3762 0.9429 1.000 250.00 1.00 6.6692 0.9583
0.500 125.00 2.00 7.3197 0.9441 ∞ ∞ 0.00 4.9958 0.9932

Option parameters:S= 100,K = 100,B = 95,σ = 0.6, r = 0.05,q = 0, T = 0.5 (six months).

0, step options coincide with vanilla options, and in the limitρ → ∞ they coincide with
standard barrier options. The step option’s delta is a continuous function of the underlying
price at the barrier. As a result, step options can be continuously hedged by executing a
dynamic trading strategy. As a by-product, we found a dynamic almost-replicating trading
strategy for standard barrier options by considering the replicating strategy for a step option
with arbitrarily high but finite knock-out rate.

We believe that their hedging properties make step options a practically viable new
derivative product. Standard barrier options have grown increasingly popular in recent
years. Investors and corporate hedgers are attracted by the significant premium savings
they afford. However, because of the inherent discontinuity at the barrier, barrier options
pose serious risk management problems for both option buyers and sellers. Step options,
on the other hand, offer desired premium savings and, at the same time, their deltas are
continuous at the barrier. Thus they can provide an attractive alternative to standard barrier
options in a number of situations. Similar to their other path-dependent relatives (Asian,
lookback, and barrier contracts), step option payoffs are based on the value of a second path-
dependent state variable.8 Although in the case of Asian, lookback, and barrier contracts

8For Asian pricing, see Turnbull and Wakeman (1991) and Geman and Yor (1993); for lookback, see Goldman,
Sosin, and Gatto (1979); and for barrier contracts see Rubinstein and Reiner (1991).
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FIGURE 5.3. Down-and-out simple step call value as a function of the daily knock-out rate
ρd. Option parameters:S= 100,K = 100, B = 95,σ = 0.6, r = 0.05,q = 0, T = 0.5
(six months).

these are average prices and the minimum or maximum price achieved to date, in the case
of step options the second state variable is the occupation time.

To conclude, we list some directions for future research.

• The underlying stochastic model of Brownian motion with killing at finite rate beyond
a given barrier level may find further modeling applications in financial economics. It
may serve as an attractive first approximation in many problems due to the availability
of simple analytical solutions. Particularly interesting are applications to modeling
credit risk and credit risky securities, executive stock options and mortgage prepay-
ments, and mortgage-backed securities.

• Our discussion in this paper can be extended to derivatives contingent on the occu-
pation time inside or outside of the range between two barriersL andU . A double
step option with a finite knock-out rate both below the lower barrierL and above the
upper barrierU has a payoff

exp
(−ρ(τ−L + τ+U ))max(ST − K ,0),
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FIGURE 5.4. Down-and-out simple step call delta as a function of the daily knock-out rate
ρd. Option parameters:S= 100,K = 100, B = 95,σ = 0.6, r = 0.05,q = 0, T = 0.5
(six months).

or

max(1− ρ(τ−L + τ+U ), 0)max(ST − K ,0).

In the limit ρ →∞ it coincides with the standard double-barrier option (Kunitomo
and Ikeda 1992; Geman and Yor 1996). These contracts are studied by Davydov and
Linetsky (1998).

• In practice, many barrier options are structured with discrete monitoring of the barrier,
for example, by comparing daily closing prices to the barrier level. Occupation time
contracts can also be structured with discrete monitoring. For barrier options, Broadie,
Glasserman and Kou (1997) show that, with good accuracy, one can still use the closed-
form pricing formulas for continuous barrier options to price discretely monitored
ones, if one shifts the barrierB away from the priceSby multiplying the barrier by a
certain factor. It would be interesting to determine if a similar approximation can also
be used for occupation time derivatives. Further, effective numerical schemes need
to be developed to price discrete occupation time derivatives with time-dependent
interest rates, discrete dividends, and time- and state-dependent volatility.
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TABLE 5.3
Vanilla, Down-and-Out Proportional Step, Simple Step, and Barrier Call Values and

