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Abstract
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parts, as well as their deltas. Mortgage rates at origination are found by solving a non-linear
equation. Our solution method is based on explicitly constructing an eigenfunction expansion
of the pricing semigroup, a Feynman-Kac semigroup of the CIR diffusion killed at an additive
functional that is a linear combination of the integral of the CIR process and an area below
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1 Introduction

The residential mortgage market is currently the biggest segment of the U.S. fixed income
markets. The total notional amount of Agency mortgage-backed securities alone, not including
unsecuritized mortgage loans held by financial institutions directly and non-Agency mortgage-
backed securities, currently exceeds the notional amount of publicly-traded U.S. Treasury debt.
The problem of mortgage valuation is thus of significant practical importance.

A fully-amortizing fixed-rate mortgage is an annuity with fixed monthly payments. The
complicating feature is that most residential mortgages allow prepayment of principal at par at
any time prior to maturity, typically without any penalty. Assuming the mortgagor behaves
rationally, the problem is to determine the optimal refinancing strategy: should the mortgagor
refinance now, i.e., pay off the remaining principal balance on the outstanding mortgage, get
into a new mortgage at a lower rate, and pay some refinancing transaction costs in conjunction
with taking out a new mortgage, or wait for the rates to drop further and refinance later at
a lower rate? The optimal refinancing problem is complicated by the fact that the mortgagor
may refinance multiple times. This is generally more complicated than the early exercise of
American options, where the option exercise results in the payment of a fixed amount. In the
case of refinancing, the mortgagor enters into a new prepayable mortgage, which he can re-
finance as well. The early literature has ignored the possibility of sequential refinancing and
treated the problem of valuing mortgages as annuities with embedded American-style options.
This “option-based” approach has been pioneered by Dunn and McConnell (1981a,b) (for more
recent references, surveys, and discussions see Goncharov (2003), (2004), (2006), Kalotay et
al. (2004), Longstaff (2005), Pliska (2005), (2006), Stanton (1995)). Sequential refinancing has
recently been addressed by Pliska (2005), (2006) and Longstaff (2005), who consider multi-stage
decision models. Even ignoring sequential refinancing, the option-based approach is already
computationally demanding and heavily numerical. The possibility of sequential refinancing
further complicates the problem. Asside from the computational difficulties, the optimality as-
sumption is often violated in market practice. Indeed, mortgagors often prepay lower-interest
mortgages in a higher interest rate environment due to a variety of reasons, such as house sale
or default. On the other hand, since individual mortgagors vary widely in their financial sophis-
tication, when interest rates do decline and offer refinancing opportunities, many mortgagors
either delay their refinancing decisions significantly, or do not act at all until it is too late and
interest rates move back up.

In view of these issues, the option-based approach to prepayment modeling has not been
widely adopted by market practitioners in the mortgage markets. An alternative “reduced-
form” approach is to assume that the prepayment time is a random time governed by some
hazard rate to be estimated from empirical data on the actual prepayment experiences in large
mortgage pools. Early important references on the empirical hazard rate approach are Schwartz
and Torous (1989), (1992), (1993) (see Deng et al. (2000) and Kau et al. (2004) for more
recent work in this direction). In this approach, historical prepayment data are used to statisti-
cally estimate the prepayment hazard rate function. This hazard rate is then used to simulate
mortgage prepayments along simulated interest rate paths. The mortgage is then valued by
discounting the resulting cash flows and averaging across the simulated interest rate paths. So
far references on the prepayment modeling within the hazard rate framework have been largely
empirical and numerical in nature, employing Monte Carlo simulation. Until recently, little work
has been published on the theoretical and mathematical foundations of mortgage prepayment



modeling in the intensity-based framework. This situation is in stark contrast to the burgeoning
mathematical finance literature on the intensity-based credit risk modeling that has enjoyed
remarkable development in the past decade (see, e.g., Jarrow and Turnbull (1995), Duffie and
Singleton (1999), Elliot et al. (2000), as well as recent monographs Bielecki and Rutkowski
(2002), Duffie and Singleton (2003), Jeanblanc et al. (2006), and Lando (2004) for surveys).
Furthermore, the credit risk modeling technology has also been applied to other situations, such
as the early exercise modeling and valuation of executive stock options (e.g., Carr and Linetsky
(2000)).

Indeed, mortgage prepayment events are similar to defaults in the credit risk parlance. The
prepayment can be seen as a “default” on the mortgage contract with recovery paid at the time
of “default” and equal to the mortgage principal amount outstanding at the time. Thus, the
recent advances in the intensity-based credit risk modeling can be applied to mortgage mod-
eling and valuation. However, the mathematical finance literature on the subject of applying
stochastic analysis of hazard process-based methods to mortgage valuation seems to be limited
so far. Notable references include Goncharov (2003), (2004), (2006), Pliska (2005), (2006) and
Kagraoka (2002). Goncharov aims at unifying the option-theoretic and reduced-form approaches
and, in particular, working in continuous-time credit risk-style hazard process-based framework,
derives expressions for the mortgage value function, the PDE it satisfies, and a non-linear equa-
tion for the mortgage rate. Pliska (2005), (2006) develops intensity-based mortgage valuation
results in discrete time. Kagraoka (2002) models the prepayment process of a mortgage pool
by point processes. Jarrow et al. (2005), while primarily focused on corporate defaults, the-
oretically justify the market practice of using the same prepayment intensity under both the
physical measure and the risk-neutral measure, by assuming that the prepayment event risk is
diversifiable.

The present paper develops a simple analytically tractable mortgage valuation model within
the intensity-based approach. The random mortgage prepayment time is assumed to have an
intensity process of the form h; = ho(t) + v(k — r;) ", where hg(t) is a deterministic function of
time, r; is the short rate, and v and k are scalar parameters. The first term models exogenous
prepayment independent of interest rates (e.g., a multiple of the PSA prepayment function). The
second term models refinancing due to declining interest rates and is proportional to the positive
part of the distance between a constant threshold level and the current short rate. When the
short rate follows a CIR diffusion, we are able to solve the model analytically and find explicit
expressions for the present value of the mortgage contract, its principal-only and interest-only
parts, as well as their deltas measuring sensitivity of the contract value to changes in interest
rates. Mortgage rates at origination are found by solving a non-linear equation. Our solution
method is based on explicitly constructing an eigenfunction expansion of the pricing semigroup,
a Feynman-Kac semigroup of the CIR diffusion killed at an additive functional that is a linear
combination of the integral of the CIR process and an area below a constant threshold and
above the process sample path (the so-called area functional). In this context, the eigenfunction
expansion method appears to have several distinct advantages. First, the integrals with respect
to time appearing in the general expression for the mortgage value are calculated in closed form.
This leads to a simple non-linear equation for the mortgage rate that does not contain any
integrals and can be solved for the mortgage rate at origination by a simple application of the
Newton-Raphson iterations. Secondly, seasoned mortgage contracts, as well as their interest-
only and principal-only parts, can be simply valued at some arbitrary time ¢t > 0 during the
mortgage life (after origination). Finally, the mortgage contract delta is obtained essentially



without any additional computational effort by directly differentiating the eigenfunctions with
respect to the short rate.

The rest of the paper is organized as follows. In Section 2 we consider mortgage contracts
with continuous and discrete payments without prepayment and determine mortgage rates in
terms of the current term structure of interest rates at origination. The material of this section
is well-known and is included to establish our notation. In Section 3 we consider mortgage
contracts with continuous and discrete payments and with random prepayment in the credit
risk-style intensity-based framework. In particular, we consider two problems: determining the
mortgage rates at origination and valuing seasoned mortgages. This section primarily surveys
known results about the intensity-based mortgage valuation following Goncharov (2003), (2004),
(2006), establishes our notation, and presents some basic properties of mortgages that will be
needed later in the paper. In Section 4 we introduce our model specification for the interest rate
process (CIR) and the prepayment intensity Eq.(4.2). In Section 5 we solve our model. Theorem
5.1 gives a spectral representation (which in this case reduces to an eigenfunction expansion) for
the Feynman-Kac semigroup of the CIR diffusion killed at an additive functional. This result
generalizes the result in Gorovoi and Linetsky (2004) obtained in the context of an entirely
different financial model. This result allows us to obtain explicit expressions for the non-linear
equation determining the mortgage rate and the value functions of seasoned mortgages and their
deltas. In Section 6 we demonstrate numerical properties of the eigenfunction expansion in this
setting, develop case studies of determining mortgage rates and valuing seasoned mortgages,
provide sensitivity analysis, and calculate implied prepayment intensity parameters by calibrat-
ing our model to the market data on mortgage rates. Section 7 concludes the paper. Proof
of Theorem 5.1 is given in Appendix A. Appendix B contains some background on confluent
hypergeometric functions used in the paper. Appendix C contains some results on the CIR
model.

