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Tangent Hyperplane Kernel Principal
Component Analysis for Denoising
Joon-Ku Im, Daniel W. Apley, and George C. Runger

Abstract— Kernel principal component analysis (KPCA) is
a method widely used for denoising multivariate data. Using
geometric arguments, we investigate why a projection operation
inherent to all existing KPCA denoising algorithms can sometimes cause very poor denoising. Based on this, we propose
a modification to the projection operation that remedies this
problem and can be incorporated into any of the existing
KPCA algorithms. Using toy examples and real datasets, we
show that the proposed algorithm can substantially improve
denoising performance and is more robust to misspecification
of an important tuning parameter.
Index Terms— Denoising, kernel, kernel principal component
analysis (KPCA), preimage problem.

I. I NTRODUCTION

K

ERNEL principal component analysis (KPCA) is a
nonlinear generalization of linear principal component
analysis (PCA) and is widely used for denoising multivariate
data to identify underlying patterns and for other purposes [1].
Let x be a multivariate observation vector having n components, and suppose the data consist of N such observations {x1 ,
x2 , . . ., x N }. In KPCA, one defines a set of M features {φ1 (x),
φ2 (x), . . ., φ M (x)}, each of which is some appropriately
chosen nonlinear function of x, and forms a feature vector
φ(x) = [φ 1 (x), φ 2 (x), . . ., φ M (x)] . One then conducts PCA
on the set of feature vectors {φ(x1 ), φ(x2 ), . . ., φ(x N )}. If
we consider Rn the “input space” in which x lies and R M the
“feature space” in which φ(x) lies, we can view the feature
map as φ: Rn → R M . In practice, the feature map is usually
defined implicitly by some kernel function for computational
reasons [2], [3].
Several different KPCA denoising methods have been proposed [2]–[9], which we review and contrast more thoroughly
in Section II. Their commonality is that they all share a general
framework that involves two primary operations, which we
refer to as projection and preimage approximation. By projection, we mean that, to denoise an observation x via KPCA,
one projects its feature vector φ(x) onto the principal subspace
in the feature space, as illustrated in Fig. 1. The principal
Manuscript received December 2, 2010; accepted December 28, 2011. Date
of publication February 21, 2012; date of current version March 6, 2012.
This work was supported in part by the National Science Foundation under
Grant CMMI-0826081 and Grant CMMI-0825331.
J.-K. Im and D. W. Apley are with the Department of Industrial Engineering
and Management Sciences, Northwestern University, Evanston, IL 60208 USA
(e-mail: ijk@u.northwestern.edu; apley@northwestern.edu).
G. C. Runger is with the School of Computing, Informatics, and Decision
Systems Engineering, Arizona State University, Tempe, AZ 85287 USA
(e-mail: george.runger@asu.edu).
Digital Object Identifier 10.1109/TNNLS.2012.2185950