Deltas as Functions of the Underlying Asset PriceS

S C 1 Cp,−
ρ 1

p,−
ρ Cs,−

ρ 1s,−
ρ DOC 1−

85 9.8517 0.4554 1.6062 0.2376 0.7200 0.1730 0 0
86 10.3126 0.4664 1.8607 0.2720 0.9115 0.2108 0 0
87 10.7844 0.4772 2.1518 0.3109 1.1438 0.2548 0 0
88 11.2670 0.4879 2.4842 0.3549 1.4234 0.3055 0 0
89 11.7602 0.4986 2.8634 0.4044 1.7572 0.3634 0 0
90 12.2641 0.5091 3.2951 0.4602 2.1528 0.4291 0 0
91 12.7783 0.5194 3.7860 0.5229 2.6182 0.5031 0 0
92 13.3029 0.5297 4.3434 0.5933 3.1619 0.5858 0 0
93 13.8377 0.5398 4.9755 0.6723 3.7929 0.6778 0 0
94 14.3825 0.5498 5.6912 0.7608 4.5206 0.7793 0 0
95 14.9373 0.5597 6.5008 0.8598 5.3548 0.8908 0 1.0058
96 15.5019 0.5694 7.3603 0.8591 6.2450 0.8895 1.0044 1.0029
97 16.0760 0.5790 8.2192 0.8587 7.1339 0.8884 2.0060 1.0003
98 16.6597 0.5884 9.0777 0.8584 8.0218 0.8875 3.0049 0.9977
99 17.2528 0.5977 9.9360 0.8583 8.9089 0.8867 4.0015 0.9954

100 17.8551 0.6068 10.7942 0.8583 9.7953 0.8862 4.9958 0.9932
101 18.4664 0.6158 11.6526 0.8585 10.6812 0.8857 5.9879 0.9911
102 19.0867 0.6247 12.5113 0.8589 11.5668 0.8855 6.9780 0.9892
103 19.7157 0.6333 13.3704 0.8594 12.4522 0.8853 7.9662 0.9873
104 20.3533 0.6419 14.2301 0.8600 13.3375 0.8853 8.9527 0.9857
105 20.9994 0.6503 15.0904 0.8607 14.2229 0.8855 9.9376 0.9841

Option parameters:K = 100,B = 95,σ = 0.6, r = 0.05,q = 0, T = 0.5 (six months).

Proportional step call parameters:β = 0.9 (ρ = 26.34,T −B = 21.85 trading days).

Simple step call parameters:ρd = 0.1 (ρ = 25,T −B = 10 trading days,β = 0.9).

APPENDIX A. THE EXPECTATIONEx[eνWT−ρ0−T 1{WT≥k}]

To calculate the expectation9ρ(ν; k, x, T) := Ex[eνWT−ρ0−T 1{WT≥k}] in equation (3.9), we
needEx[e−ρ0

−
T ;WT ∈ dz]. The calculation of this expectation is a classic application of

the Feynman–Kac (FK) approach (see Kac 1949, 1951, 1980; Karatzas and Shreve (1992);
Borodin and Salminen (1996)). The result is given by the following proposition.

PROPOSITIONA.1.

Ex[e−ρ0
−
T ;WT ∈ dz] = Kρ(z, x; T)dz,(A.1)

whereK is the transition probability density for a Brownian motion started at x and killed
at rateρ below zero:
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FIGURE 5.5. Vanilla, down-and-out proportional step, simple step, and barrier call values
as functions of the asset priceS. Option parameters:K = 100, B = 95, σ = 0.6,
r = 0.05, q = 0, T = 0.5 (six months). Proportional step call parameters:β = 0.9
(ρ = 26.34, T −B = 21.85 trading days). Simple step call parameters:ρd = 0.1 (ρ = 25,
T −B = 10 trading days,β = 0.9).

• Region I. x≥ 0, z≥ 0, x+ z> 0:

K I
ρ(z, x; T) = K−(z, x; T)+

∫ T

0

(1− e−ρ(T−t))(z+ x)

2πρ(T − t)3/2t3/2
e−(z+x)2/2t dt;(A.2a)

• Region II. x≤ 0, z> 0:

K I I
ρ (z, x; T)(A.2b)

=
∫ T

0

(1− e−ρ(T−t))[z(1− x2/(T − t))+ x(1− z2/t)]

2πρ(T − t)3/2t3/2

× e−z2/2t−x2/[2(T−t)] dt;
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FIGURE 5.6. Vanilla, down-and-out proportional step, simple step, and barrier call deltas
as functions of the current asset priceS. Option parameters:K = 100, B = 95,σ = 0.6,
r = 0.05, q = 0, T = 0.5 (six months). Proportional step call parameters:β = 0.9
(ρ = 26.34, T −B = 21.85 trading days). Simple step call parameters:ρd = 0.1 (ρ = 25,
T −B = 10 trading days,β = 0.9).

