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Abstract
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1 Introduction

In this paper, we propose a simple framework which uniÞes the valuation of corporate liabilities,
credit derivatives, and equity derivatives. We have designed our model to parsimoniously capture
several fundamental empirical observations. The Þrst observation is that credit default swap
(henceforth CDS) spreads and corporate bond yields are both positively related to implied
volatilities of equity options. The second observation is that the realized volatility of a stock is
negatively related to its price level. Similarly, equity implied volatilities tend to be decreasing
convex functions of the option�s strike price. The model that we propose to capture all of these
empirical regularities is both ßexible and analytically tractable. The ßexibility of the model
allows it to be rendered perfectly consistent with arbitrarily given term structures of CDS
spreads, interest rates, dividend yields, and at-the-money implied volatilities. The analytical
tractability of the model stems from the close connection of our stock price process to Bessel
processes. This connection leads us to explicit closed form formulas for survival probabilities
and for arbitrage-free values of corporate bonds, credit derivatives, and equity options.

Before introducing our model speciÞcation, we Þrst review some empirical evidence in sup-
port of the positive relationship between default probabilities and equity volatility. In particular,
several studies Þnd a link between corporate bond yields and equity volatility. For example,
Campbell and Taksler (2003) Þnd that equity volatility can explain as much cross-sectional vari-
ation in bond yields as can credit ratings. They and Kassam (2003) further observe that recent
increases in corporate bond yields can be explained by the recent upward trend in idiosyncratic
equity volatility. Similarly, Cremers et al. (2004) show that the implied volatility of individual
stock options contains important information for credit spreads. In particular, individual option
prices contain information on the likelihood of rating migrations. Conversely, Hilscher (2005)
develops a measure of equity volatility implied by the yield spread on US investment grade
corporate bonds, and Þnds that this measure is highly signiÞcant when forecasting volatility.

Since bond yields also proxy for other variables besides default, several other empirical stud-
ies have focused on the link between credit default swap (CDS) spreads and equity volatilities.
For example, Cremers et al. (2004) show that CDS rates are positively correlated with both
stock option implied volatility levels and the slope of the implied volatility plot against mon-
eyness. Consigli (2004) analyzes the statistical relationship between CDS spreads and equity
volatility for 6 stocks over 2002-3. He Þnds that implied volatility movements drive signiÞcant
spread movements. Similarly, Carr and Wu (2005) regress CDS spreads on stock option implied
volatilities for 4 companies and Þnd R2�s ranging from 36% to 82%. Finally, Zhu et al. (2005)
also examine the relationship between stock volatility and credit spreads. After controlling
for ratings, macro-Þnancial variables, and Þrm�s accounting information, they Þnd that equity
volatility and a jump risk measure together explain 75% of the variation in credit spreads.

There is also a great deal of empirical evidence that realized stock volatility is negatively
related to stock price. This so-called leverage effect was Þrst discussed in Black(1976) and
has enjoyed empirical support from many studies, e.g., Christie (1982). The term �leverage
effect� has become generic in describing the negative correlation between stock returns and
their volatilities. However, various other explanations to this relationship between volatility and
returns have also been proposed in the Þnancial economics literature, e.g., Haugen et. al. (1991),
Campbell and Hentschel (1992), Campbell and Kyle (1993), and Bekaert and Wu (2000).

It has similarly been observed that equity implied volatility is decreasing in the option�s
strike price. As this relationship has been consistently observed for both single name and index
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options since 1987, it is commonly referred to as the �implied volatility skew�. The skew in
individual stock options was thoroughly examined in Dennis and Mayhew (1999). Dennis et al.
(2004) also show that changes in implied volatility of individual stocks are negatively related to
returns, particularly when systematic risk is high.

A broad class of structural models provides theoretical support for both of these fundamental
empirical regularities. A large class of models, which Þnds inspiration from Merton (1974),
assumes that default occurs the Þrst time that the Þrm�s asset value crosses a lower barrier. For
these models, a reduction in the Þrm�s asset value causes a decrease in the value of existing debt,
but an increase in the debt-equity ratio, unless debt is retired. The bond price decline raises
the promised yield and CDS spreads, while the increase in leverage causes an increase in equity
volatility. These responses to the decline in Þrm value lead to the observed positive relationship
between standard measures of default likelihood and realized stock volatility. Furthermore, the
reduction in Þrm value leads to a reduction in stock price leading to the observed negative
relationship between the stock�s volatility and the stock price. This negative relationship also
produces the observed negative relationship between implied volatility and strike price.

Our reduced-form model assumes that the stock price follows a diffusion, punctuated by
a possible jump to zero. Consistent with the above empirical evidence showing that default
indicators are positively related to equity volatility, we assume that the instantaneous risk-
neutral hazard rate of default is an increasing affine function of the instantaneous variance of
the underlying stock. To be consistent with the leverage effect and the implied volatility skew,
we further assume a constant elasticity of variance (CEV) process for the stock price prior
to default. Together, these assumptions imply that the risk-neutral hazard rate is affine in a
declining power function of the stock price. We call the resulting stock price process the jump
to default extended CEV process, which we abbreviate to JDCEV.

An overview of this paper is as follows. In Section 2, we develop some general results that
arise when the instantaneous volatility and the risk-neutral hazard rate of default are both
functions of just the stock price and time. In Section 3, we develop our framework for unifying
the valuation of corporate liabilities, credit derivatives and equity derivatives, by regarding
them all as contingent claims written on the defaultable stock. In Section 4, we specify our
jump to default extended CEV model for the risk-neutral dynamics of the defaultable stock.
In Section 5, we solve our model in closed form by appealing to the theory of Bessel processes.
By combining time changes, scale changes, and measure changes, we reduce the contingent
claim valuation problem to the problem of computing expectations of some function of the
standard Bessel process. In particular, we obtain completely explicit closed form formulas
for risk-neutral survival probabilities, CDS spreads, corporate bond values under alternative
recovery assumptions, and stock option values. Section 6 presents an asymptotic analysis of the
model dynamics. In Section 7, we numerically illustrate the implications of our JDCEV stock
price process by calculating examples of risk-neutral survival probabilities, term structures of
credit spreads, and implied volatility skews. We also discuss the extent to which put options on
defaultable stocks can be regarded as credit derivatives. Section 8 concludes the paper.

2 Jump to Default Extended Diffusion

In this Section and the next, we develop relatively general results which will be used in the sequel
when we specialize to the jump to default extended CEV process. We start with a probability
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space (Ω,G,Q) carrying a standard Brownian motion {Bt, t ≥ 0} and an exponential random
variable with unit parameter e ∼ Exp(1) independent of B. We assume frictionless markets, no
arbitrage, and take an equivalent martingale measure (EMM) Q as given. We model the pre-
default stock dynamics under the EMM as a time-inhomogeneous diffusion process {St, t ≥ 0}
solving a stochastic differential equation (SDE):

dSt = [r(t)− q(t) + λ(St, t)]St dt+ σ(St, t)St dBt, S0 = S > 0, (2.1)

where r(t) ≥ 0, q(t) ≥ 0, σ(S, t) > 0 and λ(S, t) ≥ 0 are the time-dependent risk-free interest
rate, time-dependent dividend yield, time- and state-dependent instantaneous stock volatility,
and time- and state-dependent default intensity, respectively. The function r(t) can be obtained
from a given yield curve (calibrated to the term structure of default-free interest rates) and the
function q(t) can be adapted from dividend forecasts or from a given term structure of forward
or futures prices (by letting q(t) be a generalized function, discrete proportional dividends can be
handled). Carr and Javaheri (2005) show that the functions λ(S, t) and σ(S, t) can in principle
be inferred from a complete term and strike structure of implied equity volatilities observed on
two or more days. For simplicity we assume that r(t) and q(t) are continuously differentiable in
time on [0,∞) and that σ(S, t) and λ(S, t) are continuously differentiable in the stock price and
time on (0,∞) × [0,∞) (these assumptions are not necessary, but will simplify the subsequent
discussion). We also assume that σ(S, t) and λ(S, t) remain uniformly bounded as S →∞ (we
do not assume they remain bounded as S → 0). In section 4 we will further specify σ and λ to
the form (4.1-2).