2 Mortgage Contracts without Prepayment

We consider a fixed-rate mortgage contract that originates at time ¢ = 0 and matures at time
T > 0. The borrower takes out a loan of Py dollars at origination and pays a continuous
coupon stream at the constant rate of ¢ > 0 dollars per annum during the mortgage life [0, T.
For a mortgage originated at time ¢ = 0 and with maturity T, the interest is compounded at
the contractual mortgage rate m(0,7") or simply m (expressed in percent per annum) fixed at
origination. The remaining mortgage principal at time ¢ € [0,7] is denoted by P(t) or P;.
In the absence of prepayment, it satisfies the following ordinary differential equation (ODE)
(over an infinitesimal time interval dt the total payment made by the borrower, cdt, consists
of the interest payment mP(t)dt and the scheduled principal repayment —dP(t), i.e. cdt =
mP(t)dt — dP(t), P(0) = P):

The solution is



Since the mortgage is fully amortized and the remaining principal at maturity is zero, P(T) = 0,
the payment rate c¢ is determined in terms of the contractual mortgage rate m:

mP()
Cc = W, (21)
and
1— e—m(T—t)

In the absence of prepayment, the cash flows from the mortgage are deterministic, and the
present value of the mortgage at time ¢ € [0,7] can be calculated in terms of the current term
structure of interest rates, { B(¢,u),u € [t,T]}, where B(t,u) is the time-t¢ price of the u-maturity
zero-coupon bond with unit face value, so that

T
M(t) = cAc(t,T), where Ac(t,T):/ B(t,u)du
t

is the present value of the continuous annuity from ¢ to 7' continuously paying at the rate of
one dollar per annum. At origination, to prevent arbitrage in the mortgage origination market,
the present value of the mortgage must be equal to the mortgage principal, M(0) = Py, and
Py = cA.(0,T). Recalling (2.1), the mortgage rate m = m(0,T’) is seen to satisfy the following

non-linear equation:
1

—(1—e ™) = A.(0,T). (2.3)
m

Solving this equation determines the continuous mortgage rate at the contract origination in
terms of the then-current term structure of interest rates.

In practice the mortgage payments are paid at discrete time intervals A > 0 (typically
monthly, A = 1/12). The borrower makes discrete equal payments of cA > 0 dollars at times
tp = kA, k=1,..,.N, N =T/A, where T is the mortgage maturity (for simplicity assume T’
is an integer number of years away from origination; here c is the annualized payment rate in
dollars, so that the periodic payment at times ¢ is equal to ¢A). The initial mortgage principal
is Py. The principal remaining immediately after the kth payment is made is Pia. In the
absence of prepayment, it satisfies the following recursive equation (the total payment made by
the borrower of cA dollars at time t;41 = (k + 1)A consists of the interest payment mAPya
and the scheduled principal repayment Pya — Pry1)a; here m = m(0,T) is the annualized
contractual mortgage rate for the T-maturity mortgage):

P(k+1)A = (1 + mA)Pga — cA.
The solution to this recursion is

Pia = Po(1+mA)r — %((1 +mA)k — 1),

Since the mortgage is fully amortized and the remaining principal at maturity is zero, P(T') = 0,
the payment rate c is determined in terms of the mortgage rate m:

mP()
1—(1+mA)~N’

CcC =

(2.4)



and
1— (14 mA)~"(V=Fk)

1—(1+mA)=N
In the absence of prepayment, the present value of the mortgage at time ¢ € [0,7T] can be
calculated in terms of the current term structure of interest rates:

Pipn =Py

(2.5)

N
M(t) = cAa(t,T), where Aa(t,T)= >  B(t,t)A
k=[t/A]+1

is the present value of the discrete annuity paying A dollars at times ¢ (here [x] denotes the
integer part of x). At origination, ¢ = 0, to prevent arbitrage in the mortgage origination
market, the present value of the mortgage must be equal to the mortgage principal Py and
Py = cAa(0,T). Recalling (2.4), the mortgage rate m = m(0,7") is seen to satisfy the following
non-linear equation:

1

—(1-(1+ mA) V) = Ax(0,T). (2.6)
Solving this equation determines the discrete mortgage rate at the contract origination in terms
of the then-current term structure of interest rates.

3 Valuation of Mortgages and Determination of Mortgage Rates
with Prepayment in the Intensity-based Framework

We start with a probability space (2, G, Q) carrying a standard Brownian motion { By, ¢ > 0} and
an exponential random variable with unit mean e ~ Exp(1) and independent of the Brownian
motion B. We denote by F = {F;, ¢ > 0} the filtration generated by the Brownian motion. We
assume frictionless markets, no arbitrage, and take an equivalent martingale measure (EMM) Q
as given. We model the instantaneous interest rate (the short rate) under the EMM as a positive
continuous process adapted to the Brownian filtration F.

To model prepayment, we introduce a positive prepayment intensity (hazard rate) process
{ht,t > 0} adapted to the Brownian filtration F. We model the random time of prepayment
7 as the first time when the hazard process fot hydu is greater or equal to the random level
e ~ Exp(1):

t
T=inf{t >0 :/ hydu > e}.
0

At time 7, the borrower prepays the remaining principal balance of the mortgage P:.

To keep track of how information is revealed over time, we introduce a prepayment indicator
process {Ny,t > 0}, Ny = 1>y (a one-jump process equal to zero before prepayment and
jumping to one at 7), a filtration D = {D;,t > 0} generated by N;, and an enlarged filtration
G = {G,t > 0}, G = F; V Dy. Then the compensated process N; — JAT hsds is a (G, Q)-
martingale.

The prepayment event is similar to the default event. Until prepayment or maturity,
whichever comes first, the lender receives the cash flow stream at the rate of ¢ dollars per
annum. At the time of prepayment 7, the lender receives a recovery payment equal to the re-
maining principal P;. Using the standard credit risk modeling framework, the present value at



time ¢t < T of the mortgage with continuous payments is given by:

T
M, =E [/ ce Jirs d81{7>u}du
t

gt:| +E {e_f; e dsprl{t<—r§T}‘ gt}

T
= 1{T>t}E |:[ (C + huPu)eift (Ts‘i’hs)dsdu

]—"t] , (3.1)

where the payment rate ¢ and the remaining principal balance P, are given by Eqgs.(2.1) and
(2.2), respectively. Introducing the following notation for u > ¢ > 0:

Q(ta U) =E [ei ftu(T‘erhs)ds

ft} , (3.2)

) = e 0

]—}] , (3.3)

given no prepayment by time ¢, the mortgage value can be re-written in the form
T
M, = / cQ(t,u) + PuH(t, w)]du
t

T
= T [ Q) + (1T (3.4)

where we used Egs.(2.1) and (2.2).

At time zero, to prevent arbitrage in the mortgage origination market, the mortgage present
value (3.4) is equal to the initial mortgage principal, My = Py, and we obtain a non-linear
equation for the mortgage rate m = m(0,7):

T T
m / Q(0, u)du + / (1= e ™IV (0, u)du = 1 — ™7 (3.5)
0 0

Egs.(3.4) and (3.5) can be expressed in an alternative form due to Goncharov (2003), (2004),
(2006). Given no prepayment by time ¢ > 0, the value of the mortgage at time ¢ can be expressed
as

T
M;=P+E [/ (m — ru)Pue_ft (rsths)ds gy, .7-}]
t
T
=P+ / P, mQ(t,u) — R(t,u)] du
t
T (11— efm(Tfu)
= Pt 1+ /t m [mQ(t, u) - R(t, u)] du s (36)
where

R(t,u) :=E [Tue* S (rsths)ds

ft} . (3.7)
Note that the three quantities Q(t,u), H(t,u) and R(t,u) are related by

2 (1,u) 4+ H(tw) + R(t,u) = 0, (3.8)



To prove that the right-hand side of Eq.(3.4) is equal to the right-hand side of Eq.(3.6), we need
to prove that

T
/]t [(c = mP,)Q(t,u) + Py(H(t,u) + R(t,u))] du = P;.

To prove this equality, use Eq.(3.8), integrate by parts, recall that dP(u)/du = mP(u) — ¢, and
recall that at maturity Pr = 0.

In the representation (3.6) the mortgage can be interpreted in terms of a “defaultable” swap
with amortizing principal P;. The present value of the mortgage at time ¢ is equal to the
remaining principal at time ¢ plus the value of a swap where the borrower continuously pays the
lender at the (fixed) mortgage rate m applied to the remaining principal P,, u € [t,T], while
the lender pays the borrower at the current (floating) short rate r, applied to P,. The swap
terminates at the time of prepayment 7 (“default”) or maturity 7', whichever comes first.

At origination the mortgage present value is equal to the mortgage principal, My = Py, and,
hence, the present value of the swap is zero:

T T
E [/ (m — ry)PueJo (“*hs)dsdu] = / P, [mQ(0,u) — R(0,u)] = 0.
0 0
Recalling (2.2), the mortgage rate m is seen to satisfy the following non-linear equation:

- e T R(0, u)du
B fOT(l — e*m(T*“))Q(O,u)du‘

m (3.9)

The mortgage rate at origination is determined by solving this equation numerically.