• Region III. x≥ 0, z< 0:

K I I I
ρ (z, x; T) = e−ρTK I I

−ρ(−z,−x; T);(A.2c)

• Region IV. x≤ 0, z≤ 0, z+ x < 0:

K I V
ρ (z, x; T) = e−ρT K I

−ρ(−z,−x; T);(A.2d)

• z= x = 0:

Kρ(0,0; T) = 1− e−ρT

√
2πρT3/2

,(A.2e)
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FIGURE 5.7. Up-and-out proportional step call value as a function of the daily knock-out
factorβ. Option parameters:S= 100, K = 100, B = 130,σ = 0.3, r = 0.05, q = 0,
T = 1 (one year).

whereK− is the transition probability density for a Brownian motion with absorbing
barrier at zero and started at x

K−(z, x; T) = 1√
2πT

(
e−(z−x)2/2T − e−(z+x)2/2T

)
.(A.3)

Proof of Proposition A.1. First, introduce a resolvent by taking the Laplace transform
of the transition probability density

Gρ(z, x; s) =
∫ ∞

0
e−sTKρ(z, x; T)dT.(A.4)

By the Feynman–Kac theorem (see, e.g., Borodin and Salminen (1996) and Karatzas and
Shreve (1992)), the resolvent solves the following ODE problem:

1

2

∂2Gρ

∂x2
− [s+ ρH(−x)]Gρ = −δ(z− x),(A.5a)
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FIGURE 5.8. Up-and-out proportional step call value as a function of the asset priceS.
Option parameters:K = 100,B = 130,σ = 0.3, r = 0.05,q = 0, T = 1 (one year).

lim
x→∞Gρ(z, x; s) = 0,(A.5b)

lim
x→−∞Gρ(z, x; s) = 0.(A.5c)

The resolvent must also satisfy two additional continuity boundary conditions at the barrier
x = 0,

lim
ε→0+

(
Gρ(z, ε; s)− Gρ(z,−ε; s)

) = 0,(A.6a)

lim
ε→0+

(
∂Gρ

∂x
(z, ε; s)− ∂Gρ

∂x
(z,−ε; s)

)
= 0,(A.6b)

to ensure that its second derivative∂2Gρ/∂x2 is piecewise continuous. The boundary
conditions (A.6) state that both the resolvent and its first derivative are continuous functions
at x = 0 for any finiteρ.

The unique solution to the ODE problem (A.5)–(A.6) is:
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FIGURE 5.9. Up-and-out proportional step call delta as a function of the asset priceS.
Option parameters:K = 100,B = 130,σ = 0.3, r = 0.05,q = 0, T = 1 (one year).

• Region I. x ≥ 0, z≥ 0:

GI
ρ(z, x; s) = 1√

2s

(
e−|z−x|√2s −Rρ(s)e−(z+x)

√
2s
)
,(A.7a)

• Region II. x ≤ 0, z≥ 0:

GI I
ρ (z, x; s) = 1√

2s
Tρ(s)ex

√
2(s+ρ)−z

√
2s ,(A.7b)

• Region III. x≥ 0, z≤ 0:

GI I I
ρ (z, x; s) = 1√

2s
Tρ(s)ez

√
2(s+ρ)−x

√
2s,(A.7c)
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FIGURE 5.10. Up-and-out proportional step call gamma as a function of the asset priceS.
Option parameters:K = 100,B = 130,σ = 0.3, r = 0.05,q = 0, T = 1 (one year).