Since we assumed the functions σ(S, t) and λ(S, t) remain bounded as S → ∞, the process
does not explode to inÞnity. Since we do not assume that σ(S, t) and λ(S, t) remain bounded
as S → 0, the process may hit zero, depending on the behavior of σ(S, t) and λ(S, t) as S → 0.
We assume the process is killed at the Þrst hitting time of zero, T0 = inf{t ≥ 0 : St = 0}, and
is sent to a cemetery state ∆, where it remains forever (∆ is an absorbing state). If the process
does not hit zero, we set T0 = ∞ by convention. In general, the extended state space for the
process S is E∆ = (0,∞) ∪ {∆}. In what follows, we denote by F = {Ft, t ≥ 0} the Þltration
generated by the process S.

To model jump to default, we introduce a jump-to-default hazard process {Λt, t ≥ 0}. If
λ(S, t) remains bounded as S → 0, Λt =

R t
0 λ(Su, u)du. If λ(S, t) → ∞ as S → 0 (the intensity

process λt = λ(St, t) explodes at T0), the hazard process is [0,∞]-valued:

Λt =

½ R t
0 λ(Su, u)du, t < T0
∞, t ≥ T0 .

We model the random time of jump to default �ζ as the Þrst time when the hazard process Λ is
greater or equal to the random level e ∼ Exp(1):

�ζ = inf{t ≥ 0 : Λt ≥ e}.

At time �ζ, the stock jumps to the cemetery (bankruptcy) state, ∆, where it remains forever
(the cemetery (default) state ∆ can be identiÞed with zero by setting ∆ = 0). We assume
equity holders do not receive any recovery in the event of bankruptcy and their equity position
becomes worthless. We denote the defaultable stock process S∆ = {S∆t , t ≥ 0}. We note that,
in general, in this model default can happen either at time T0 via diffusion to zero or at time
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�ζ via a jump to default, whichever comes Þrst. The time of default ζ (lifetime of the process
S∆ in the terminology of Markov processes) is then decomposed into a predictable and a totally
inacessible part (see also Chen and Filipovic (2005) for a model where the default time has both
predictable and totally inacessible parts):

ζ = T0 ∧ �ζ.

If λ(S, t)→∞ as S → 0, it is possible that the diffusion process S∆ with killing at rate λ(S, t)
never hits zero, while the process S (2.1) without killing can hit zero. Intuitively, as the killing
rate (intensity of jump to default) increases towards inÞnity as the process diffuses towards zero,
the process will be almost surely killed through a jump to default from a positive value (will
be sent to the cemetery state ∆ from a positive value) before it has the opportunity to diffuse
down to zero. In such case, �ζ < T0 a.s., ζ = �ζ a.s., and S∆ζ− > 0 a.s.

To keep track of how information is revealed over time, we follow Elliott et al. (2000) by
introducing a default indicator process {Dt, t ≥ 0}, Dt = 1{t≥ζ}, a Þltration D = {Dt, t ≥ 0}
generated by D, and an enlarged Þltration G = {Gt, t ≥ 0}, Gt = Ft ∨ Dt (recall that F is the
Þltration generated by the pre-default process S).

To summarize the results of this Section, we model the price of the defaultable stock as a
time-inhomogeneous diffusion process {S∆t , t ≥ 0} with state space E∆ = (0,∞) ∪ {∆}, initial
value S0 = x > 0, diffusion coefficient σ(x, t)x, drift [r(t)−q(t)+λ(x, t)]x, and killing rate λ(x, t).
In our notation, {St, t ≥ 0} is the pre-default stock price process (2.1), while {S∆t , t ≥ 0} is the
defaultable stock price process, so that S∆t = St for t < ζ and S∆t = ∆ for all t ≥ ζ. The
addition of the hazard rate in the drift rate in the pre-default dynamics (2.1) compensates for
default to insure that the total expected rate of return to the stockholders is equal to the risk-free
interest rate in the risk-neutral economy, and the discounted gain process to the stockholders
(accounting for continuous price changes, dividends, and possible default with zero recovery to
the stockholders) is a martingale under the EMM (this addition of jump intensity in the drift
rate was already discussed in Merton (1976)). We call the resulting stock price process a jump
to default extended diffusion.

3 UniÞed Valuation of Corporate Liabilities, Credit Derivatives,
and Equity Derivatives

Conditioning on the information available at time t ≥ 0 and using the Markov property of S,
the risk-neutral probability of surviving beyond some Þxed time T > t is given by:

Q(ζ > T |Gt) = 1{ζ>t}E[e−
R T
t λ(Su,u)du1{T0>T}|Ft]

= 1{ζ>t}E[e−
R T
t λ(Su,u)du1{mS

0,T>0}|Ft] = 1{ζ>t}E[e
− R Tt λ(Su,u)du1{mS

0,t>0}1{mS
t,T>0}|Ft]

= 1{ζ>t}E[e−
R T
t λ(Su,u)du1{mS

t,T>0}|St] = 1{ζ>t}Q(St, t;T ),
where mS

t,T = mins∈[t,T ] Ss is the minimum of the process S on the time interval [t, T ], we used

the fact that {T0 > T} = {mS
0,T > 0}, and we introduced the following notation:

Q(S, t;T ) = E[e−
R T
t λ(Su,u)du1{mS

t,T>0}|St = S]. (3.1)
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We Þrst consider three relatively simple �building block claims�, which form a basis for more
complex securities: (i) A European-style contingent claim with maturity (expiration) at time
T > 0 and payoff Ψ(ST ) at T , given no default by T , and no recovery if default happens by
T ; (ii) A recovery payment of one dollar paid at the maturity date T if default occurs by T ;
(iii) A recovery payment of one dollar paid at the default time ζ if default occurs by T . The
valuation of the three building blocks at some time t ∈ [0, T ) is standard in the reduced-form
credit risk modeling framework (see Duffie et al. (1996), Duffie and Singleton (1999), Elliot et al.
(2000), Jarrow and Turnbull (1995), Jarrow et al. (1997), and Madan and Unal (1998), as well
as recent monographs Bielecki and Rutkowski (2002), Duffie and Singleton (2003), Jeanblanc et
al. (2006), Lando (2004), and Schönbucher (2003)): (i) European claim with no recovery:

e−
R T
t r(u)duE

£
Ψ(ST )1{ζ>T}

¯̄Gt¤
= 1{ζ>t}e−

R T
t r(u)duE

h
e−

R T
t λ(Su,u)duΨ(ST )1{mS

t,T>0}
¯̄̄
St

i
; (3.2)

(ii) Fixed recovery paid at the maturity date T :

e−
R T
t r(u)duE

£
1{ζ≤T}

¯̄Gt¤ = e− R Tt r(u)du[1− 1{ζ>t}Q(St, t;T )]; (3.3)

(iii) Fixed recovery paid at the default time ζ:

E
h
e−

R ζ
t r(u)du1{ζ≤T}

¯̄̄
Gt
i

= 1{ζ>t}E
∙Z T

t
e−

R u
t [r(v)+λ(Sv,v)]dvλ(Su, u)1{T0>u}du

¯̄̄̄
Ft
¸

+1{ζ>t}E
h
e−

R T0
t [r(u)+λ(Su,u)]du1{t<T0≤T}

¯̄̄
Ft
i

= 1{ζ>t}
Z T

t
e−

R u
t r(v)dvE

h
e−

R u
t λ(Sv,v)dvλ(Su, u)1{mS

t,u>0}
¯̄̄
St

i
du (3.4a)

+1{ζ>t}E
h
e−

R T0
t [r(u)+λ(Su,u)]du1{t<T0≤T}

¯̄̄
St

i
. (3.4b)

These valuations reduce to computing risk-neutral expectations of the form:

E
h
e−

R T
t λ(Su,u)duΨ(ST )1{mS

t,T>0}
¯̄̄
St = S

i
(3.5)

for some Ψ(ST ). In addition, if the process can hit zero via diffusion before it is killed by a jump,
then to value the recovery payment at the time of default one also needs to compute the second
term (3.4b) involving the hitting time of zero (the Þrst term (3.4a) corresponds to the recovery
paid at the time of jump to default, assuming the process is killed by a jump before it hits zero
via diffusion). In the jump to default extended CEV model studied in this paper the process is
almost surely killed by a jump before it can diffuse to zero and, hence, this term vanishes and
all calculations in the JDCEV model reduce to computing expectations of the form (3.5).