subspace is defined as the span of the dominant eigenvectors
of the M × M covariance matrix of {φ(x1 ), φ(x2 ), . . ., φ(x N )}.
The projected feature vector, which we denote by Pφ(x),
is a point in the feature space. In order to denoise x, we
must find a point x̂ in the input space that best corresponds
to Pφ(x). The exact preimage of Pφ(x) (under the map φ)
generally does not exist. That is, there generally exists no x̂
such that φ(x̂) = Pφ(x) exactly. This is the so-called preimage
problem in KPCA denoising [3]. By preimage approximation,
we mean that one must find a value x̂ that minimizes some
appropriately defined measure of dissimilarity between x̂ [or
φ(x̂)] and Pφ(x).
All of the aforementioned KPCA denoising methods employ
the same orthogonal projection operation. Their distinctions,
which we discuss in more detail in Section II, lie in how
they perform the preimage approximation. For example, the
original method of Schölkopf et al. [3] finds the point x̂ that
minimizes a dissimilarity measure defined as the Euclidean
distance between φ(x̂) and Pφ(x). That is, they take, x̂ =
arg minz ||φ(z) − Pφ(x)||2 as the denoised x, where the norm
is the standard Euclidean 2-norm. Fig. 2 illustrates the results
of this method for a toy example with N = 100 observations
of n = 2 variables, using a polynomial kernel of degree 2.
Fig. 2(a) shows the original data, and Fig. 2(b) shows the
denoised data using the method of Schölkopf et al. [3]. The
salient feature of Fig. 2(b) is that the points around the middle
of the curve (e.g., x A ) are not denoised nearly as well as those
near the ends of the curve (e.g., x B ).
In this paper, we investigate this phenomenon and show that
it is a consequence of the projection operation, as opposed to
the preimage approximation. Consequently, this undesirable
characteristic (much poorer denoising in some regions of
the input space than in other regions) is inherent to all the
aforementioned KPCA algorithms, and the solution to this
problem that we propose can be used to enhance any of the
these algorithms.
An intuitive explanation for the poor denoising in some
regions is as follows. Consider the image of Rn under the
map φ, which is the subset of the feature space for which
each point has an exact preimage. This subset having exact
preimages forms a manifold in R M, which we refer to as the
full manifold. As operations in R M, we can view projection
onto the principal subspace as taking the point φ(x) away from
the full manifold to obtain Pφ(x), and preimage approximation
as taking the projection Pφ(x) back to some point on the full
manifold that is as similar to Pφ(x) as possible, to obtain
φ(x̂), or equivalently x̂. As we will show, how well a point
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and the covariance matrix of the feature vectors as
S = N −1

N



˜  .
˜
φ̃(x j )φ̃ (x j ) = N −1 

j =1

Fig. 1. Denoising an observation x involves two operations: projection of its
feature vector φ(x) onto the principal subspace and preimage approximation
to find an x̂ that minimizes some measure of dissimilarity between x̂(or φ(x̂))
and Pφ (x).

x is denoised is strongly influenced by how far from the full
manifold its projection Pφ(x) falls. For points such as x A in
Fig. 2, the projection step takes them quite far away from the
full manifold. Hence, Pφ(x A ) must be moved a large distance
to get back to the full manifold in the preimage approximation
step, which results in poor denoising. On the other hand, for
points such as x B , the projection step keeps them close to the
full manifold, which results in more effective denoising.
We propose a modification to the projection step which
is designed to keep the “projected” feature vector closer to
the full manifold, thereby improving denoising performance,
especially at points such as x A in Fig. 2, which are more
difficult to denoise. We refer to the approach as the tangent
hyperplane KPCA algorithm for reasons that will become
apparent later. The modified projection can be used in conjunction with the preimage approximation algorithms of any
of the aforementioned KPCA approaches.
The remainder of this paper is organized as follows.
Section II briefly reviews the general KPCA approach and various preimage approximation algorithms. Section III provides
a geometric explanation of why certain points such as x A in
Fig. 2 are denoised poorly using the regular projection step in
KPCA. In Section IV, we introduce our tangent hyperplane
KPCA approach as a solution to this problem. Section V
presents denoising results for the toy example of Fig. 2 and
for real image datasets, together with a discussion of the characteristics of the approach. Section VI concludes this paper.

II. R EVIEW OF P RIOR KPCA W ORK AND THE
P REIMAGE P ROBLEM
Regular (linear) PCA on the n-dimensional data {x1 , x2 , …,
x N } finds the set of orthonormal basis vectors along which the
components of x have largest variance. These basis vectors are
the eigenvectors of the n ×n (sample) covariance matrix of the
data [10]–[12]. KPCA is PCA on the M-dimensional feature
vectors, {φ(x1 ), φ(x2 ), …, φ(x N )}, where M >> n usually.
Define thecentered feature vector as φ̃(x) = φ(x) − φ̄ where
φ̄ = N −1 Nj=1 φ(x j ), the feature matrix as
˜ = [ φ̃(x1 ) φ̃(x2 ) · · · φ̃(x N )] 