Given the mortgage rate m fixed at origination, Eq.(3.4) or, alternatively, Eq.(3.6) determines
the value of the seasoned mortgage at any time ¢ € [0,7] during its life. Eq.(3.6) provides a
convenient decomposition of the mortgage into its principal only (PO) and interest only (IO)
parts:

My = PO, + 104, (310)

where

T
10, =E [ / mPye” Ji (rstha)ds gy,
t

T (1_ e—m(T—u)
and

T
POy =P, —E [ / 1y Pye” Ji retha)ds gy
t

T (11— efm(Tfu)
t
In the discrete payments case, the lender receives payments of ¢A dollars at times kA until
prepayment or maturity, whichever comes first. At the time of prepayment 7, the lender receives
a recovery payment equal to the remaining principal P.. Note that the prepayment is allowed
at any time and not just at the discrete monthly payment dates. This is in accordance with the

actual practice in the mortgage markets. Typically the lender calculates the remaining mortgage
balance each day according to the accrued interest calculation, and the borrower can pay off the

;



mortgage on any date. More precisely, at some time ¢ € [kA, (k+ 1)A), the remaining principal
P; is equal to the principal Pya remaining at time t; = kA after the kth payment is made plus
accrued interest since the kth payment:

Py = Pea(1+m(t — kEA)),
where Pya is given by Eq.(2.5). Generally, for ¢t € [0,7] we can write

1— (14+mA)~WV-[t/A)

Py = Pryaja(l+m(t = [t/A]A)) = Po—— TN

(1+m(t—[t/A]A)), (3.13)

where [z] denotes the integer part of x.
Using the intensity-based credit risk modeling framework, the present value at time ¢t < T
of the mortgage with discrete payments is given by:

M, = i AR [e I 1| G 4 B[ I P oy | 6
k=[t/A]+1

N
=1l Z cAE [e* JER (roths) ds
k=[t/A]+1

T
ft} + 1B [/ hyPye Ji (rsths)ds gy,
t

J—'t] , (3.14)

where the payment cA and the remaining principal balance P, are given by Eqs.(2.4) and (3.13),
respectively. Given no prepayment by time t, the mortgage value can be re-written in the form

N T
My= Y cAQ(t,kA) + / P, H(t,u)du, (3.15)
k=[t/A]+1 t

where the P; is given by Eq.(3.13), and @ and H are defined in Egs.(3.2), (3.3). The present
value at time ¢ of the interest-only part of the mortgage is:

N
10, =mA ) Pu_naQ(t,kA), (3.16)
k=[t/A]+1

and the principal-only part is:
POy = My — I0s. (3.17)

Setting the present value of the mortgage at origination equal to the initial mortgage prin-
cipal, My = Py, and recalling Egs.(2.4) and (3.13), we obtain a non-linear equation for the
mortgage rate m = m(0,7T) for the mortgage contract with discrete payments:

N
mA Y Q(0,kA) + /T (1 1+ mA)[“/A]’N) (1 +m(u — [u/A]A)) H(0,u)du
k=1 0

=1—(14+mAa)™N. (3.18)



4 Model Specification

We now specify the interest rate and the prepayment intensity processes. We model the short
rate by the Cox-Ingersoll-Ross (CIR) diffusion process {ry,¢ > 0}, a unique strong solution of
the stochastic differential equation (SDE):

dry = k(0 — r¢)dt + o+/ridBy, ro =1 >0, (4.1)

where kK > 0, 8 > 0, and o > 0 are the rate of mean reversion, the long-run interest rate level,
and interest rate volatility, respectively. The process parameters are assumed to satisfy the
Feller condition 2k6 > o2 to insure that the origin is an inaccessible boundary for the process
and, thus, the process stays strictly positive.

We assume that the prepayment intensity is a function of time and the current interest rate
r¢ only, hy = h(r,t), and adopt a simple specification for the prepayment function h(r,t):

h(r,t) = ho(t) +y(k —r)*. (4.2)

Here v > 0 and k > 0 are constant parameters, and ho(t) is a deterministic function of time. It
captures exogenous prepayment due to reasons independent of the level of interest rates, such as
prepayment due to sale of house or mortgage insurance payment due to default by the borrower.

We will consider two specifications for hg(t): the constant prepayment rate (hg is a constant)
known in the industry as the CPR assumption, as well as the time-dependent PSA assumption.
Making ho(t) a function of time allows us to account for the fact that the prepayment intensity
changes with the age of the mortgage. The Public Securities Association (PSA) recommends
the use of a piecewise linear prepayment intensity (e.g., Cizek et al. (2005), Section 9.3.2.1 or
Kalotay et al. (2004), p.957):

ho(t) = b(atl{t<T*} + aT*l{tZT*})' (4.3)

According to the PSA, the parameters are a = 0.024 and 7 = 30/12 = 2.5. For b = 1, this
implies that the prepayment intensity starts from zero at origination, grows by 0.2% per month
during the first 30 months, and is equal to 6% per annum thereafter. This curve is accepted by
the market practitioners as a benchmark prepayment intensity. It is known as the 100% PSA
curve. The parameter b > 0 sets the desired translation level of this benchmark. For example,
if b = 0.75, the prepayment intensity is 75% of the PSA level. The time-independent exogenous
intensity hg under the CPR assumption corresponds to neglecting the initial ramping-up of the
PSA intensity and considering a constant intensity over the entire life of the mortgage.

Note that the exogenous prepayment is not necessarily detrimental to the lender. Since it
is independent of interest rates, the prepayment may happen when the current rate is higher
than the rate at origination, in which case the lender can re-lend the principal it receives due to
prepayment at the currently prevailing higher rate. Of course, if the prepayment happens when
the current rate is lower, the lender will only be able to re-lend the principal at the lower rate.

The second term in (4.2) captures the endogenous prepayment due to refinancing due to
interest rate declines.! The threshold & > 0 in our specification would typically be set equal to
the prevailing short rate at origination, k = r(, or, more precisely, a lower value k = ry—s, where
the spread s > 0 accounts for refinancing transaction costs, and v > 0 is the constant intensity

!The specification for the prepayment rate similar to our y(k — )" was early discussed in Duffie (1996), p.149.



scale parameter. This specification suggests that a decline in the market interest rate leads to a
proportional increase in prepayment intensity; i.e., a one percent decline in the market interest
rate would increase the prepayment intensity by -~ percent. The prepayment due to refinancing
is always detrimental to the lender as it will happen when the prevailing market rate is lower
than the rate at origination, and thus constitutes a reinvestment risk to the lender.

Remark 4.1 (On the change of measure) Under the physical probability measure, the
CIR short rate process has the form (4.1) with parameters kp, 0p, and o. Taking the market
price of interest rate risk in the form A\ = aily\/ﬁ, the short rate process under the equivalent
martingale measure is again CIR (4.1) with parameters kg = kp + v, 0g = kpbp/(kp + v), and
the same volatility 0. Generally, if the prepayment event (the point process N;) carries a risk
premium, then the Q-intensity could, for some positive constant u, be equal to h? — phY. This
multiplicative constant is the risk premium to compensate for the prepayment event. However,
Jarrow et al. (2005) show that if the event risk (such as defaults by individual companies or
prepayments by individual borrowers) can be diversified away, then p = 1 and h;@ = h} (the
basic idea of diversifiable jump risk goes back to Merton (1976)). This idea is further discussed
by Goncharov (2003) in the context of mortgage prepayments. In the context of our model,
if, conditionally on the path of the interest rate process, the prepayment point processes for
individual borrowers are independent, the prepayment event risk can be diversified away in a
large pool of mortgages, and the functional form of the prepayment intensity as a function of
time and the interest rate process is the same under the physical and the risk-neutral measures.
Note that this does not imply distributional equivalence since the prepayment intensity is a
function of the interest rate process, which changes its drift under the measure change. In this
paper we assume that h;@ = h? As our main focus is on pricing, we work with the interest rate
process (4.1) under Q and, to simplify notation, drop the index Q in kg and fg. More generally,
if we assume that the prepayment event carries a risk premium and an EMM is not unique,
we can simply select an equivalent martingale measure chosen by the market by calibrating the
model parameters to the mortgage market data.

Remark 4.2 (On individual mortgage contracts vs. mortgage-backed securities)
In this paper we concentrate on the valuation of individual residential mortgage contracts. A
mortgage backed security is a share of ownership in a pool with a large number of individual
mortgage. Under the homogeneous pool assumption (assuming all mortgages in the pool are the
same), the value of the mortgage pool is simply equal to the value of the individual contract times
the number of mortgages in the pool. From the standpoint of analyzing the prepayment rate
of the mortgage pool (i.e., a fraction of mortgages prepaying per unit time), the prepayment
process of the pool is a sum of one-jump point processes of individual mortgages. Since the
number of individual mortgages in a pool is very large (typically thousands of mortgages), one
can invoke the central limit theorem for processes and show that the prepayment rate of the
pool under the homogeneity assumption is equal to the prepayment intensity of the individual
mortgage (see Kagraoka (2002) for details of the proof). Furthermore, this can be generalized
to non-homogeneous pools (which is typically the case for mortgage-backed securities) by taking
an appropriate weighted average.

Remark 4.3 (Prepayment intensity as a function of the short rate vs. the mort-
gage rate) We specify the prepayment intensity as a function of the short rate. Goncharov
(2003), (2004), (2006) and Pliska (2005), (2006) study more general specifications where the
prepayment intensity is a function of the currently prevailing mortgage rate m; = m(¢,T") rather
than the short rate r;. This endogenizes the problem. Such models are more realistic, but the
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cost is a significant increase in computational complexity with no hope of analytical tractability
and the necessity of intensive use of numerical methods. However, since market interest rates
are, in fact, the main factor determining refinancing incentives and mortgage rates, we argue
that replacing the currently prevailing mortgage rate with the currently prevailing interest rate
as a factor in the prepayment intensity serves as a reasonable first approximation to more general
endogenous models, such as the ones developed by Goncharov and Pliska, with the advantage
of retaining analytical tractability. Indeed, Longstaff (2005) estimates from market data that
mortgage rates and the U.S. Treasury rates are highly correlated, with the correlation coefficient
around ninety percent.