These three building blocks can be used to value corporate liabilities, credit derivatives, and
equity derivatives. In particular, for Þxed T > 0, a defaultable zero-coupon bond with unit face
value and no recovery can be represented as the European claim with Ψ(ST ) = 1 and valued at
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time t < T , given no default by time t and stock price St = S > 0 at time t, as the discounted
risk-neutral survival probability:

B(S, t;T ) = e−
R T
t
r(u)duQ(S, t;T ). (3.6)

The building blocks (ii) and (iii) correspond to defaultable zero-coupon bonds under fractional
recovery of treasury and fractional recovery of face value, respectively (see, e.g., Lando (2004),
p.120). Defaultable bonds with coupons can be valued as portfolios of defaultable zeros.

Assuming a constant recovery rate on the reference bond, the ßoating leg of a CDS pays a
Þxed amount at the time of default ζ if ζ ≤ T . It can be valued using our building block (iii).
The Þxed leg of a CDS is an annuity of Þxed cash payments made at discrete payment dates up
until the earlier of the default time and expiration. It can be valued as a portfolio of defaultable
zero-coupon bonds with no recovery.

A European call option with strike K > 0 with the payoff (ST − K)+ at expiration T has
no recovery if the Þrm defaults. A European put option with strike K > 0 with the payoff
(K−ST )+ can be decomposed into two parts: the put payoff (K−ST )+1{ζ>T}, given no default
by time T , and a recovery payment equal to the strike K at expiration in the event of default
ζ ≤ T . Assuming no default by time t ∈ [0, T ) and stock price St = S > 0 at time t, the pricing
formulas for European-style call and put options at time t take the form:

C(S, t;K,T ) = e−
R T
t r(u)duE

h
e−

R T
t λ(Su,u)du(ST −K)+1{mS

t,T>0}
¯̄̄
St = S

i
, (3.7)

P (S, t;K,T ) = P0(S, t;K,T ) + PD(S, t;K,T ) (3.8)

= e−
R T
t r(u)duE

h
e−

R T
t λ(Su,u)du(K − ST )+1{mS

t,T>0}
¯̄̄
St = S

i
(3.9)

+Ke−
R T
t r(u)du[1−Q(S, t;T )], (3.10)

respectively. One notes that the put pricing formula (3.8) consists of two parts: the present
value P0(S, t;K,T ) of the put payoff conditional on no default given by Eq.(3.9) (this can be
interpreted as the down-and-out put with the down-and-out barrier at zero), as well as the
present value PD(S, t;K,T ) of the cash payment K in the event of default given by Eq.(3.10).
This �recovery� part of the put is a European-style default claim, a credit derivative that pays
a Þxed cash amount K at maturity T if the underlying Þrm has defaulted by time T . We
emphasize that in our model, corporate liabilities, credit derivatives, and equity options are all
valued in a uniÞed framework as contingent claims written on the defaultable stock.

While we will now focus on deriving explicit closed-form expressions for European-style secu-
rities by probabilistic methods, the framework of this section can be straightforwardly extended
to the valuation of American-style options and more complicated securities with American fea-
tures, such as convertible bonds. The standard results imply that the value function solves the
appropriate partial differential equation (PDE) on the appropriate domain and subject to ap-
propriate terminal and boundary conditions. The solution can be derived via Þnite differences
(e.g., see Andersen and Buffum (2004)) or by a lattice (e.g., see Das and Sundaram (2003)).

4 A Jump to Default Extended CEV Stock Price Process

To be consistent with the leverage effect and the implied volatility skew, we specify the instan-
taneous volatility as that of a constant elasticity of variance (CEV) process (see Cox (1975),
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Schroder (1989), Delbaen and Shirakawa (2002), Davydov and Linetsky (2001), (2003), Linet-
sky (2004), and Jeanblanc et al. (2006, Chapter 6) for background on the CEV process; we use
notation consistent with Davydov and Linetsky (2001), (2003) and Linetsky (2004)):

σ(S, t) = a(t)Sβ, (4.1)

where β < 0 is the volatility elasticity parameter and a(t) > 0 is the time-dependent volatility
scale parameter. To be consistent with the empirical evidence linking corporate bond yields and
CDS spreads to equity volatility, we specify the default intensity as an affine function of the
instantaneous variance of the underlying stock:

λ(S, t) = b(t) + cσ2(S, t) = b(t) + c a2(t)S2β, (4.2)

where b(t) ≥ 0 is a deterministic non-negative function of time and c > 0 is a positive constant
parameter governing the sensitivity of λ to σ2. The functions b(t) and a(t) can be determined
by reference to given term structures of credit spreads and at-the-money implied volatilities.

We will see in Section 5 that for c ≥ 1/2, the SDE (2.1) with σ and λ speciÞed by (4.1-2) has
a unique non-exploding solution. This solution is a diffusion process on (0,∞) where zero and
inÞnity are both unattainable boundaries. When c ∈ (0, 1/2), the situation is more complicated.
For c ∈ (0, 1/2), inÞnity is an unattainable (natural) boundary for all β < 0, while zero is an
exit boundary for β ∈ [c− 1/2, 0). For c ∈ (0, 1/2) and β < c− 1/2, zero is a regular boundary,
and we specify it as a killing boundary by adjoining a killing boundary condition. Thus, for
c ∈ (0, 1/2) the process S can hit zero and is sent to the cemetery state ∆ at the Þrst hitting
time of zero, T0. Note that for c ≥ 1/2, T0 =∞ since zero is an unattainable boundary. As we
will see in Section 5, even though for c ∈ (0, 1/2) the pre-default process S can hit zero, since
the intensity λ(S, t) goes to inÞnity as S goes to zero, zero is an unattainable boundary for the
process S∆ killed at the rate λ(S, t) (�ζ < T0 a.s. and ζ = �ζ a.s.). Intuitively, on all sample
paths in which the pre-default stock price S diffuses down toward zero, the inverse relationship
between λ and S causes the process to be killed from a positive value before it can reach zero
via diffusion. Consequently, the second term in the expression for the price of the recovery at
default Eq.(3.4b) vanishes identically in the JDCEV model.

To summarize our speciÞcaction, under the EMM, we model the price of the defaultable stock
as a time-inhomogeneous diffusion process {S∆t , t ≥ 0} with state space E∆ = (0,∞) ∪ {∆},
initial value S0 = x > 0, diffusion coefficient a(t)x

β+1, drift [r(t)− q(t)+ b(t)+ c a2(t)x2β ]x, and
killing rate b(t) + c a2(t)x2β. We refer to the stock price process as the jump to default extended
CEV process, or JDCEV for short.