KPCA therefore involves the eigenvalues and eigenvectors of
the M × M matrix S .
Given that direct calculation of the eigenvectors of S is
usually computationally infeasible (M is often large), the novel
enabling aspect of KPCA is the kernel trick, by which we
can solve this eigenproblem without actually computing the
high-dimensional features or their covariance matrix S . This
is possible because in KPCA the feature map φ is defined
implicitly via its inner products φ(x),φ(y) = φ  (x)φ(y) =
K (x,y) for some appropriately chosen positive definite kernel
function K (•,•) (see [2], [3]; for comprehensive treatments of
kernel functions, see [13]), and the inner products are all that
are required in the computations. Common choices for the
kernel are the polynomial kernel K (x,y) = (1 + x y)d of
degree d, and the Gaussian radial basis function (RBF) kernel
K (x,y) = exp(–||x − y||2/ρ) where the parameters d and ρ
are chosen by the users. A polynomial kernel of degree 2 was
used in the Fig. 2 example.
More specifically, define the centered kernel function
K̃ (x, y) = φ̃(x), φ̃(y) = φ(x) − φ̄, φ(y) − φ̄
= φ(x), φ(y) − φ(x), φ̄ − φ(y), φ̄ + φ̄, φ̄
N
N


= K (x, y) − N −1
K (x, xi ) − N −1
K (y, xi )
i=1

+ N −2

N
N 


i=1

K (xi , x j )

i=1 j =1

= K (x, y) − N −1 1 Kx − N −1 1 Ky + N −2 1 K1
where 1 denotes a column vector of ones, and Kx =
[K (x,x1), K (x,x2), . . . , K (x,x N )] . Also define the centered
˜
˜  , whose (i , j )th element is K̃ i j =
kernel matrix K̃ = 
K̃ (xi , x j ). Note that K̃ is an N × N matrix that can be
calculated via evaluations of the kernel function. This is computationally significant, because the eigenvector/eigenvalue
pairs {(vk , λk ): k = 1, 2, . . ., L 0 } of S with nonzero
eigenvalue (we refer to such an eigenvector as a nonzero
eigenvector, and assume there exist L 0 of them) and the
nonzero eigenvector/eigenvalue pairs {(α k = [α k,1 , α k,2 , …,
α k,N ] , ηk ): k = 1, 2, . . . , L 0 } of K̃ are closely related (see
N
˜ αk =
˜
[1] for details): vk = 
i=1  (xi ) αk,i , and ηk =
Nλk , where the convention for scaling the eigenvectors is to
−1/2
take ||vk || = 1, which implies ||α k || = (Nλk )−1/2 = ηk .
Using this, one can solve the eigenproblem for the M × M
matrix S by solving the much less computationally expensive
eigenproblem for the N × N matrix K̃ (N << M typically).
As discussed in the introduction, the existing KPCA denoising methods share a common projection operation. That is,
given an observation x, they find (implicitly) the orthogonal
projection
˜
P (x)
=

L

k=1

φ̃(x), vk vk
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Fig. 2. (a) Original data (white markers) distributed approximately along a quadratic curve (solid curve). (b) Denoised data (white markers) obtained using
the method of [3]. Points such as x A near the middle of the curve are denoised less effectively than points such as x B near the ends of the curve.

of φ̃(x) onto the principal subspace spanned by the L principal
eigenvectors {v1 , v2 , . . ., v L } of S . This is followed by the
preimage approximation for finding the x̂ that is most similar
to P φ̃(x), which is where the KPCA denoising methods
mentioned in the introduction differ. Specifically, they differ
in how they define the dissimilarity measure and/or how they
implement the optimization algorithm to minimize it, including
the variables over which they optimize.
In [2] and [3], the authors suggested minimization of the
Euclidean distance
||φ̃(z) − P φ̃(x)||2

(1)

over z. In other words, the dissimilarity measure between x̂ (or
φ̃(x̂)) and P φ̃(x) is the Euclidean distance between φ̃(x̂) and
P φ̃(x) in the feature space. The computational kernel trick
that is central to all KPCA methods is based on the fact that
for any x ∈ Rn , z ∈ Rn , and nonzero eigenvector vk , we can
evaluate the following inner products via the kernel:


N

φ̃(x), vk  = φ̃(x),
φ̃(xi ) αk,i
i=1

=

N




φ̃(x), φ̃(xi ) αk,i = K̃x α k

i=1

and


φ̃(z), P φ̃(x) = φ̃(z),

L



φ̃(x), vk vk

k=1

=
=
=

L

k=1
L


φ̃(z), vk φ̃(x), vk 




(K̃z α k )(K̃x α k )

k=1

K̃z [ α 1

· · · α L ][ α 1 · · · α L ] K̃x

where K̃x = [ K̃ (x, x1 ), K̃ (x, x2 ), · · · , K̃ (x, x N )] . Thus, the
quantity to be minimized (with respect to z, for a given x
to be denoised) in the preimage approximation of [3] can be
written as
||φ̃(z) − P φ̃(x)||2
= φ̃(z), φ̃(z) − 2φ̃(z), P φ̃(x) + P φ̃(x), P φ̃(x)
= K̃ (z, z) − 2βz βx + βx βx
where





β x = v1 v2 · · · v L φ̃ (x) = α 1 α 2 · · · α L K̃x

is the vector of principal components scores of φ̃(x).
In [2] and [3], the authors suggested using a fixed-point
iterative algorithm, related to a gradient descent algorithm,
to minimize (1) with respect to z over the entire input space
Rn . Takahashi and Kurita [4] modified the fixed-point iterative
algorithm by updating certain weighting coefficients at each
iteration, based on updating the feature vector to be projected
onto the principal subspace. A fixed point of their algorithm is
more consistent with minimizing ||φ̃(z) − P φ̃(z)||2 . Teixeira
et al. [5] proposed an alternative initial guess for the fixedpoint iterative algorithm.
While the preceding methods share a common dissimilarity
measure (1), others use different dissimilarity measures. Kwok
and Tsang [6] proposed a method akin to multidimensional
scaling. To denoise x, they found x̂ so that the distances
||xi − x̂|| (i = 1, 2, . . . , n) are as close as possible to
the distances ||φ̃(xi ) − P φ̃(x)||2 (i = 1, 2, . . . , n). Their
dissimilarity measure is the distance between the vector of
||xi − x̂||2 ’s and the vector of ||φ̃(xi ) − P φ̃(x)||2 ’s for
values of i such that φ̃(xi ) is a neighbor of P φ̃(x), and
to reduce computational expense they restricted x̂ to being
a linear combination of the nearest neighbors. Bakır et al.
[7] suggested a kernel regression method to estimate the
map (P φ̃(x)) = [1 (P φ̃(x)), 2 (P φ̃(x)), . . . , n (P φ̃(x))] ,
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(a)

(b)

Fig. 3. (a) Data with noise in the input space. The solid curve is the true pattern that the data would follow with no noise. (b) Centered feature vectors and
true pattern mapped to the feature space.

(a)

(b)

Fig. 4. (a) Result of [3] in the input space. Approximate preimages (black markers). (b) Result of [3] in the feature space. Projections (gray marker) of
the features of the noisy data (white marker) using the simple 3-D feature and the method of [3]. The approximate preimages in (a) are supposed to best
correspond to the projections in (b). We can observe that x B is denoised much more than x A .

where one views the components of P φ̃(x) as the predictor
variables and the components of x̂ as the response variables.
They assume the kernel regression model  j (P φ̃(x)) =
N
j
i=1 βi κ(P φ̃(x), P φ̃(xi )), where κ is a different kernel
operator, and minimize the sum of squared regression residuN
j
||xi − (P φ̃(xi ))||2 with respect to the βi  s. Their
als i=1
approach applies mainly to the situation in which noiseless
observations are available for training. Zheng et al. [8] noted
that a denoised observation of x obtained by most of the
preceding methods
 N is a weighted sum of {x1 , x2 , . . ., x N }.
That is, x̂ =
i=1 wi xi for some weights w1 , . . ., w N .

N
wi xi ) −
Hence, they used a dissimilarity measure ||φ̃( i=1
2
P φ̃(x)|| , and chose the weights to minimize this under certain
constraints.
Nguyen and De la Torre [9] approached the problem in a
different way. They proposed to solve x̂ = arg minz ||φ̃ (z) −
P φ̃ (z) ||2 + C · d(z, x) where d(z,x) is any distance measure
between z and x, and C is a weight that is chosen to balance
between the two terms. Although this method slightly deviates
from the general framework we have portrayed, it is similar
in the sense that it still involves an orthogonal projection onto
the principal subspace.
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(a)

Fig. 5. Feature vectors for the data (open dots), true pattern (solid curve),
and full manifold (surface) from the toy example, in the feature space. All
feature vectors must reside exactly in the full manifold.