Remark 4.4 (On Carr and Linetsky (2000) ESO early exercise model) We remark
that our choice of prepayment intensity is somewhat analogous to the early exercise intensity
for executive stock options (ESO) proposed by Carr and Linetsky (2000). In that model, the
intensity of the ESO early exercise process is assumed to be of the form

ht = )\f —|- )\e(St - K)Jr,

where S is the time-t stock prices, K is the stock option strike price, Ay is the constant intensity
of early exercise due to exogenous reasons (e.g., job termination) and A, is the scale parameter
of early exercise due to the executive’s desire to obtain liquidity and diversification in the face
of increasing stock price as the option goes deeper in the money. In the Carr-Linetsky ESO
model the stock price follows geometric Brownian motion, and the authors are able to calculate
the Laplace transform of the Brownian area functional in closed form. In the present mortgage
prepayment model, the underlying state variable is a CIR interest rate, and the analytical
solution is achieved by different means, via the eigenfunction expansion of the relevant Feynman-
Kac semigroup.

Remark 4.5 (On Commercial Mortgages) We note that the model developed in this
paper is for residential mortgages. Commercial mortgages have substantially different character-
istics, with the endogenous default decision by commercial borrowers being an important factor
in the analysis.

5 Solution of the Model

5.1 Calculating Q(t,u), H(t,u), and R(t,u) by the Eigenfunction Expansion of
the Feynman-Kac Semigroup

The key quantities Q(r¢;t,u), H(r;t,u), and R(ry;t,u) entering the mortgage valuation equa-
tions can be interpreted as time-t values of u-maturity European-style contingent claims with
payoffs fo(ry) = 1, fu(ry) = ho(u) +v(k — )", and fr(ry) = ru, respectively, in a fictitious
economy with the instantaneous interest rate rs + ho(s) +7(k—75)", where the underlying state
variable 75 follows the CIR diffusion. The problem thus reduces to computing expectations of

the form:
B exp{ = [ ho(e) + 90k = ) )ds b )| re =]

—e{~ [ ha(s)as b, |exn{ - [ ek st fn] o G
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where we took the deterministic factor e~ Ji %0(9)4s gutside of the expectation and used the time-

homogeneity of the CIR diffusion (E,[-] = E[-|ro = r]). The problem thus further reduces to
computing the Feynman-Kac semigroup of the CIR diffusion killed at an additive functional
fg(rg +v(k —rs)T)ds:

Pus(@) =B fow { - [ ath - r)as 0] (52)

In this Section we explicitly construct an eigenfunction expansion of this semigroup. The tran-
sition density of the semigroup of the CIR diffusion killed at an additive functional fg reds is
well-known in closed form (Pitman and Yor (1982), Cox et al. (1985); see also Jeanblanc et al.
(2006) for a survey). The eigenfunction expansion for this semigroup can be found in Davydov
and Linetsky (2003) or Gorovoi and Linetsky (2004) (see also Linetsky (2004a) and (2004b) and
Appendix C for related results). The semigroup of the CIR diffusion killed at an area functional
fg (rs — a)Tds was explicitly constructed in Gorovoi and Linetsky (2004). The area functional
measures the area below the sample path of the process and above some level a > 0 (see Perman
and Wellner (1996) for the study of Brownian area functionals). Here we are concerned with
a more general semigroup of the CIR process killed at an additive functional which is a linear
combination of the integral of the process and the area functional fg (k — rs)*ds measuring the
area above the sample path of the process and below some level £ > 0. This functional has
an appealing intuition in the context of mortgage prepayment modeling, as it plays a role of
the hazard process. The longer the interest rate stays below the threshold k and the further it
falls below k, the larger the value of the hazard process. Fortunately, we are able to generalize
the results in Gorovoi and Linetsky (2004) to explicitly compute the eigenfunction expansion of
this more general semigroup. A survey of the spectral expansion method for diffusion processes,
applications in mathematical finance and further references can be found in Linetsky (2004c).

Recall that the scale and speed densities of the CIR diffusion are (see, e.g., Borodin and
Salminen (2002) for a survey of one-dimensional diffusions):

2Kz 2 2Kz 2K0
— B — B-1 —
s(x) == exp( = > , m(x) = 3% exp (— = > , B:= o (5.3)

Under Feller’s condition 8 > 1, zero is an inaccessible entrance boundary and +oo is a non-
attracting natural boundary for the CIR process.

Let H := L?((0,00),m) be the Hilbert space of real-valued functions square-integrable on
(0,00) with the speed density m(z) and endowed with the inner product

(f.9) = /0 " f)g(x)m(z)dz. (5.4)

Then Eq.(5.2) defines a contraction semigroup {P:, ¢ > 0} of non-negative symmetric operators
in H (the symmetry refers to the property (P f, g) = (f, Ptg) and non-negativity to (P.f, f) > 0).
Its infinitesimal generator

Gf(2) = 30%f"(2) + (0 — ) (@) — (2 +1(k — )" ) f (@) (55)

can be expressed in terms of the scale and speed densities:

G(z) = — (f'(x)) (e 4k — ) fa).

m(z) \ s(z)

12



Its domainis: D(G) ={f € H: f, f' € AC0c((0,00)), Gf € H, boundary conditions at 0 and oo},
where AC,.((0,00)) is the space of functions absolutely continuous over each compact subin-
terval of (0,00), and the appropriate boundary conditions at 0 and oo are:

TR CO NN A C)

z]0 5(1‘) - zToo 5(1‘)

= 0. (5.6)

The infinitesimal generator G is a self-adjoint and non-positive operator in H. We are interested
in its spectral representation, as well as the associated spectral representation of the semigroup
of bounded symmetric operators {P,t > 0}.

Theorem 5.1 (i) The operator G has a purely discrete spectrum with negative eigenvalues
{=An )52, where 0 < A1 < A < ..., and the corresponding continuous eigenfunctions {¢n(x)}72 4
with continuous first derivatives and normalized so that (Yn, m) = Onm (Onm = 1(0) when
n=m (n#m) is the Kroeneker symbol).

(ii) Let X € (0,00). Introduce the following notation (B was defined in Eq.(5.8)):

p1:=2(1 — )02 + K2, ps =202 + K2, o) := %, Qg = %, (5.7)
B K20 B K20

ay = 5 0'2/)17 ag ‘= ) 0_2p2, (58)

¥a(z) := exp ((&;*)Qj M(ay — (A —~k)/p1, B,cux), x € (0,k], (5.9)

oa(z) == exp (h#) Ulaz — A/ p2, B, a0z), x € [k, +00), (5.10)

where M(a,b,z) and U(a,b,z) are the Kummer and Tricomi confluent hypergeometric func-
tions.2 Define a function of A (the scale density-normalized Wronskian of the functions ()
and ¢x(z) evaluated at the point © = k; the prime denotes differentiation in x):

1

w(}) = %(wx(k‘)%(k‘) — Pa(k)oa(k))

= KPemerteb/ o [6=2(p) — py) M (a1 — (A — k) /p1, B, c12)U (az — A/ pa, B, )
—as(az — A p2)M (a1 — (A —vk)/p1, B, c1z)U(az — A/ p2 + 1, 8+ 1, asz)
— B ar(ar — (A= ~k)/p1)M (a1 — (A — k) /pr + 1, B+ 1, c1z)U(ag — A/pa, B, c0w) } . (5.11)

Then the negatives of the eigenvalues of the infinitesimal generator G, 0 < A1 < Ag < ..., can
be identified with positive simple zeros of the Wronskian w(\), i.e., roots of the equation

w(X) =0 (5.12)

2See Appendix B and Abramowitz and Stegun (1972) and Slater (1960) for their properties. These functions
are available as built-in functions in the Mathematica software system with the calls HypergeometriciF1 and
HypergeometricU.
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on the positive half-line, and the corresponding normalized eigenfunctions {¢,(x)}>2, can be

taken in the form:
B (
VA z), z=€ 0,k
Antx, (k /ll[))\n( ) ( ] (5.13)

Pn (37) = ’
a6 (@), € [k o)
where

A= —2 : (5.14)
A=An

Proof. See Appendix A. O

The infinitesimal generator G and the semigroup operators P; with ¢t > 0 share the same eigen-
functions {(,} that form an orthonormal basis in H. If —)\, are the eigenvalues of G, then e~*n*
are the eigenvalues of P;, and we have the following eigenfunction expansion for conditional
expectations (5.2) with f € H.