Our JDCEV model has a number of advantages relative to the defaultable stock models
already in the literature. The special case of constant arrival rate λ and constant volatility σ is
mentioned in Merton (1976) and elaborated upon in Jarrow and Turnbull (1995). This model
is very tractable and produces downward sloping implied volatility skews consistent with obser-
vation. It is also straightforward to extend this model to deterministically time varying default
arrival rates and instantaneous volatilities, so as to accomodate observed term structures of
credit spreads and at-the-money implied volatilities. Despite all of these beneÞts, credit spreads
will not behave randomly, and in particular will be independent of stock price movements. Fur-
thermore, the determinacy of volatility is inconsistent with both stochastic volatility and the
leverage effect. Madan and Unal (1998) (see also the correction in Grundke and Riedel (2004))
and Linetsky (2006) address the former issue by suggesting analytically tractable speciÞcations
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for the default intensity function λ(S, t). Unfortunately, the instantaneous stock volatility re-
mains constant in both models, σ(S, t) = σ, so that stochastic volatility and the leverage effect
remain unaddressed. Furthermore, the risk of default is the sole determinant of the implied
volatility skew in all of these models. In practice, the skew tends to ßatten out as maturity
increases and these time homogeneous models are unable to capture the magnitude of the skew
at both long and short maturities. To address the observation that realized volatilities ßuctuate
and are negatively correlated to returns, Campi et al. (2005) and Atlan and Leblanc (2005) both
suggest letting the instantaneous variance have increments whch are stochastic and negatively
correlated with returns. Atlan and Leblanc (2005) treat the stock price as a Bessel process
running on an absolutely continuous stochastic clock. As the resulting process is purely contin-
uous, short term credit spreads will vanish. Campi et al. (2005) suggest a CEV speciÞcation
for variance, which differs from ours only in that they impose time homogeneity. However, they
assume constant arrival rate of default, which leads to the implication that short term credit
spreads have low (but not zero) sensitivity to stock price levels and implied volatilities. By let-
ting the hazard rate and the instantaneous variance both depend on the stock price, our JDCEV
model accomodates large negative correlations between default indicators and stock prices, and
between realized volatilities and stock prices. Furthermore, by forcing the hazard rate and the
instantaneous variance to depend on the stock price in the same manner, we induce the large
positive correlation between default indicators and volatilities that have been observed in the
market. The parameters β and c both play a role in determining the slope of the volatility skew,
which gives more ßexiblity in accomodating slopes which vary with term.

Typically, the models which let λ and/or σ depend on the stock price S do not allow time-
dependent parameters if one insists on retaining analytical tractability. As a result, given term
structures of credit spreads and at-the money options will not be repriced by these models. A
deterministic time change of these models would accomodate the same dependence on time for
λ and σ, but this deux ex machina is patently unrealistic. The desire to exactly match given
term structures of CDS spreads and/or implied volatility is particularly strong for practitioners,
who make markets in these liquid securities. This twin desire for tractability and consistency
sometimes forces researchers to choose parametric forms for σ(S, t) and λ(S, t) which introduce
the possibility of negative default intensity λ. For example, Gaussian models are sometimes
used for the credit spread (see, e.g., Bloch (2004)).

Our JDCEV model addresses some of the deÞciencies of these earlier models. The parametric
forms for σ(S, t) and λ(S, t) are such that they generate positive processes for the stock price
and default intensity prior to default. Our speciÞcation leads to closed-form formulas for risk-
neutral survival probabilities and credit risky derivative security values. However, we can include
the arbitrary functions of time a(t) and b(t) in our speciÞcation, which can be determined by
reference to given term structures of credit spreads and at-the-money implied volatilities.

We also remark that our pre-default diffusion process described by the SDE (2.1) with σ
and λ speciÞed by (4.1-2) is a CEV process with the additional term ca2(t)S2β+1 in the drift.
In the special case with c = 1 and constant parameters, this process appears in Heath and
Platen (2002) in their work on growth optimal portfolios, where this additional drift term with
c = 1 serves as the market price of risk (these authors call this process modiÞed CEV). The
process with c = 1 and constant parameters is also considered in Delbaen and Shirakawa (2002)
who show that it is identical in law to the standard CEV process conditioned to stay strictly
positive. The diffusion with arbitrary c ∈ R and constant parameters was extensively studied in
the monograph by Lehnigk (1993) using PDE methods. In this monograph, the process is called
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the generalized Feller process as it nests Feller�s (1951) square-root diffusion as a special case
with β = −1/2. The default extended CEV process proposed in this paper nests all of these
processes previously considered in the literature. Our generalizations are Þnancially relevant as
they include killing (default), as well as time-dependent parameters, while retaining analytical
tractability due to the remarkable properties of Bessel processes, discussed in the next section.

5 Solution of the Jump to Default Extended CEV Model via
the Theory of Bessel Processes

Fortunately, our jump to default extended CEV model is fully analytically tractable. In par-
ticular, the three building block claims can be valued in closed form, leading to closed form
valuation formulas for corporate bonds, credit default swaps, stock options, and other credit
and equity derivatives. The analytical solution is due to the theory of Bessel processes (see Re-
vuz and Yor (1999, Chapter XI), Borodin and Salminen (2002), Göing-Jaeschke and Yor (2003)
and Jeanblanc et al. (2006, Chapter 6) for background on Bessel processes).

Let {R(ν)t , t ≥ 0} be a Bessel process of index ν and started at x, BES(ν)(x). Recall that for
ν ≥ 0, zero is an unattainable entrance boundary. For ν ≤ −1, zero is an exit boundary. For
ν ∈ (−1, 0), zero is a regular boundary. In our application, we specify zero as a killing boundary
and send the Bessel process with ν < 0 to the cemetery state ∆ at the Þrst hitting time of zero,

TR0 = inf{t ≥ 0 : R(ν)t = 0} (see, e.g., Borodin and Salminen (2002) pp.133-134 for a summary).
Proposition 5.1 Let {St, t ≥ 0} be the process evolving according to (2.1) with σ and λ speciÞed
in Eqs.(4.1-2). For c ≥ 1/2, the process (2.1) can be represented as a re-scaled and time-changed
power of a Bessel process:

{St = e
R t
0 α(u)du(|β|R(ν)τ(t))

1
|β| , t ≥ 0}, (5.1)

where the deterministic time change is:

τ(t) =

Z t

0
a2(u)e−2|β|

R u
0 α(s)dsdu, (5.2)

and

ν =
c− 1/2
|β| ∈ R, R(ν)0 = x =

1

|β|S
|β| > 0, α(t) = r(t)− q(t) + b(t). (5.3)

For c ∈ (0, 1/2) (ν < 0), the same representation holds before the Þrst hitting time of zero:

{St = e
R t
0 α(u)du(|β|R(ν)τ(t))

1
|β| , 0 ≤ t < TS0 = τ−1(TR0 )}, (5.4)

where TS0 = τ
−1(TR0 ) (TR0 = τ(TS0 )) is the Þrst hitting time of zero for the process St (R

(ν)
t ) and

τ−1 is the inverse function of the deterministic time change function τ (both processes are killed
and sent to the cemetery state ∆ at the Þrst hitting time of zero).

Proof. First assume c ≥ 1/2. This corresponds to ν ≥ 0. Recall that for ν ≥ 0, the BES(ν)(x)
can be represented as the unique strong solution of the SDE:

R
(ν)
t = x+ (ν + 1/2)

Z t

0

du

R
(ν)
u

+Bt, t ≥ 0.
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Consider a process {Xt = e|β|
R t
0 α(u)duR

(ν)
τ(t), t ≥ 0}. From It�o�s formula:

Xt = x+

Z t

0

µ
α(u)|β|Xu + (ν + 1/2)a

2(u)

Xu

¶
du+

Z t

0
e|β|

R u
0 α(s)dsdBτ(u), t ≥ 0.

The process {R t0 e|β| R u0 α(s)dsdBτ(u), t ≥ 0} is a continuous martingale with quadratic variation:Z t

0
e2|β|

R u
0 α(s)dsdτ(u) =

Z t

0
a2(u)du,

and hence can be represented as:
R t
0 e

|β| R u0 α(s)dsdBτ(u) = R t
0 a(u)d

�Bu, where �B is a stan-

dard Brownian motion: �Bt =
R t
0 a

−1(u)e|β|
R u
0 α(s)dsdBτ(u). Finally, deÞne the process {St =

(|β|Xt)
1
|β| , t ≥ 0}. From It�o�s formula:

St = S +

Z t

0
[α(u) + c a2(u)S2βu ]Su du+

Z t

0
a(u)Sβ+1u d �Bu, t ≥ 0.