• Region IV. x≤ 0, z≤ 0:

GI V
ρ (z, x; s) = 1√

2(s+ ρ)
{
e−|z−x|

√
2(s+ρ) +Rρ(s)e(z+x)

√
2(s+ρ)

}
,(A.7d)

where the coefficientsR andT are given by9

Rρ(s) =
√

s+ ρ −√s√
s+ ρ +√s

,(A.8a)

Tρ(s) = 1−Rρ(s) = 2
√

s√
s+ ρ +√s

.(A.8b)

9This solution is well known in quantum physics where it describes tunneling of a quantum particle through
the potential barrier of finite height. The coefficientR gives an amplitude of the wave reflected from the barrier,
while T gives an amplitude of the wave transmitted through the barrier, andR andT are called reflection and
transmission coefficients, respectively (see, e.g., Messiah 1961 and Landau and Lifshitz 1965).
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One can readily check that this solution and its first derivative are indeed continuous at
the barrierx = 0 for any finiteρ. This resolvent is also given by Borodin and Salminen
(1996, eq. (1.5.5)).

Now the closed-form expressions (A.2) for the transition probability density are readily
obtained by inverting the Laplace transform (see Appendix C).

The expectationEx[e−ρ0
−
T ;WT ∈ dz] is also given by Borodin and Salminen (1996) in

their eq. (1.5.7).10 Our equations (A.2a) and (A.2d) coincide with theirs. Note, however,
that our equations (A.2b) and (A.2c) provide different representations for the density for
the cases (x > 0, z< 0) and (x < 0, z> 0). Notably, our density is expressed as a single
convolution integral, rather than the double convolution as in Borodin and Salminen. We
used a simple trick (C.9) to reduce the dimension of those integrals.

One can check that the functionKρ(z, x; T) is continuous at the originz= x = 0:

lim
z→0
K I
ρ(z,0; T) = lim

z→0

∫ T

0

(1− e−ρ(T−t))z

2πρ(T − t)3/2t3/2
e−

z2

2t dt = 1− e−ρT

√
2πρT3/2

.(A.9)

Note a useful symmetry property of the functionKρ(z, x; T):

Kρ(z, x; T) = e−ρTK−ρ(−z,−x; T).(A.10)

To prove (A.10), introduce a Brownian motioñWt = −Wt so that

Kρ(z, x; T)dz = E−x[e−ρ̃0
+
T ; W̃T ∈ −dz](A.11)

= e−ρT E−x[eρ̃0
+
T ; W̃T ∈ −dz] = e−ρTK−ρ(−z,−x; T)dz.

Proof of Proposition 3.1. From equation (3.7), the function9 is given by:

• k ≥ 0 andx ≥ 0:

9 I
ρ(ν; k, x, T) =

∫ ∞
k

eνzK I
ρ(z, x; T)dz(A.12a)

= 1√
2πT

∫ ∞
k

e[−(z−x)2/2T ]+νz dz

− 1√
2πT

∫ ∞
k

e[−(z+x)2/2T ]+νz dz

+
∫ T

0

(1− e−ρ(T−t))√
2πρ(T − t)3/2

×
(

1√
2π t3/2

∫ ∞
k
(z+ x)e[−(z+x)2/2t ]+νzdz

)
dt;

10Note that there is a typo in eq. (1.5.3) of Borodin and Salminen (1996) for the casez= x = 0. Our equation
(A.2e) gives the correct version.
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• k > 0 andx ≤ 0:

9 I I
ρ (ν; k, x, T) =

∫ ∞
k

eνzK I I
ρ (z, x; T)dz(A.12b)

=
∫ T

0

(1− e−ρ(T−t))√
2πρ(T − t)3/2

e−x2/2(T−t)

×
(

1√
2π t3/2

∫ ∞
k

[z(1− x2/(T − t))

+ x(1− z2/t)]e−z2/2t+νz dz

)
dt;

• k < 0 andx ≥ 0:

9 I I I
ρ (ν; k, x, T) =

∫ ∞
0

eνzK I
ρ(z, x; T)dz(A.12c)

+
∫ 0

k
eνzK I I I

ρ (z, x; T)dz

=
∫ ∞

0
eνzK I

ρ(z, x; T)dz

+
∫ 0

−∞
eνzK I I I

ρ (z, x; T)dz

−
∫ k

−∞
eνzK I I I

ρ (z, x; T)dz;

• k < 0 andx ≤ 0:

9 I V
ρ (ν; k, x, T) =

∫ ∞
0

eνzK I I
ρ (z, x; T)dz(A.12d)

+
∫ 0

k
eνzK I V

ρ (z, x; T)dz

=
∫ ∞

0
eνzK I I

ρ (z, x; T)dz

+
∫ 0

−∞
eνzK I V

ρ (z, x; T)dz

−
∫ k

−∞
eνzK I V

ρ (z, x; T)dz.