Corollary 5.1 For any f € H and t > 0, the function P.f(x) has the following eigenfunction
expansion:

Puf(x) = e *efpn(x) (5.15)
n=1

where the expansion coefficients are

£ = (f.n). (5.16)

Theorem 5.1 and Corollary 5.1 provide a recipe to calculate expectations (5.2) for f € H.
First, the eigenvalues are determined by finding the roots of the Wronskian A, by numerically
solving Eq.(5.12) (we used the Mathematica FindRoot routine to do that). Then the correspond-
ing eigenfunctions are given by Eq.(5.13) in terms of the confluent hypergeometric functions (the
derivative of the Wronskian evaluated at the eigenvalue in Eq.(5.14) is calculated by using the
derivatives of the confluent hypergeometric functions with respect to their first index given in
Appendix B), and the expansion coefficients (5.16) are calculated by integrating f(z)pn(z) with
respect to the speed measure m(x)dz to compute the inner product (5.4) (we used the Mathe-
matica numerical integration routine NIntegrate for this computation). Finally, the result for
the expectation (5.2) is given by the eigenfunction expansion (5.15). For this semigroup, A,
increase approximately linearly with n, and the higher order terms are suppressed with the fac-
tors e~ !, helping convergence of the eigenfunction expansion (note that the expansion (5.15)
converges in H even for ¢ = 0, in which case it is the L?-expansion of the function f € # in
the eigenfunction basis {¢,}; for ¢ > 0 the convergence is accelerated as the factors e** help
convergence by suppressing the higher order terms).

The quantities Q(r;t,u) and R(r;t,u) have the form

e~ i ho)sp,  £(r) = e S ho(s) dSZe Def on(r)

with fo(r) =1 and fgr(r) = r, respectively. The quantity H(r;;t,«) has the form

H(”nt; tv u) =e ftu ho(s)ds [hO(u)Q(Tta ta u) + ’YA(rta ta U)], (517)

14



where
A(r;ty,u) = Pyt falr) (5.18)

with fa(r) = (k —r)*. All three functions fg, fa, and fr are in H (square-integrable with the
speed density (5.3)) and, hence, the corresponding expectations P,_¢f(r) can be calculated by
the eigenfunction expansion method. In what follows we denote the corresponding expansion
coefficients by c;? , ¢ and ¢, respectively. The three quantities Q, R, and H are also related

by Eq.(3.8).

mn

5.2 Calculating Time Integrals
5.2.1 Continuous Payments

To compute the value of the mortgage (3.6), the interest-only (I0) part (3.11), the principal-only
(PO) part (3.12), and determine the mortgage rate m by solving Eq.(3.9), we need to calculate
the integrals with respect to time entering those expressions:

[e.9]

T
/ (1 — e Ty [ ho(s)dsp ¢ (p Z (t,T; Ap, m) el on (1), (5.19)
t

where .
Le(t, T5 Ap,m) = / (1 — e Ty it ho()ds=Anu=t) gy,
t

Fortunately, we are able to calculate these integrals in closed form for both the CPR and PSA
specifications of hy(t). For the CPR specification hy = const, we obtain:

m(1 00 - X0 e )

, where A} =ho+ A,.  (5.20)

For the PSA specification (4.3), if ¢ > T, the integral is the same as for the CPR with hoy = abT™
since hg(t) is constant and equal to hg = abT™ for t > T*. For 0 <t < T*, we have

/ ho(s)ds = C;b(( AT*)? — 2) 4 1oy abT* (u — T%)
t
and we need to consider two cases. When T' < T, we obtain

T
Lepsa(t, Ts Ay m) = / (1 — eI abl? =2 lu=t) gy

B lex ( abt+)\ 2 { ()\ —I—abT) Bt ()\n—l—abt>
~\ 2ab v2ab v 2ab
m(m — 2(abT + \y,) An —m + abT An —m + abt
+ exp ( 5 Erf 57 — Erf g ,  (5.21)

where Erf(x) is the error function, Erf(z) = % NG ~¥’dy. When T > T*, we obtain

Lc,PSA(taT7 )\n, m) — / (1 e m(T— u)) fab(u27t2)/2—)\n(u7t)du
t
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T
+/ (1 — efm(Tfu))e*“b((T*)2*t2)/2fabT*(ufT*)f)\n(u,t)du

*

. ((abt+)\n)2> {Erf (abT*—l—)\n>  Eef (abt—l—)\n>
2ab P 2ab V2ab V2ab

e e = L R R R L))

1 1
—Zab (T*(2T — T*) — t?) — M(T —
abT* + Ay, — m)(abT™* + \p) {mexp( 2ab( ( ) = 1) =l t)>

_|_
(
+ exp (—%b((:rk)2 — %) = M\ (T — t)) ((abT* + An)(1 — ™Iy m)} . (5.22)

5.2.2 Discrete Payments

To compute the value of the mortgage (3.15), IO (3.16), PO (3.17), and determine the mortgage
rate m by solving Eq.(3.18), we need to calculate the integral with respect to time entering those
expressions. For the CPR specification we have for ¢ = 0 (where A} = ho + A,):

T
Ld,CPR(OaT; An, m) = /0 (1 + m(u — [U/A]A)) <1 _ (1 4 mA)[u/A]*N> e~ Ml du

[ k—1-NY\ _—A\%
:;/(k_l)A(ler(u—(k—l)A)) (L= (14 mAY 1) Ny

*\(LANE 1y _ * N §
_ (m+X5)(e = 1) —mALA Z o~ kAN, (1 1+ mA)k—l—N)
n k=1

~ ((m+ M) (€M —1) —=mAZA) ((eAM —1)(1 = (1 4+ mA)™N) = mA(1 — e T)) (5.23)

- (P e — (e — 1~ mA) @
To compute this integral, we first broke it up into the sum of integrals over the subintervals
[(E —1)A, kA), calculated each integral, and then calculated the sum in closed form. It is easy
to verify that when N — oo, Eq.(5.23) converges to the continuous case (5.20). For 0 <t < T,

we have (where XX = ho + A\p):

T
Lacpr(t,T; An,m) = / (1+m(u— [u/A]A)) (1= (1+mA)/ A=) e=Niay
t

[t/A]A *
— / (I+m(u— ([t/A] = 1)A)) <1 —(1+ mA)[lﬁ/A}—l—J\[) oM ut) g,

N kA
+ Z / (I+m(u—(k—1)A)) (1 —(1+ mA)kflfN) o=t g,
k=[t/A]+17 (k=DA
1
= _ [t/A]-1-N
g (10 mY

x (m FOE b mAL(E — ([E/A] — 1)A) — e IAIA= (1 3 mA;;A))
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+eM Ly opr(0, T; A, m) — et Ly opr(0, [t/A]A; Ay, m). (5.24)

For the PSA specification with discrete payments, unfortunately the sum cannot be cal-
culated in closed form and the resulting expression is computationally less efficient than the
continuous PSA case. For the 30-year mortgage, the expression for Lg psa(0,T; Ap,m) is a sum
of 360 terms, each involving error functions, in contrast to a single term in the continuous PSA
case, as well as the discrete CPR case. Since we also need to compute the outer sum in n to eval-
uate the eigenfunction expansion, this becomes computationally expensive. Fortunately, as we
demonstrate in Section 6, the continuous payments case provides an excellent approximation for
the discrete payments case (the mortgage rates m determined under the continuous and discrete
specifications differ by less than one basis point), and for all practical purposes the continuous
PSA specification provides and excellent approximation for the discrete PSA specification.

5.3 Solving the Non-Linear Equation for the Mortgage Rate

To determine the mortgage rate m = m(0,7) for the mortgage with continuous payments we
need to solve the non-linear equation (3.9). Substituting the eigenfunction expansions for R and
@ into the equation, using the results of the previous section for the integrals with respect to
time, and rearranging terms, we arrive at the following non-linear equation for m:

> on(r)(me — e Le(0, T; Ap, m) = 0. (5.25)
n=1

Since analytical expressions for the derivative of the left-hand side with respect to m are available
under both the CPR and PSA specifications, we solve this non-linear equation numerically by
the Newton-Raphson iterations (we first truncate the infinite summation at an appropriate finite
level and then implement Newton-Raphson iterations). The natural starting point is to choose
the mortgage rate equal to the initial short rate, i.e., mg = r. In our numerical experiments the
Newton-Raphson algorithm converged to the accuracy of one basis point for the mortgage rate
after just two iterations.

For the mortgage with discrete payments under the CPR specification we need to solve the
non-linear equation (3.18). Using Eq.(5.17) and the results of the previous Section, calculating
the sum in k in (3.18) in closed form and rearranging terms, we arrive at the following non-linear
equation for the mortgage rate m:

o0 1 — e T
> on(r) {macg (EAZ—_J + (hoc¥ + v Laopr(0,T; )\n,m)} =1—(14+mA)~N,
n=1

(5.26)
Since analytical expressions for the derivative of the left-hand side with respect to m are available,
we solve this non-linear equation numerically by the Newton-Raphson iterations starting at
mo = r. In our numerical experiments the Newton-Raphson algorithm converged to the accuracy
of one basis point for the mortgage rate after just two iterations, just as in the continuous case.
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5.4 Valuing Seasoned Mortgages and Calculating Mortgage Delta

The time-t value of a seasoned mortgage with continuous payments originated at time zero is
given by Eq.(3.6). Using the results of the previous sections, it reduces to

> L.(t,T; A\p,m)
_ Q o R c\Y y I\
M, =P, {1 + Zl ©n () (mc§ cn)—l gy } (5.27)
The interest-only part given by Eq.(3.11) reduces to
> Le(t, T; Ay, m)
_ QZc\b Ly \ny
I0; = mP; Z:l on(r)es EEpET (5.28)

The time-t value of a seasoned mortgage with discrete payments and CPR specification
Eq.(3.15) reduces to

Py
M = T AT mAy ¥ (5.29)
0 e_A;([t/A]A_t) — e_Az(T_t)
St {mac (S ) e vl acrnte T |
n=1

One of the advantages of the eigenfunction expansion approach is that the mortgage delta, the
first derivative of the mortgage value function with respect to the interest rate r measuring the
sensitivity of the mortgage value to changes in interest rates, can be obtained by differentiating
the eigenfunction expansion with respect to r. Derivatives of the eigenfunctions dg, (r)/dr are
obtained using the derivatives of the confluent hypergeometric functions given in Appendix B.
Since the eigenvalues A, and expansion coefficients ¢, are the same as in the expansion for
the value function, the mortgage delta is obtained with essentially no additional computational
effort.