Now assume c ∈ (0, 1/2). This corresponds to ν < 0. The process R(ν) with ν < 0 is killed
at the Þrst hitting time of zero TR0 . The proof is the same as for c ≥ 1/2, with all relations valid
before TR0 for the Bessel process, correspondingly, before TS0 = τ

−1(TR0 ) for the process S. 2
The following result is a corollary of Proposition 5.1. It can be used to compute expectations

of the form (3.5).

Proposition 5.2 Let S > 0. Then for any 0 ≤ t < T we have:

E
∙
exp

½
−c
Z T

t
a2(u)S2βu du

¾
Ψ(ST )1{mS

t,T>0}

¯̄̄̄
St = S

¸

= E(ν)x

∙
exp

½
− c

β2

Z τ

0

du

R2u

¾
Ψ
³
e
R T
t α(s)ds(|β|Rτ )

1
|β|
´
1{TR0 >τ}

¸
, (5.5)

where E
(ν)
x denotes expectation with respect to the law of BES(ν)(x). Here the index ν and the

starting value x of the Bessel process R are as in Proposition 5.1, and the time τ is:

τ = τ(t, T ) =

Z T

t
a2(u)e−2|β|

R u
t α(s)dsdu. (5.6)

Proof. ¿From Proposition 5.1, we haveZ T

t
a2(u)S2βu du =

1

β2

Z T

t
a2(u)e−2|β|

R u
0 α(v)dv

du

R2τ(u)
=
1

β2

Z τ(T )

τ(t)

ds

R2s
.

Substituting this into Eq.(3.5), we have:

E
∙
exp

½
−c
Z T

t
a2(u)S2βu du

¾
Ψ(ST )1{mS

t,T>0}

¯̄̄̄
St = S

¸

= E(ν)

"
exp

(
− c

β2

Z τ(T )

τ(t)

ds

R2s

)
Ψ
³
e
R T
0 α(s)ds(|β|Rτ(T ))

1
|β|
´
1{mR

τ(t),τ(T )
>0}

¯̄̄̄
¯Rτ(t) = xγ(t)

#
,
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where mR
u,v = mins∈[u,v]Rs is the minimum of the Bessel process R on [u, v] and γ(t) =

e−|β|
R t
0 α(v)dv. Observe that for u ≥ t ≥ 0 we can write τ(u) = τ(t) + τ(t, u)γ2(t), where

τ(t, u) =
R u
t a

2(v)e−2|β|
R v
t α(s)dsdv. In particular, when u = T set τ = τ(t, T ) to simplify no-

tation.
Recall the scaling property of Bessel processes (Revuz and Yor (1999), Proposition 1.6, p.

443 and Proposition 1.10, p. 446): if {Rt, t ≥ 0} is a BES(ν)(x), then for any c > 0 the process
{c−1Rc2t, t ≥ 0} is a BES(ν)(c−1x) (note that the scaling affects the initial state).

Since the Bessel process is a time-homogeneous Markov process that satisÞes the scaling
property, we have:

E(ν)

"
exp

(
− c

β2

Z τ(T )

τ(t)

ds

R2s

)
Ψ
³
e
R T
0 α(s)ds(|β|Rτ(T ))

1
|β|
´
1{mR

τ(t),τ(T )
>0}

¯̄̄̄
¯Rτ(t) = xγ(t)

#

= E(ν)

"
exp

(
− c

β2

Z τ

0

γ2(t)du

R2
τ(t)+uγ2(t)

)
Ψ
³
e
R T
0
α(s)ds(|β|Rτ(t)+τγ2(t))

1
|β|
´
1{mR

τ(t),τ(t)+τγ2(t)
>0}

¯̄̄̄
¯Rτ(t) = xγ(t)

#

= E(ν)

"
exp

(
− c

β2

Z τ

0

γ2(t)du

R2
uγ2(t)

)
Ψ
³
e
R T
0 α(s)ds(|β|Rτγ2(t))

1
|β|
´
1{mR

0,τγ2(t)
>0}

¯̄̄̄
¯R0 = xγ(t)

#

= E(ν)
∙
exp

½
− c

β2

Z τ

0

du

R2u

¾
Ψ
³
e
R T
t α(s)ds(|β|Rτ )

1
|β|
´
1{TR0 >τ}

¯̄̄̄
R0 = x

¸
.

In the last equality we used the scaling property with the constant γ(t) and the equality of
events {mR

0,τ > 0} = {TR0 > τ}. This completes the proof. 2
Proposition 5.2 reduces the JDCEV process killed at the rate c a2(t)S2β to the Bessel process

with index ν killed at the rate cβ−2R−2. Recall that when ν < 0 the Bessel process without
killing can hit zero. Applying Feller�s boundary classiÞcation criteria (e.g., Borodin and Salminen
(2002), pp.14-15), we verify that, in contrast, the Bessel process with ν < 0 with killing at the
rate αR−2 never hits zero for any α > 0 (zero is an unattainable boundary, since the process
is killed and sent to the cemetery state before it can diffuse to zero, as the killing rate rapidly
increases towards inÞnity as R−2 as the process R falls towards zero).

The next step will remove the factor exp
n
− c
β2

R τ
0
du
R2u

o
in Eq.(5.5). We need the following

result due to Yor (1980) and Pitman and Yor (1981) (see also Revuz and Yor (1999, p.450) and
Jeanblanc et al. (2006), Section 6.1.5).

Proposition 5.3 Let P
(ν)
x be the law of the Bessel process R(ν) started at x > 0 and let Rt be

its canonical Þltration. For ν ≥ 0 and µ ≥ 0 the following absolute continuity relation holds:

P (ν)x

¯̄̄
Rt

=

µ
Rt
x

¶ν−µ
exp

µ
−ν

2 − µ2
2

Z t

0

du

R2u

¶
P (µ)x

¯̄̄
Rt

.

For ν < 0 and µ ≥ 0 the following absolute continuity relation holds before TR0 , the Þrst hitting
time of zero (since Bessel process with µ > 0 does not hit zero, we can omit {t < T0} on the
right hand side):

P (ν)x

¯̄̄
Rt∩{t<TR0 }

=

µ
Rt
x

¶ν−µ
exp

µ
−ν

2 − µ2
2

Z t

0

du

R2u

¶
P (µ)x

¯̄̄
Rt

.
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Proof. For µ ≥ 0 and ν ≥ 0 this result is due to Yor (1980) and Pitman and Yor (1981)
(see also Revuz and Yor (1999), p.450). The proof is via the application of Girsanov�s theorem
and their demonstration that the relevant Radon-Nikodym derivative is a martingale with unit
mean. The absolute continuity result before T0 for ν < 0 and µ ≥ 0 can be found in Jeanblanc
et al. (2006, Section 6.1.5). 2

Applying the absolute continuity relationships in Proposition 5.3, we further reduce the
calculation of (5.5) as follows.

Proposition 5.4 Let S > 0 and 0 ≤ t < T . Then we have:

E
∙
exp

½
−c
Z T

t
a2(u)S2βu du

¾
Ψ(ST )1{mS

t,T>0}

¯̄̄̄
St = S

¸

= E(ν+)x

"µ
Rτ
x

¶− 1
|β|
Ψ
³
e
R T
t
α(s)ds(|β|Rτ )

1
|β|
´#
, (5.7)

where the new Bessel process index is:

ν+ = ν +
1

|β| =
c+ 1/2

|β| > 0. (5.8)

Proof. For ν = (c − 1/2)/|β| ∈ R and ν+ = ν + 1/|β| = (c + 1/2)/|β| > 0, Proposition 5.3
implies that we have the following absolute continuity relationship:

exp

µ
− c

β2

Z τ

0

du

R2u

¶
P (ν)x

¯̄̄
Rτ∩{τ<TR0 }

=

µ
Rτ
x

¶− 1
|β|
P (ν+)x

¯̄̄
Rτ

(for c ≥ 1/2 (correspondingly, ν ≥ 0), {t < TR0 } can be dropped since the process never hits
zero). Applying this to Eq.(5.5), we arrive at the result (5.7).2

We have thus reduced the valuation problem to one of computing an expected value of a
known function of the standard Bessel process BES(ν+)(x) with index ν+ = (c + 1/2)/|β| > 0,
started at x = 1

|β|S
|β| > 0, and evaluated at the Þxed time τ = τ(t, T ) deÞned in Eq.(5.6). Recall

that for ν ≥ 0 the density of Rτ > 0 started at R0 = x > 0 is given by (e.g., Revuz and Yor
(1999), p.446 or Borodin and Salminen (2002), p.373, Eq.(4.1.0.6). Note that these references
use different notations for densities of transition semigroups. Indeed, densities are given with
respect to the Lebesgue measure in the former, and with respect to the speed measure in the
latter. Here we give the density with respect to the Lebesgue measure):

P (ν)x (Rτ ∈ dy) = p(ν)(τ ; x, y)dy = y

τ

³y
x

´ν
exp

µ
−x

2 + y2

2τ

¶
Iν

³xy
τ

´
dy,

where Iν(z) is the Bessel function of the third kind of index ν,

Iν(z) =
∞X
n=0

1

n!Γ(ν + n+ 1)

³z
2

´ν+2n
.