Now it is a matter of tedious but straightforward algebra to calculate the integrals, and
we arrive at the final result (3.9).

The following lemma is useful in calculating the integrals in (A.12):
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LEMMA A.1.

I (a,b, c;α, β, γ ) = 1√
2πc

∫ a

−∞
(αx2+ βx + γ )ebx−x2/2c dx(A.13)

= exp

(
cb2

2

)
[ AN(d)− BN′(d)],

where

d = a− cb√
c
,(A.14a)

A = αc(cb2+ 1)+ βcb+ γ,(A.14b)

B = αc(2b
√

c+ d)+ β√c.(A.14c)

Let us also note that there is an alternative approach to compute the function9 via
numerical inversion of the Laplace transform. To obtain the analytical representation for
9 given in Proposition 3.1, we first analytically inverted the Laplace transform and then
performed the integration overz. Alternatively, we could first integrate the resolventG
overz and then invert the Laplace transform numerically:

9 I
ρ(ν; k, x, T) = L−1

T

{∫ ∞
k

eνzGI
ρ(z, x; s)dz

}
(A.15)

= eνkL−1
T

{
1√

2s(
√

2s− ν)
(
e−(k−x)

√
2s −Rρ(s)e−(k+x)

√
2s
)}
,

√
2s> ν

(this example is fork ≥ 0, x ≥ 0, k ≥ x).

APPENDIX B. THE LAW OF(WT , 0
−
T )

The law of the pair(WT , 0
−
T ) can be obtained by inverting the Laplace transform with

respect toρ (this holds for allt ∈ (0, T)):

Px(WT ∈ dz, 0−T ∈ dt) = L−1
t

{
Ex

[
e−ρ0

−
T ;WT ∈ dz

]}
dt(B.1)

= L−1
t

{
Kρ(z, x; T)} dz dt.

PROPOSITIONB.1. The law of the pair(WT , 0
−
T ) is given by:

• 0< t < T :

Px(WT ∈ dz, 0−T ∈ dt) = px(z, t; T)dz dt,(B.2a)

where the density is given by:
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• Region I. x≥ 0, z≥ 0, z+ x > 0:

pI
x(z, t; T) = L−1

t

{
K I
ρ(z, x; T)}(B.2b)

=
∫ T−t

0

(z+ x)

2π(T − u)3/2u3/2
exp

(
− (z+ x)2

2u

)
du;

• Region II. x≤ 0, z> 0:

pI I
x (z, t; T) = L−1

t

{
K I I
ρ (z, x; T)}(B.2c)

=
∫ T−t

0

[
z(1− x2/(T − u))+ x(1− z2/u)

]
2π(T − u)3/2u3/2

×exp

(
− z2

2u
− x2

2(T − u)

)
du;

• Region III. x≥ 0, z< 0:

pI I I
x (z, t; T) = L−1

t

{
K I I I
ρ (z, x; T)} = pI I

−x(−z, T − t; T);(B.2d)

• Region IV. x≤ 0, z≤ 0, z+ x < 0:

pI V
x (z, t; T) = L−1

t

{
K I V
ρ (z, x; T)} = pI

−x(−z, T − t; T);(B.2e)

• x = z= 0:

p0(0, t; T) = L−1
t

{
Kρ(0,0; T)

} = 1√
2πT3/2

;(B.2f)

• t = 0, x ≥ 0, z≥ 0:

Px(WT ∈ dz, 0−T = 0) = K−(z, x; T)dz;(B.2g)

• t = T , x ≤ 0, z≤ 0:

Px(WT ∈ dz, 0−T = T) = K−(z, x; T)dz.(B.2h)

The law of(WT , 0
−
T ) was derived by employing the explicit Feynman–Kac calculation.