6 Implementation and Case Studies

6.1 Computational Implementation

In order to illustrate computational performance of the eigenfunction expansion method, we
fix the following parameters for the CIR process: 8 = 0.06, x = 0.25, and ¢ = 0.1, and
consider mortgage contracts with continuous payments and prepayment intensity (4.2) with
parameters hg = 0.045, v = 5 and k = ro (CPR specification for the exogenous prepayment
component). Table 1 presents the first ten eigenvalues \,, and expansion coefficients % and
ck. We observe that the eigenvalues increase approximately linearly with n and the expansion
coefficients decrease rapidly with n. To determine the mortgage rate m = m(0,7T) for a T-
maturity mortgage, we truncate the expansions in the non-linear equation (5.25) for the mortgage
rate at some level K and then perform Newton-Raphson iterations starting from mg = 9. In
this example we assume rg = 0.09. Table 2 shows convergence of the eigenfunction expansion
to determine m for a range of maturities 7. In the left column the truncation level K is
indicated (i.e., the terms with n = 1,..., K are included in the expansion and the remaining
terms with K 4+ 1, K + 2, ... are discarded). The table entries give the corresponding mortgage
rates determined to the accuracy of one basis point. We see that summing up the first five
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An cf cg
0.20734 0.003803 0.054054
0.47884 —9.2333 x 1074 0.015381
0.74412 1.2171 x 10~* 0.006317

1.02106 —1.3772 x 1074 0.001281

1.29713 —7.8077 x 107° —1.0992 x 10~*
1.57718 —3.4895 x 1075 —2.6412 x 104
1.85936 —3.6717 x 1075 —9.6048 x 10~
2.14140 9.3305 x 1076 4.6027 x 107°
2.42418  1.0297 x 1076 9.2959 x 1075
2.70820 5.9369 x 1076 7.2403 x 1075

S © oo ok W RS

Table 1: Eigenvalues and expansion coefficients. Model parameters: 8 = 0.06, xk = 0.25, ¢ = 0.1,
ho = 0.045, v = 5, rg = 0.09, and k = 7.

terms in the eigenfunction expansion produces the result for the mortgage rate to the accuracy
of one basis point. Table 3 shows convergence of the Newton-Raphson iterations for the same
range of maturities and parameters. The iterations are started at mg = rg and m;, 1 =1,2,3,4
are the values of the mortgage rate on the ith iteration. We observe that the Newton-Raphson
iterations converge to the accuracy of one basis point in just two iterations. Computational
performance in solving the non-linear equation (5.26) for mortgage rates with discrete payments
is very similar.

Table 4 gives mortgage rates determined under the continuous and monthly (A = 1/12)
payments assumption, both with and without prepayments. We see that for the contracts
without prepayments the differences are about 2.24 basis points for one year maturity and
decline for longer maturities. For the contracts with prepayments the differences are about 0.8
basis points for one year maturity and decline to a negligible 0.002 basis points for thirty-year
mortgages. The reason why the differences between the contracts with continuous and discrete
payments are lower with prepayments is because we allow continuous prepayment. That is, even
though scheduled interest and principal payments happen discretely (monthly) in the contract
with discrete payments, the mortgagor is allowed to prepay at any time (not necessarily at
the end of the month), as is done in practice (the mortgage prepayment typically can occur
on any day of the month, with the interest accruing up to the date of prepayment). We can
thus conveniently approximate mortgage contracts with discrete payments with the contracts
with continuous payments. While under the CPR assumption of constant hg both discrete and
continuous cases exhibit similar computational performance, under the time-dependent PSA
assumption continuous case is more computationally efficient as the function L. ps4 is available
in closed form as discussed in section 5.2. Therefore, we will assume continuous payments when
working with the PSA specification in the next section.

6.2 Case Studies
6.2.1 Mortgage Rates

We now investigate the effects of parameters on the mortgage rates. The parameters of the CIR
process are the same as in the previous Section, and we consider mortgages with continuous
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K| T=1 2 5 10 30

3 || 0.0884 0.0866 0.0832 0.0807 0.0791 0.0787
5 || 0.0879 0.0862 0.0829 0.0805 0.0790 0.0786
10 || 0.0878 0.0861 0.0829 0.0805 0.0790 0.0785
15 || 0.0878 0.0861 0.0829 0.0805 0.0790 0.0785

Table 2: Convergence of the eigenfunction expansion in determining the mortgage rates. The
table presents mortgage rates computed by truncating the eigenfunction expansion after K
terms. Model parameters: 0 = 0.06, k = 0.25, 0 = 0.1, hg = 0.045, v = 5, ro = 0.09, and k = ryo.

1 T=1 2 5 10 20 30

1 0.08784  0.08624  0.08332  0.08112 0.07952  0.07888

2 0.08780  0.08609  0.08287  0.08047  0.07895  0.07853

3 0.08780  0.08609  0.08287  0.08047 0.07895  0.07853
Exact || 0.087796 0.086090 0.082865 0.080465 0.078952 0.078527

Table 3: Convergence of the Newton-Raphson iterations in determining the mortgage rates.

Model parameters: 8 = 0.06, x = 0.25, 0 = 0.1, hg = 0.045, v = 5, 79 = 0.09, and k = rg.

T=1 5 15 30
Continuous no prepayment | 0.0876023 0.0800277 0.0705366 0.0656842
Discrete no prepayment 0.0878263 0.0802309 0.0707208 0.0658566
Difference (bp) 2.240 2.032 1.842 1.725
Continuous with prepayment || 0.0877957 0.0828653 0.0794494 0.0785272
Discrete with prepayment 0.0877149 0.0828342 0.0794448 0.0785270
Difference (bp) 0.808 0.311 0.047 0.002

Table 4: Comparison of mortgage rates obtained under discrete (monthly) and continuous pay-
ment assumptions. Model parameters: § = 0.06, k = 0.25, 0 = 0.1, rp = 0.09. The cases
without prepayment and with prepayment with parameters hg = 0.045, v = 5, and k = rg are

presented.
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payments and prepayment intensity (4.2) with the PSA specification (4.3) for hg(t). We thus
have two prepayment parameters b and . The interest rate threshold is set to &k = rg — s
with s = 0.0025 (a spread of 25 basis points is subtracted to account for refinancing transaction
costs). Figure 1 plots the term structure of mortgage rates for three different starting interest
rate levels: rg = 0.03, r9 = 0.06, rg = 0.09. On each of the three graphs, we plot four term
structures of mortgage rates: without prepayment, with exogenous prepayment only (b = 0.75,
or 75% of PSA, and v = 0), interest rate-driven prepayment due to refinancing only with v = 10
and b = 0, and both exogenous and interest rate-driven refinancing prepayments (b = 0.75,
v = 10).

When rg = 0.03, the current rate is much lower than the long-run level § = 0.06 and, hence,
the rates are expected to increase in the future towards the long-run level due to mean reversion.
As a result, the term structure of mortgage rates without prepayment is steeply upward-sloping.
Compared to the mortgage rates without prepayment, the mortgage rates with the exogenous
prepayment only (b = 0.75, v = 0) are somewhat lower than the rates without prepayment (the
prepayment spread is negative in this case). This makes intuitive sense: interest rates will tend
to increase, but the mortgagors will still prepay at the fixed exogenous rate, which is clearly
sub-optimal as they will be prepaying during the times with higher interest rates. As expected,
the mortgage rates with the interest rate-driven refinancing only (b = 0, v = 10) are higher
than the rates without prepayment, and the prepayment spread is positive but small, at 19
basis points for the 30-year mortgage. The model with b = 0 and v > 0 always exhibits a
strictly positive prepayment spread (as the interest rate-driven refinancing is the only reason for
prepayment in this model, and this is always detrimental for the lender, as the lender will have
to re-lend at lower rates), but in this case the spread is relatively small since the probability of
the rate to decline further from the current low level is small due to the mean-reverting nature
of the interest rate process. Finally, the case with b = 0.75 and v = 10 exhibits prepayment
spreads very close to zero, as the positive prepayment spread arising from the interest rate-driven
refinancing (due to v > 0) is effectively canceled with the negative prepayment spread arising
from the sub-optimal exogenous prepayment (due to b > 0).