Recall that the non-central chi-square distribution χ2(δ,α) with δ degrees of freedom and non-
centrality parameter α > 0 has a density:

fχ2(x; δ,α) =
1

2
e−

α+x
2

³x
α

´ ν
2
Iν(
√
xα)1{x>0}, (5.9)
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where ν = δ/2−1. The Bessel process density is expressed in terms of the non-central chi-square
density:

p(ν)(τ ; x, y) =

µ
2y

τ

¶
fχ2

µ
y2

τ
; δ,
x2

τ

¶
.

This reduces the calculation of expectation (5.7) to the problem of evaluating integrals whose
kernel is the non-central chi-square density. We will need the following lemma.

Lemma 5.1 Let X be a χ2(δ,α) random variable, ν = δ/2− 1, p > −(ν + 1), and k > 0. The
p−th moment and truncated p−th moments are given by:

M(p; δ,α) = Eχ
2(δ,α)[Xp] = 2pe−

α
2
Γ(p+ ν + 1)

Γ(ν + 1)
1F1(p+ ν + 1, ν + 1,α/2), (5.10)

Φ+(p, k; δ,α) = Eχ
2(δ,α)[Xp1{X>k}] = 2p

∞X
n=0

e−
α
2

³α
2

´n Γ(ν + p+ n+ 1, k/2)
n!Γ(ν + n+ 1)

, (5.11)

Φ−(p, k; δ,α) = Eχ
2(δ,α)[Xp1{X≤k}] = 2p

∞X
n=0

e−
α
2

³α
2

´n γ(ν + p+ n+ 1, k/2)
n!Γ(ν + n+ 1)

, (5.12)

where Γ(a) is the standard Gamma function, γ(a, x) =
R x
0 y

a−1e−ydy is the incomplete Gamma
function, Γ(a, x) = Γ(x)− γ(a, x) is the complementary incomplete Gamma function, and:

1F1(a, b, x) =
∞X
n=0

(a)n
(b)n

xn

n!
, where (a)0 = 1, (a)n = a(a+ 1)...(a+ n− 1), n > 0,

is the Kummer conßuent hypergeometric function.

Proof. Use the series representation of the Bessel function Iν(z) and compute the relevant
integrals term-by-term.2

By deÞnition, the three functions deÞned in Lemma 5.1 satisfy the following identity

Φ+(p, k; δ,α) + Φ−(p, k; δ,α) =M(p; δ,α). (5.13)

We can now express the risk-neutral survival probability and the value functions for credit and
equity derivatives in terms of these three special functions.

Proposition 5.5 Let x, ν+, and τ = τ(t, T ) be as deÞned in (5.3), (5.8), and (5.6), respectively,
and let δ+ = 2(ν+ + 1). Assume that default has not happened by time t ≥ 0, i.e., ζ > t, and
St = S > 0. (i) The risk-neutral survival probability (3.1) is given by:

Q(S, t;T ) = e−
R T
t
b(u)du

µ
x2

τ

¶ 1
2|β|
M
µ
− 1

2|β| ; δ+,
x2

τ

¶
. (5.14)

(ii) The claim that pays one dollar at the time of jump to default ζ (3.4a) is given by:Z T

t
e−

R u
t
[r(s)+b(s)]ds

(
b(u)

µ
x2

τ(t, u)

¶ 1
2|β|
M
µ
− 1

2|β| ; δ+,
x2

τ(t, u)

¶
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+ca2(u)S2βe−2|β|
R u
t α(s)ds

µ
x2

τ(t, u)

¶ 1
2|β|+1

M
µ
− 1

2|β| − 1; δ+,
x2

τ(t, u)

¶)
du (5.15)

(the second part (3.4b) vanishes identically since the JDCEV process is killed by a jump to default
before it has the opportunity to diffuse to zero). (iii) The call option price (3.7) is given by:

C(S, t;K, T ) = e−
R T
t
q(u)duSΦ+

µ
0,
k2

τ
; δ+,

x2

τ

¶

−e−
R T
t
[r(u)+b(u)]duK

µ
x2

τ

¶ 1
2|β|
Φ+

µ
− 1

2|β| ,
k2

τ
; δ+,

x2

τ

¶
, (5.16)

where

k = k(t, T ) =
1

|β|K
|β|e−|β|

R T
t α(u)du. (5.17)

(iv) The price of the put payoff conditional on no default by time T (3.9) is given by:

P0(S, t;K,T ) = e
− R Tt [r(u)+b(u)]duK

µ
x2

τ

¶ 1
2|β|
Φ−

µ
− 1

2|β| ,
k2

τ
; δ+,

x2

τ

¶

−e−
R T
t q(u)duSΦ−

µ
0,
k2

τ
; δ+,

x2

τ

¶
, (5.18)

and the recovery part of the put option PD(S, t;K,T ) is given by Eq.(3.10) with the survival
probability (5.14).

Proof. The proof is by straightforward calculations using the results in Proposition 5.4 and
Lemma 5.1 and is omitted.2

Note that the put-call parity is veriÞed from the identity (5.13):

C(S, t;K,T )− P (S, t;K, T ) = e−
R T
t q(u)duS − e−

R T
t r(u)duK.

Remark 5.1. Time-homogeneous Model with Constant Parameters. To obtain survival
probabilities and contingent claim values under the time-homogeneous model with constant
parameters r ≥ 0, q ≥ 0, b ≥ 0, and a > 0, observe that the expressions for τ and k reduce to:

τ = τ(t, T ) =

(
a2

2|β|(r−q+b)(1− e−2|β|(r−q+b)(T−t)), r − q + b 6= 0
a2(T − t), r − q + b = 0 , (5.19)

k = k(t, T ) =
1

|β|K
|β|e−|β|(r−q+b)(T−t). (5.20)

Remark 5.2. Standard time-homogeneous and inhomogeneous CEV Models. The
standard CEV model of Cox (1975) is nested within our general speciÞcation. In fact, our
model nests a more general time-inhomogeneous version of Cox�s model with time-dependent
interest rate, dividend yield, and volatility scale parameters r(t), q(t), and a(t), respectively. To
obtain this special case, set b = 0 and c = 0, so that default can only occur when the stock price
diffuses into zero (recall that the CEV process with β < 0 hits zero with positive probability). In
contrast, it is well known that for β = 0, the limiting process of geometric Brownin motion never
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hits zero. Intuitively, the reason that the standard CEV process can hit zero while geometric
Brownian motion cannot is due to the increased volatility of the former process at low stock
prices. While the standard CEV model does allow for default, it should be noted that short
term credit spreads still vanish as default can only happen via hitting the boundary at zero (no
surprise). Moreover, the default probability is unrealistically small for empirically reasonable
parameter values for β and a of the CEV process volatility. Thus, if one wishes to realistically
model default, it is reasonable to extend the model by introducing stock price-dependent default
intensity, as is done in our jump to default extended CEV model.