An alternative derivation is based on the results of Karatzas and Shreve (1987) on the
Brownian path decomposition. They show in particular that there is a close connection
between the law of(WT , 0

+
T , l0(T)) (l0(T) is a Brownian local time at the origin up to time

T) and the law of(WT , σT ,MT ) (MT = max0≤t≤T Wt is a maximum-to-date andσT is the
location of the maximum). The derivation of the law(WT , σT ,MT ) is a classic result due
to P. Levy, and the law of(WT , 0

+
T , l0(T)) then follows from the result of Karatzas and
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Shreve (1987). In this paper we chose to develop the explicit Feynman–Kac calculation
in order to facilitate the transition to the more general case of time- and state-dependent
volatility, time-dependent interest rates, and discrete dividends (see Appendix D). This more
realistic case must be dealt with numerically since no probability-based analytical solution
is available. Also, our Feynman–Kac analysis can be extended to the case of two barriers
(double-barrier step options, Davydov and Linetsky (1998)).

The law of the pair(WT , 0
−
T ) is also given in Borodin and Salminen (1996, eq. (1.5.8)).

Note, however, that we use a different integral representation. Their representation is
obtained by integrating the Karatzas and Shreve (1987) trivariate density (1.3) over all
possible values of the Brownian local time. For example, for the case 0< t < T and
x ≥ 0, z≥ 0 their result is:

pI
x(z, t; T) =

∫ ∞
0

(y+ z+ x)y

π t3/2(T − t)3/2
exp

(
− (y+ z+ x)2

2(T − t)
− y2

2t

)
dy.(B.3)

The equivalence with our result (B.2b) is established through the following identity for
x ≥ 0, z≥ 0, z+ x > 0:

∫ ∞
0

(y+ z+ x)y

t3/2(T − t)3/2
exp

(
− (y+ z+ x)2

2(T − t)
− y2

2t

)
dy(B.4)

=
∫ T−t

0

(z+ x)

2(T − u)3/2u3/2
exp

(
− (z+ x)2

2u

)
du.

APPENDIX C. LAPLACE TRANSFORM

The following inverse transforms are used to calculate (A.2) (see Abramowitz and Stegun
1965):

L−1
T {1} = δ(T),(C.1)

L−1
T

{
1√
s

e−a
√

s

}
= 1√

πT
e−a2/4T , a ≥ 0,(C.2)

L−1
T

{
e−a
√

s
}
= a

2
√
πT3/2

e−a2/4T , a > 0,(C.3)

L−1
T

{√
se−a

√
s
}
= (a2− 2T)

4
√
πT5/2

e−a2/4T , a ≥ 0,(C.4)

L−1
T

{
1√

s+ a+√s

}
= L−1

T

{√
s+ a−√s

a

}
= 1− e−aT

2a
√
πT3/2

, a ≥ 0,(C.5)

L−1
T

{
e−as

s

}
= H(T − a),(C.6)
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as well as linearity, translation, and convolution properties. To obtain (A.2a), we first write

GI
ρ(z, x; s) = G−(z, x; s)+

√
2√

s+ ρ +√s
e−(z+x)

√
2s,(C.7)

whereG− is the resolvent for a Brownian motion with absorbing barrier at zero and started
at x

G−(z, x; s) = 1√
2s

(
e−|z−x|√2s − e−(z+x)

√
2s
)
.(C.8)

Then equation (A.2a) is obtained by using equations (C.3) and (C.5).
To obtain equation (A.2b), we use the convolution property

L−1
T

{√
2

ρ

(√
s+ ρ −√s

)
ex
√

2(s+ρ)−z
√

2s

}
(C.9)

=
√

2

ρ

∫ T

0

(
L−1

T−t

{√
s+ ρex

√
2(s+ρ)

}
L−1

t

{
e−z
√

2s
}

− L−1
T−t

{
ex
√

2(s+ρ)
}
L−1

t

{√
se−z

√
2s
})

dt

=
∫ T

0

e−ρ(T−t)
[
zt(x2− T + t)+ x(T − t)(z2− t)

]
2πρ(T − t)5/2t5/2

e−z2/2t−x2/[2(T−t)] dt.