Moving on to the case of high current interest rate rog = 0.09 (significantly greater than the
long-run level # = 0.06), we observe the opposite behavior. The term structure of mortgage
rates without prepayment is downward-sloping, as the rates are expected to decline towards
the long-run mean due to mean reversion. Prepayment spreads generated by the model with
exogenous prepayments only (b = 0.75, v = 0) are moderately positive but not very large.
However, prepayment spreads generated by the model with the interest rate-driven refinancing
only (b = 0, v > 0) are very large, reaching as much as 170 basis points for the 30-year
mortgage in this example. Again, this makes intuitive sense as the rates are expected to decline
substantially from the current high levels, and the mortgage will likely be prepaid and the lender
will have to re-lend at the lower rates prevailing in the future. Hence, the lender requires some
compensation for this reinvestment risk in the form of the substantial prepayment spread above
the mortgage rates that would be quoted on a contract without the possibility of prepayment.
Finally, adding exogenous prepayment to the interest rate-driven one (both b > 0 and v > 0)
does not add to the spread substantially, as the mortgage will likely be prepaid due to declining
interest rates anyway.

The intermediate case with g = 8 = 0.06 is in the middle between the two extremes of
behavior. The term structure of mortgage rates without prepayment is mildly downward sloping
due to convexity effects. Adding exogenous prepayment adds a very narrow prepayment spread
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to the mortgage rate. Given the current rate is equal to the long-run level, future rate increases
and declines are roughly equally likely, and, hence, it is roughly equally likely that exogenous
prepayment would happen at lower or at higher rates and be either detrimental or positive for
the lender. We thus do not expect a significant prepayment spread either way from adding
exogenous prepayment. Adding prepayment due to the interest-rate driven refinancing does add
a substantial positive prepayment spread. Indeed, the spread is 66 basis points for the 30-year
mortgage in this example. It is substantially larger than the prepayment spread for the low rate
regime with r9 = 0.03, but substantially smaller than the spread for the high rate regime with
ro = 0.09. Finally, adding exogenous prepayment on top of the interest rate-driven refinancing
does not alter the prepayment spread appreciably.

6.2.2 Seasoned Mortgages

We now turn to the problem of valuing seasoned mortgages. Suppose initially the short rate is
ro = 0.06 (6%). The CIR model parameters are the same as in the previous example. Again,
four cases are considered: mortgage with no prepayment, exogenous prepayment (b > 0, v = 0),
interest rate-driven refinancing (b = 0, v > 0), and the combination of both (b > 0, v > 0).
Mortgage rates for a 30-year mortgage in these four cases are: 5.74%, 5.77%, 6.40%, and 6.36%
(note that in this scenario adding exogenous prepayment to refinancing actually lowers the
mortgage rate, as the mortgagor may end up prepaying suboptimally while the rates are still
high due to exogenous prepayment instead of waiting to refinance at lower rate). Figure 2 plots
value functions M (r;t,T') of these four 30-year mortgages with Py = $100 as functions of the
current interest rate r (¢ = 0, T = 30). It also plots their IO and PO parts, as well as their
deltas.

When the short rate is 6% all four mortgages are worth par by construction. We now analyze
how the mortgage value will react to changes in market interest rates. The mortgage without
prepayment is just an annuity, its value is a decreasing function of the short rate and its delta is
negative. Adding interest-rate driven refinancing decreases the sensitivity to changes in the rate,
especially for lower rates. When the rates decline, the value of the mortgage annuity increases,
but since the mortgagor will tend to prepay when the rates decline, increase in the value of the
mortgage with prepayment is significantly smaller than increase in the value of the comparable
mortgage without prepayment (the mortgage with prepayment is significantly less valuable to
the lender when rates decline), and the absolute value of the mortgage delta is significantly
smaller for low rates. As rates increase, the value of the mortgage with prepayment declines
less than the value of the comparable mortgage without prepayment. This is due to the higher
mortgage rate on the mortgage with refinancing (6.40% vs. 5.74% in this example). When rates
increase, the prepayment option granted to the mortgagor by the lender is less valuable and
the mortgage with prepayment behaves more like a comparable mortgage without prepayment
(as there will be no prepayments at high rates). But since the mortgage rate is higher on the
mortgage with prepayment, it will tend to hold its value better as the rates increase. Adding
exogenous prepayment changes the value function slightly, making the mortgage slightly less
valuable for lower interest rates as the exogenous prepayment will happen when rates are low
to the detriment of the lender, and making it lightly more valuable for high interest rates, as in
this case exogenous prepayment will benefit the lender.

The plots of IO and PO parts of the mortgage show that the dynamics are very different
under each of the four prepayment scenarios, as prepayments always decrease the value of the
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IO part of the mortgage (less interest will be received) and increase the value of the PO part
of the mortgage (the principal will be received sooner). Note that under the interest-driven
refinancing the value of the 10 behaves contrary to the usual behavior of fixed income securities:
the IO value is an increasing function of the interest rate. As interest rates decline, prepayment
intensity increases making the likelihood of losing the interest payments due to prepayment
greater, which wipes out any potential gains in present value of a security due to lower discount
rates. As a result, IO with refinancing actually has a positive delta, in contrast to the usual
negative delta of fixed income securities. One of the advantages of our analytically tractable
model is in the ease of computation of the mortgage delta.

To conclude this section, we note that one of the advantages of an analytically tractable
model such as the one presented in this paper is the ease of doing the sensitivity analysis, such
as the analysis presented above, which greatly facilitates developing economic intuition about
the problem.

6.2.3 Model Calibration: Implied Prepayment Intensity Parameters

To further illustrate our model, in this section we calibrate it to market data on 10/03/2005. The
credit risk of a residential mortgage is commonly estimated as that of a single-A corporate bond
with the same duration (e.g., Kalotay et al. (2004)). Accordingly, to determine appropriate CIR
model parameters 6, x, and o, we first calibrate the CIR model to the benchmark composite
single-A corporate bond yields reported by Bloomberg. The results of calibration are: 6 =
0.0702, k = 0.147, o = 0.095, and rp = 0.0395. We then compute mortgage rates without
prepayment in this calibrated CIR model. The resulting term structure of mortgage rates
without prepayment is plotted in Figure 4. In particular, 15-year and 30-year mortgage rates
without prepayment are 5.05% and 5.335%. The 15- and 30-year retail mortgage rate quotes
were obtained from the Internet mortgage lender www.ditech.com. On 10/03/2005 the 15- and
30-year retail mortgage rates for a conforming mortgage with no points were quoted at 5.75% and
6.125%, respectively. The spreads between the idealized mortgage rates without prepayment and
these retail mortgage rates are 70 basis points and 79 basis points for 15- and 30-year mortgages,
respectively. These mortgage spreads can be broken up into three parts. The retail mark-up
over the wholesale mortgage rates that covers the cost of marketing and origination is estimated
to average 3/8 of a percentage point (37.5 basis points) (e.g., web site www.mtgprofessor.com
discusses the differences between retail and wholesale mortgage rates). Wholesale mortgage
rates further include servicing fees that cover the cost of on-going servicing of the mortgage
and are estimated to average 1/8 of a percentage point (12.5 basis points) (e.g., Kalotay et al.
(2004)). Finally, the remainder of the spread, net of the retail mark-up and servicing fees, is the
prepayment spread we are interested in. We thus obtain current market prepayment spreads of 20
basis points and 29 basis points on 15- and 30-year mortgages, respectively. We then calculate
implied prepayment intensity parameters b and - by fitting our model to these prepayment
spreads by minimizing the calibration error. The resulting implied prepayment parameters as
of 10/03/2005 are: b = 0.545 and v = 15.5, corresponding to the exogenous component of the
prepayment intensity of 55% of the PSA level and an interest rate-driven refinancing component
with intensity parameter v = 15.5 (the interest rate threshold & in the prepayment intensity was
set to k = rg — s with s = 0.00375, i.e., a spread of 3/8 of a percentage point (37.5 basis points)
was deducted to account for refinancing transaction costs; this is a typical refinancing break-
even point according to the data on the web site www.mtgprofessor.com discussing mortgage
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Figure 3: Results of model calibration on 10/03/2005. Mortgage rates m = m(0,7) without
prepayment and with the calibrated prepayment intensity as functions of maturity 7" (in years).
Calibrated CIR model parameters: 6 = 0.0702, k = 0.147, 0 = 0.095. CIR short rate: rog =
0.0395. Calibrated prepayment intensity parameters: b = 0.545, v = 15.5, s = 0.00375.

refinancing). Roughly speaking, the value of the intensity parameter v = 15.5 implies that if
interest rates decline by one percentage point below the threshold, there is a 15.5% chance that
the mortgagor will refinance within one year (plus another 3.3% chance of prepayment coming
from the exogenous refinancing of 55% of the PSA level, for a total likelihood of prepayment of
19% within a year in this scenario).