To facilitate comparisons of the standard and jump to default extended CEV models, we
observe that when b = c = 0, the (risk-neutral) survival probability reduces to the well-known
survival probability in the standard CEV model (assume no default before time t ≥ and St =
S > 0):

Q(S, t;T ) = Q(T0 > T |St = S) = γ(|ν|, x2/(2τ))
Γ(|ν|) ,

where |ν| = 1/(2|β|) in this case. The (risk-neutral) default probability is given by

Q(t < T0 ≤ T |St = S) = Γ(|ν|, x2/(2τ))
Γ(|ν|) .

In the time-homogeneous case, this probability was Þrst obtained by Cox. Similarly, other
results in our Proposition 5.5 reduce to the corresponding results for the time-inhomogeneous
CEV model when b = c = 0 (and in particular, to Cox�s results in the constant parameter
case). When b > 0 is a positive constant and c = 0, our model reduces to the CEV model with
killing at a constant rate recently considered by Campi et al. (2005). In this model the default
intensity is independent of the stock price and return volatility. Note that when the intensity
of jump to default is a constant, it is possible that default happens by either a jump to default
from a positive value or by hitting zero via diffusion. This is in contrast to our JDCEV model
with jump to default intensity exploding to inÞnity as the stock price falls towards zero. While
Proposition 5.5 is formulated assuming c > 0, all results remain valid in the limiting case c = 0
with one modiÞcation. The claim that pays one dollar at the time of default also acquires a
non-vanishing second contribution (3.4b) steming from the possibility of default via diffusion to
zero when c = 0. For the case of constant parameters r, q, a, and b this contribution can be
computed using results in Davydov and Linetsky (2001), (2003) and Linetsky (2004) on hitting
times of the CEV process (also Campi et al. (2005)).

Remark 5.3. Computation. For p = 0, Φ−(0, k; δ,α) and Φ+(0, k; δ,α) reduce to the
non-central chi-square distribution function and the complementary distribution function, re-
spectively. There exists an extensive literature devoted to the efficient computation of these
functions, with several alternative representations available (e.g., Benton and Krishnamoorthy
(2002), Ding (1992), Dyrting (2004), Schroder (1989) and references therein). For certain ranges
of parameter values, some of these representations are more computationally efficient than the
series of incomplete Gamma functions in Lemma 5.1 for p = 0. These representations can also
be applied to the computation of the more general truncated moment functions for p 6= 0. We
do not pursue these numerical issues here. For all numerical computations of option prices in
this paper, we used the series of incomplete Gamma functions in Lemma 5.1 implemented in
the Mathematica software package on a PC. The incomplete Gamma function, as well as the
conßuent hypergeometric function entering into the moment formula (5.10) (see also Eq.(5.6)
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in Aquilina and Rogers (2004) for the computation of negative moments of the squared Bessel
process similar to our Eq.(5.10)), are available in Mathematica as built-in functions. To compute
call and put option values, the series of Gamma functions in Lemma 5.1 were truncated to insure
six decimal place accuracy.

Remark 5.4. Instantaneous Credit Spread Process. Our expression (5.14) for the
risk-neutral survival probability is very similar to the survival probability obtained in Andreasen
(2003) in his interesting credit explosives model. Andreasen directly models the instantaneous
credit spread as a diffusion process with quadratic drift and cubic instantaneous variance. Under
a certain parameter restriction, he shows that this process can explode to inÞnity in Þnite time,
thereby triggering a default. In our JDCEV model, the instantaneous credit spread is equal
to the default intensity λ(S, t) = b(t) + c a2(t)S2β. It�o�s formula implies that, when b = 0 and
c > 0, the process λt = λ(St, t) = c a2(t)S2β is a diffusion process with quadratic drift and
cubic instantaneous variance. This process can explode to inÞnity for c ∈ (0, 1/2). Recall that
when c ∈ (0, 1/2), our pre-default stock price process can hit zero. For β < 0, St hitting zero
is the same event as λt exploding to inÞnity. Thus, in fact, the JDCEV model nests the credit
explosives model of Andreasen (2003) when b = 0 and c ∈ (0, 1/2). The focus of Andreasen
(2003) is exclusively on credit derivatives and he develops tractable valuation models for CDS
and Þrst to default baskets. In contrast, we endogenize the hazard rate by assuming that it
is affine in a negative power of the defaultable stock price. This link allows us to value equity
derivatives as well as credit derivatives and provides a direct relationship between them. It also
permits direct observation of the default intensity via the underlying stock price or volatility,
obviating the need to imply it out from market prices of credit derivatives.

6 Asymptotic Analysis

In this section, we investigate the short and long maturity behavior of credit spreads in our
model. Consider the model with time-independent parameters (see Remark 5.1). Assuming that
the unit face value T -maturity zero-coupon bond recovers nothing in the event of bankruptcy,
the T -maturity credit spread (observed at time zero t = 0) is deÞned as usual as:

S(S, T ) = − 1
T
lnB(S, 0;T )− r = − 1

T
lnQ(S, 0;T ),

where Q(S, 0;T ) is the survival probability. As time to maturity T approaches zero, the jump
to default extended CEV model impies that the short maturity credit spread is:

S(S, T ) ∼ b+ c a2S2β as T → 0.

To investigate the long maturity asymptotics of the term structure of credit spreads, we deÞne
the asymptotic credit spread: S∞ := limT→∞ S(S, T ). We are also interested in the probability
of ultimate survival Q(ζ =∞|S0 = S) = limT→∞Q(S, 0;T ).
Proposition 6.1 The probability of ultimate survival is given by:

Q(ζ =∞|S0 = S) =

³
x2

τ∞

´ 1
2|β| M

³
− 1
2|β| ; δ+,

x2

τ∞

´
> 0, b = 0 and r − q > 0

0, otherwise
,
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Figure 1: Risk-neutral default probabilities. Parameter values: S = S∗ = 50, σ∗ = 0.2,
β = −1, r = 0.05, q = 0, b = 0, 0.02, c = 0, 1/2, 1.

where, for b = 0 and r − q > 0:

τ∞ = lim
T→∞

τ(0, T ) =
a2

2|β|(r − q) .

The asymptotic credit spread is given by:

S∞ =

½
b, r − q + b ≥ 0
q − r, r − q + b < 0 .

Proof. The proof is by straightforward calculation of the limits with the survival probability
(5.14) specialized to the constant parameter case Eq.(5.19).2

When b = 0 and r > q, as the stock price increases towards inÞnity, the volatility and
the default intensity both decrease towards zero, while the drift rate is positive. This allows
for some positive probability for the stock process to ultimately escape default. When b > 0
and r − q + b > 0, as the stock price increases towards inÞnity under the inßuence of the
positive drift, the volatility decreases towards zero and the default intensity decreases towards
its constant term b. The process cannot avoid ultimate default, and, for large T , the term
structure of credit spreads will asymptotically ßatten out towards the asymptotic credit spread
b. When the dividend yield q is sufficiently large so that q > r+ b, the drift rate is negative, the
process is pushed towards zero, and the intensity of default increases as the stock price decreases,
thus precipitating inevitable default. For large T , the term structure of credit spreads ßattens
out towards the asymptotic spread S∞ = q − r.

17




��
�����������������������������

�	���

�	���

�	���

�	���

�	���

�	���

�	���

� � �� �� �� �� �� �� �� �� ��


�
������������ ��!����

�����

���������

�������

���	��������

���	������

Figure 2: Term structures of credit spreads. Parameter values: S = S∗ = 50, σ∗ = 0.2,
β = −1, r = 0.05, q = 0, b = 0, 0.02, c = 0, 1/2, 1.

7 Numerical Examples: Default Probabilities, Credit Spreads,
and Implied Volatility Skews in the JDCEV Model

We now give numerical examples of risk-neutral default probabilities, term structures of credit
spreads, and implied volatility skews in the default extended CEV model. In this section, we
consider the time-homogeneous model with constant parameters for simplicity. It is convenient
to parameterize the local volatility function as follows: σ(S) = σ∗(S/S∗)β, where S∗ > 0 is some
reference stock price level and σ∗ > 0 is the volatility at that reference level, σ(S∗) = σ∗, so that
σ∗ serves as the volatility scale parameter. To calibrate the model in applications, one typically
selects S∗ = S0, the initial stock price at the time of calibration. With this parameterization,
a = σ∗(S∗)−β.