Notice that asx tends to zero, the integrand becomes singular att → T . A leading
singularity proportional to(T − t)−3/2 asx → 0 andt → T comes from the zero-order
term in the exponential, exp(−ρ(T − t)) = 1− ρ(T − t)+ · · ·. However, it is easy to see
that the corresponding integral vanishes identically for allx < 0

∫ T

0

[
zt(x2− T + t)+ x(T − t)(z2− t)

]
2πρ(T − t)5/2t5/2

e−z2/2t−x2/[2(T−t)] dt ≡ 0.(C.10)

This identity is established by taking the inverse Laplace transform as in equation (C.9) of
bothsidesof the identity(

√
s exp(x

√
2s))(exp(−z

√
2s))−(exp(x

√
2s))(
√

s exp(−z
√

2s))
≡ 0. To prevent numerical instabilities due to round-off errors during the computation of
the convolution integral, we explicitly subtract the integrand in equation (C.10) from the
integrand in equation (C.9) and finally arrive at equation (A.2b). This integral converges
for all x ≤ 0.

APPENDIX D. THE PDE FORMULATION

Consider a claim written at timet = 0 that pays offF(ST , τ
−
B ) at timeT . Let f (S, I , t) be

its value at some timet , t ∈ [0, T ]. Since the occupation timeτ−B (t, T) follows a process

dτ−B (t, T) = H(B− St )dt,(D.1)



STEP OPTIONS 93

the function f solves the following terminal value problem (see, e.g., Wilmott, Dewynne,
and Howison 1993):

1

2
σ 2S2∂

2 f

∂S2
+ (r − q)S

∂ f

∂S
+ H(B− S)

∂ f

∂ I
− r f = −∂ f

∂t
(D.2)

subject to the terminal condition

f (S, I , T) = F(S, I ).(D.3)

In the particularly simple case of proportional step options,

F(S, I ) = e−ρ I8(S),(D.4)

the variables separate

f (S, I , t) = e−ρ I g(S, t),(D.5)

and the functiong solves a simpler problem with one state variable

1

2
σ 2S2 ∂

2g

∂S2
+ (r − q)S

∂g

∂S
− [r + ρH(B− S)]g = −∂g

∂t
(D.6)

subject to the terminal condition

g(S, T) = 8(S).(D.7)

Standard numerical methods can now be applied to solve the occupation time PDE
problem in cases with time-dependent interest rater (t) and dividend yieldq(t) and time-
and state-dependent volatilityσ(S, t).

APPENDIX E. PERPETUAL STEP OPTIONS

The down-and-out step PDE (D.6) also admits an interesting time-independent solution
which we call aperpetual step option. Consider a time-independent problem:

σ 2

2
S2∂

2 f

∂S2
+ (r − q)S

∂ f

∂S
− [r + ρH(B− S)] f = 0,(E.1)

with the boundary conditions

f (S)→ Sλ++1 as S→∞,(E.2)
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f (S) = 0 as S→ 0.(E.3)

Continuity boundary conditions at the barrier are:

lim
ε→0+

( f (B+ ε)− f (B− ε)) = 0,(E.4a)

lim
ε→0+

(
∂ f

∂S
(B+ ε)− ∂ f

∂S
(B− ε)

)
= 0.(E.4b)

A time-independent solution for the perpetual down-and-out step option as a function of
the underlying asset price is:

• S> B:

f (S) = Sλ++1

(
1−R

(
B

S

)λ+−λ−)
;(E.5a)

• S≤ B:

f (S) = T Sλ++1

(
B

S

)λ+−λ3

,(E.5b)

whereR andT are

R = λ3− λ+
λ3− λ− , T = 1−R = λ+ − λ−

λ3− λ− ,(E.6)

and

λ± = −λ±
√
λ2+ 2q/σ 2,(E.7)

λ3 = −λ+
√
λ2+ 2(q + ρ)/σ 2,

λ = (r − q)

σ 2
+ 1

2
.

This solution interpolates between the stationary solution of the Black–Scholes PDE with
continuous dividend yieldq when the knock-out rate is zero

lim
ρ→0

f (S) = Sλ++1,(E.8)

and the standard perpetual barrier option when knock-out rate is infinite (see Ingersoll 1987,
pp. 371–373 for pricing barrier perpetuities):

lim
ρ→∞ f (S) = Sλ++1

(
1−

(
B

S

)λ+−λ−)
, S> B,(E.9a)
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lim
ρ→∞ f (S) = 0, S≤ B.(E.9b)

An up-and-out perpetual step option solution is obtained similarly.
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