7 Conclusion

This paper presents an analytically tractable valuation model for residential mortgages. The
random mortgage prepayment time is assumed to have an intensity represented as a sum of
two terms. The first term models exogenous prepayment and is a deterministic function of
time (e.g., a multiple of the PSA prepayment function). The second term models refinancing
due to declining interest rates and is a multiple of the positive part of the distance between a
constant threshold level (e.g., the interest rate at the mortgage origination time minus a spread
to account for refinancing transaction costs) and the current interest rate. When the short rate
follows a CIR diffusion, we are able to solve the model analytically and find explicit expressions
for the present value of the mortgage contract, its principal-only and interest-only parts, as well
as their deltas. Mortgage rates at origination are found by solving a non-linear equation. Our
solution method is based on explicitly constructing an eigenfunction expansion of the pricing
semigroup, a Feynman-Kac semigroup of the CIR diffusion killed at an additive functional that
is a linear combination of the integral of the CIR process and an area below the constant
interest rate threshold and above the interest rate sample path (the so-called area functional).
A sensitivity analysis of the term structure of mortgage rates and calibration of the model to
market data are presented. The eigenfunction expansion performs well computationally, with
about five terms in the expansion sufficient to obtain accuracy to one basis point in determining
the mortgage rate. Furthermore, the mortgage delta (sensitivity to changes in the short rate)
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is obtained analytically by direct differentiation of the eigenfunction expansion. This analytical
tractability greatly facilitates conducting a detailed sensitivity analysis, model calibration, and
developing economic intuition about the problem. We hope that this paper will further stimulate
applications of intensity-based methodologies, that proved so successful in the credit risk area,
to the important problem of mortgage modeling.

A Proof of Theorem 5.1

The proof relies on the Sturm-Liouville theory (general references are Dunford and Schwartz
(1963), Levitan and Sargsjan (1975), Weidmann (1987); for finance applications see Davydov
and Linetsky (2003), Gorovoi and Linetsky (2004), and Linetsky (2004a,b,c)). The problem of
determining eigenvalues and eigenfunctions of the self-adjoint operator G in the Hilbert space
H is equivalent to the problem of determining the eigenvalues and eigenfunctions of the asso-
ciated Sturm-Liouville (SL) ordinary differential equation (ODE) problem (here X is a spectral
parameter):

—Gu(z) = Au(z), z € (0,+00).
Due to the positive part function in the zero-order (killing or potential) term of G, we need to

consider this ODE in two intervals z € (0, k] and = € [k, c0) separately. In the interval z € (0, k]
we are looking for a solution ) (z) of the ODE

%02961‘”(96‘) +r(0 —2)f'(z) — (1 = y)z + k) f(z) = —Af(2)

that is square-integrable with the speed density m(z) on (0, k| and satisfies the required boundary
condition at zero:
f'(z)

k
2 . .
/0 [F(@)m(z)de < oo, lim =it =0

By a change of dependent and independent variables,

/‘f—pl

z=aox, f(r)=-exp (

this ODE reduces to the confluent hypergeometric equation (B.1). The corresponding solution
is given by Eq.(5.9).
In the interval = € [k, 00) we are looking for a solution ¢ (z) of the ODE

S22 f" (@) + 56— )1/ (z) — f(z) = ~Af(a)

that is square-integrable with the speed density m(z) on [k, 00) and satisfies the required bound-
ary condition at infinity:

zToo 5(27) -

By a change of dependent and independent variables,

z= sz, f(z)=-exp (M) u(z),

o2
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this ODE reduces to the confluent hypergeometric equation (B.1). The corresponding solution
is given by Eq.(5.10).

The eigenfunctions ¢, (x) of the SL problem are continuous, continuously-differentiable,
square-integrable on (0, 00), satisfy the required boundary conditions at both zero and infin-
ity, and are normalized so that ||¢,||> = 1. We start with the function for any A

_J Axia(z), z € (0,k]
on(z) = { Byoa(z), = € [k, 00)

with some Ay and B) to be determined. This function is clearly square-integrable on (0, c0)
and satisfies the required boundary conditions at 0 and co due to the properties of ¥y (z) and
ox(z). The continuity across = k requires

Axpa(k) — Baga(k) = 0.

The continuity of the first derivative across x = k requires
Axpi(k) — Bagh(k) = 0.

These two equations admit a non-trivial solution if and only if the Wronskian (5.11) vanishes
(in which case they are linearly dependent). To calculate the Wronskian we used the derivatives
of the confluent hypergeometric functions with respect to their argument given in Appendix B.
This gives the equation for the eigenvalues \,. Finally, the overall normalization constant is
found from the normalization condition |¢,||? = 1, and we arrive at Eq.(5.13) for the normalized
eigenfunctions.O

B Confluent Hypergeometric Functions

The Kummer and Tricomi confluent hypergeometric functions M (a,b, z) and U(a,b, z) are so-
lutions of the confluent hypergeometric equation

zu" + (b—2)u' —au =0 (B.1)

bounded at 0 and +o0, respectively.

The Kummer confluent hypergeometric function M(a,b, z) is defined for all z,a € C and b €
C\{0,—1,—2, ...} by the confluent hypergeometric series ((a)o := 1, (a)n :=a(a+1)...(a+n—1)
are the Pochhammer symbols)

M(a,b,z) = Z EZ)):%

M(a,b, z) is available as a built-in function in both Mathematica and Maple packages (in Math-
ematica: HypergeometriciF1[a,b,z]). To efficiently compute the function, depending on the
values of a, b, and z, these software packages use several integral representations and asymptotic
expansions in addition to the series (see Abramowitz and Stegun (1972) and Slater (1960)). We
used Mathematica for all calculations in this paper.
The derivative of the Kummer function with respect to z is given by:
d

EM(G,(),Z):%M(G—FLI)—FLZ)-
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The derivative of the Kummer function with respect to its first index a is given by:
o0

8 kw a‘l'k: k
%M a, b Z Z kk' —¢(G)M(a, ba Z)a

where

I'(z) ~=/(1 1
v =15 :Z%(rm) —7

is the digamma function (Abramowitz and Stegun (1972)). This derivative is available in Math-
ematica with the call HypergeometriciF1(1L0:0)q, b, 2].

The Tricomi confluent hypergeometric function U(a,b, z) is defined for all a,z € C and
be C\{0,£1,£2,...} by (Slater (1960, p.5))

I'(1-b)

-1 1
_ M(1 —b,2 —
Tita_0) x (14a—0,2—0,2)

U(a,b,z): W

M(a,b, z) +
(for b € Z, U(a,b, z) is defined as a limit lim,_,o U(a, b+ €, 2); see Slater (1960)). It is available
in Mathematical with the call HypergeometricUl[a,b,z].

The derivative of the Tricomi function with respect to z is given by:

d
EU(a,b,z) =—aU(a+1,b+1,2).

The derivative with respect to its first index a is (this derivative is available in Mathematica
with the call HypergeometricU(-9:0(q, b, z]:

9] CT-1D2 P S pla—b+Ek+1)(a—b+1)2"
7ol (ab,2) = Ta) kZ:O @ D),

1—b > P( a—|—k
a—b—|—1 kZ L @)+ vla—b+ D} U(a,h, ).

C CIR Annuities

Here we give explicit expressions for continuous and discrete annuities entering Eqgs.(2.3) and
(2.6) in the CIR model. The Feynman-Kac pricing semigroup for the CIR process {r;,t > 0}
with discounting (killing) at the rate r; has the infinitesimal generator

L2 f" (1) + w(0 = 1) f (1) = ().

G1(r) = 3

Its eigenvalues and normalized eigenfunctions in L?((0,00), m), where m is the speed density of
the CIR process, are given by (Davydov and Linetsky (2003); note that here it is convenient for
us to label the eigenvalues starting from zero, n = 0, 1, ... in contrast to the operator (5.5) with
prepayment, for which we label the eigenvalues starting from n = 1):

An = pn + é(p — k), where p:= k2 + 202,

2
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B o?n! 20\? _te—pr 51y (2pr
%“)—\/m(ﬁ) R =

where L,(la) () are the generalized Laguerre polynomials. The eigenfunction expansion of the
unit-face zero-coupon bond value function is in the form

B(r;0,T) = Z cne T o (1) (C.1)
n=0
with the expansion coefficients (Davydov and Linetsky (2003))
c _(_1)n 21—‘(64_”) O-\/% ’ p—K "
" V. o2n! p+kK k+p)

Applying the well-known identity for the generating function of Laguerre polynomials (Eq.(17)
in Erdelyi (1953, p.189))

z—1

S L (@) = (1- 2) 0 exp{ vz } ,
n=0

the eigenfunction expansion for the CIR bond price collapses to the CIR bond pricing formula:

B(r;0,T) = A(T)e 2T, (C.2)
where ,
_ 2(erT — 1) B 2pelr+P)T/2
S e i (<p+m><epT—1>+2p> '

Thus, we have two alternative representations of the zero-coupon bond value function: as the
eigenfunction expansion (C.1) and the closed-form formula (C.2).3 Generally, the closed-form
formula (C.2) is computationally more advantageous. However, to compute the continuous
annuity, we need to integrate the zero-coupon bond value function with respect to maturity. The
integral of (C.2) does not appear to be analytically tractable directly. However, the eigenfunction
expansion (C.1) can be integrated to yield the value function of the continuous annuity:

T © | _ =T
Ar0.T) = [ Bls0.d =3 o).
0 n=0 n

Similarly, the sum in k in the discrete annuity formula is calculated in closed form to yield
(T =NA):

N &9 N NN o A(l _ e—AnT)
AA(r;0,T) = AZB(’I"; 0,kA) = Z <Z e A) Cnpn(r) = Z chcpn(r).

k=1 n=0 \k=1 n=0

In the limit A — 0 the discrete annuity converges to the continuous annuity formula.

3We note that similar expressions to the CIR bond pricing formula were obtained by Wong (1964), Eq.(53)
and Pitman and Yor (1982) in different contexts.
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