In the following set of examples, we assume that the initial stock price S0 = 50, volatility scale
parameter σ∗ = 0.2 (20%), r = 0.05 (risk-free rate of 5%), q = 0 (no dividends), and that the
elasticity parameter β = −1 (corresponding to the absolute diffusion model). Our initial interest
is in the dependence of various observables such as term credit spreads and implied volatilities on
the two parameters b and c governing the default intensity: λ(S) = b+cσ2∗(S/S∗)2β.We consider
the cases with b = 0 and b = 0.02 (the latter choice adds 2% per annum to default intensity)
and c = 1/2 and c = 1. At the initial stock price level S0 = 50 and the volatility scale parameter
σ∗ = 0.2, the contribution to default intensity due to the variance term cσ2(S) at this stock
price level is 0.04. As the stock price falls (increases), the volatility increases (decreases) and
the default intensity also increases (decreases). For comparison, we also consider the standard
CEV model with b = c = 0.
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Figure 1 plots the (risk-neutral) default probability by time T as a function of T . We
observe that in the standard CEV model, the default probability (due to the possibility of
hitting zero through diffusion) is very small but positive (it does not become meaningfully
greater than zero until about Þve years). In contrast, this default probability is substantially
increased in our default extended CEV model, where the default event can also arrive as a
surprise. As expected, increasing b and c increases the default probability. Figure 2 illustrates
the corresponding shapes of the term structure of zero-coupon credit spreads, assuming zero
recovery. The credit spread curves start at the instantaneous credit spread equal to the default
intensity b+ cσ2∗ and asymptotically go towards the asymptotic yield S∞ = b. We stress that in
this example we chose constant b for simplicity. By proper choice of the time-dependent function
b(t), any given Þnite term structure of term credit spreads can be matched, thereby allowing
calibration to the term structure of CDS spreads or corporate bond yields.

Figure 3 plots the option implied volatility against the strike price in the JDCEV model with
b = 0.02 and c = 1 for expirations of 3 months, 6 months, 1 year, and 5 years (these implied
volatility curves correspond to the term structure of credit spreads in Figure 2 with b = 0.02
and c = 1). The implied volatilities are obtained by Þrst computing the call pricing formula of
Proposition 5.5 for a given strike and expiration and then implying out the Black-Scholes implied
volatility. The current stock price is S = 50. We observe the characteristic decreasing and convex
implied volatility skew with implied volatilities increasing for lower strikes, as the local volatility
and the default intensity both increase as the stock price declines. Moreover, shorter expirations
exhibit steeper skews, and the skews gradually ßatten out for longer maturities.

For comparison, implied volatility skews for the standard CEV model with b = c = 0 and six
months and Þve years to maturity are also plotted. Two observations are immediately apparent.
First, the JDCEV model skews for all expirations are above the corresponding standard CEV
curves and are also steeper. This is no surprise as the JDCEV model also includes the default
jump. The second observation is that for the standard CEV model, the skews are essentially the
same for all expirations (the six month and Þve year skews are so close to each other that the
difference is hardly visible on the plot). In contrast, the JDCEV skews exhibit characteristic
patterns of steeper skews for shorter maturities and gradually declining skews for longer ma-
turities, which is in accordance with empirical observations. Proportionally, the default jump
increases the volatilities of the shorter expirations more than it does the longer expirations.
Thus, the JDCEV model is capable of not only capturing the skew for one given expiration, but
also reproducing the pattern of decreasing skew steepness as expiration increases.

We stress that in this numerical example, the volatility scale parameter a (or σ∗) was chosen
to be constant for simplicity. However, our time-inhomogeneous JDCEV model allows one to
choose a time-dependent function a(t) to match a given arbitrary term structure of at-the-
money implied volatilities. After the function b(t) has been selected to match the credit spread
curve and the function a(t) has been selected to match the at-the-money implied volatility term
structure, the model still has two remaining free parameters, β and c. Just as the parameter
β < 0 dictates the sensitivity of the log of instantaneous volatility to returns in the standard CEV
model, the parameter c speciÞes the sensitivity of the default arrival rate λ to the instantaneous
variance in our JDCEV model. These parameters can be selected to best Þt some measure of
the implied volatility skew at two maturities (in contrast with the standard CEV, which can
only Þt some skewness measure at one maturity). Since the steepness of the skew typically
monotonically declines with expiration, Þtting the model to two skews at two expirations, e.g., a
short expiration and a long expiration, will usually provide a satisfactory Þt to the entire implied
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Figure 3: Implied volatility skews. Parameter values: S = S∗ = 50, σ∗ = 0.2, β = −1,
r = 0.05, q = 0. For CEV model: b = c = 0. For JDCEV model: b = 0.02, c = 1. For JDCEV
times to expiration are T = 0.25, 0.5, 1, 5 years. Implied volatilities are plotted against strike.

volatility surface.
Finally, we investigate the default claim embedded in the put option. Table 1 presents prices

of one-year put options in the JDCEV model with β = −1, σ∗ = 0.2, b = 0.02, and c = 1. The
current stock price is S = S∗ = 50. For a range of strikes from $5 to $75, the table presents the
price of the put payoff conditional on no default (down-and-out put with the knock-out barrier
at zero) computed from Eq.(5.18), the price of the default claim embedded in the put given by
Eqs.(3.10), (5.14), and the total price of the put (3.8). We observe that for strikes below $40,
the values of these deep out-of-the-money puts are comprised almost entirely of the value of the
default claim. We conclude that in our model, deep out-of-the-money put options are essentially
credit derivatives that give their purchaser protection against default of the underlying Þrm.
Indeed, when a company is hit with bad news, the observed volume for deep out-of-the-money
equity puts is typically of the same magnitude as the volume for at-the-money puts, while
volume at other strikes is lower. Hence, this implication of our model appears to be well known
to market participants.

8 Summary and Future Research

In this paper, we treat corporate bonds, credit derivatives, and stock options in a uniÞed frame-
work. To illustrate the framework, we proposed and solved in closed form a parsimonious
extension of the CEV model to incorporate a jump to default. By combining time changes, scale
changes, and measure changes, we reduced the problem of determining survival probabilities,
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K P0(S, t;K,T ) PD(S, t;K,T ) P (S, t;K,T )

5 3.3× 10−8 0.26819 0.26819
10 2.0× 10−6 0.53638 0.53638
20 0.00036 1.07277 1.07313
30 0.01499 1.60915 1.62414
40 0.23407 2.14553 2.37960
45 0.67715 2.41372 3.09087
50 1.62988 2.68192 4.31180
55 3.32780 2.95011 6.27791
60 5.88779 3.21830 9.10609
65 9.23827 3.48649 12.7248

Table 1: Put prices in JDCEV model (P = P0 + PD). Parameter values: S = S∗ = 50,
σ∗ = 0.2, β = −1, r = 0.05, q = 0, b = 0.02, c = 1, T = 1 year.

corporate bond prices, and stock option prices in our model to one of calculating moments and
truncated moments of Bessel processes evaluated at a Þxed time. We Þnd a closed form solution
to the latter problem in terms of the non-central chi-square distribution function. In contrast to
most tractable models with nonnegative stock prices, volatilities, and hazard rates, our model
can be calibrated to exactly match arbitrarily given term structures of credit spreads, interest
rates, dividend yields, and at-the-money implied volatilities. We can also match the slopes of
the implied volatility skew for two expiration dates, e.g., the nearest term and the most distant
term. The results of our analysis provide further insights into the linkages between corporate
credit spreads, CDS spreads, and volatility skews. We hope that this development of a ßexi-
ble and analytically tractable model will spur further research by academics and practitioners
into the development of a uniÞed framework for pricing, trading, and risk managing corporate
liabilities, credit derivatives, and equity derivatives.
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