III. G EOMETRIC I NTERPRETATION OF
KPCA D ENOISING P ERFORMANCE
In this section, we provide a geometric interpretation of the
inconsistent denoising performance seen in Fig. 2 (i.e., points
such as x A are denoised less effectively than points such as x B )
and relate it to the orthogonal projection procedure common
to all of the KPCA methods. We argue that the orthogonal
projection has undesirable properties and that modifying this
procedure (as described in the next section) can substantially
improve denoising performance.
To illustrate, consider again the toy example introduced in
Section I, for which the data are distributed along a quadratic
curve in R2 with Gaussian noise added. In order to better
visualize the feature space (to facilitate the illustration), instead
of using a feature map induced by a polynomial kernel, we
use the simple feature map φ(x) = (x 1 , x 2 , x 12 ) which is
sufficiently rich to capture the quadratic pattern. Fig. 3(a)
shows the noisy data and the true quadratic pattern in the
input space, and Fig. 3(b) shows the same data and true pattern
mapped to the 3-D (centered) feature space. The data points
are the feature vectors, and the solid curve is the image of the
true pattern under the feature map. Ideally, we would like the
denoised observation to lie close to the solid curve.
Consider the orthogonal projection P φ̃(x) of a feature
vector onto the principal subspace. For the toy example with
L = 2, the projections of the feature vectors are plotted in
Fig. 4(b) and their approximate preimages using the method of
[3] are plotted in Fig. 4(a). As with linear PCA, we would hope
that the projections in the feature space are close to the true
pattern. However, from Fig. 4(b), the projections of points near
the middle of the curve are much farther from the true pattern
than are the projections of points near both ends of the curve.
This is consistent with the variable denoising performance that
we see in Fig. 4(a) and discussed in the context of Fig. 2.

Fig. 6. (a) Method of [3] in the feature space. Depiction in the feature space
of the principal projection P φ̃(x) and preimage projection φ̃(x̂) for points x A
and x B , together with the full manifold and principal subspace. (b) Expanded
callout for x A . (c) Expanded callout for x B .

The reason behind the poor denoising of x A and the good
denoising of x B becomes more apparent when we visualize the
full manifold and the projection and preimage approximation
steps in the feature space. Recall that the full manifold φ̃(Rn )
is the image of Rn under the feature map, which is an ndimensional manifold in M-dimensional space. Fig. 5 plots
the full manifold for the toy example. Notice that the feature
vector for any data point must lie in this full manifold, regardless of the level of noise. More generally, the feature vector
for any point in Rn must lie on the full manifold, and the full
manifold is the set of all points in the feature space that have
exact preimages. Consequently, after finding the projection
P φ̃(x) onto the principal subspace, we can view φ̃(x̂) from the
preimage approximation x̂ = arg minz ||φ̃(z) − P φ̃(x)||2 of [3]
as an orthogonal projection of P φ̃(x) onto the full manifold
in the feature space. To distinguish between these two feature
space projections, we refer to P φ̃(x) as the principal projection
and φ̃(x̂) as the preimage projection.
Fig. 6 shows the principal projections and preimage projections for points x A and x B , together with the full manifold
and the principal subspace. The reason why x A is denoised less
effectively than x B has much more to do with the principal
projection than the preimage projection. Because of the local
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geometry around φ̃(x A ) of the full manifold and the principal
subspace [see Fig. 6(b)], the principal projection P φ̃(x A ) for
the point x A falls quite far away from the full manifold. That is
to say, it is quite far from having a preimage. Hence, in order
to get back to the full manifold when finding the preimage
projection, we must choose a point φ̃(x̂ A ) that is quite far
from the principal subspace. In turn, this means that φ̃(x̂ A ) is
quite far from the image of the true pattern, which means that
the denoised point x̂ A is quite far from the true pattern (i.e.,
poor denoising).
The situation for the point x B is very different. Because
of the local geometry around φ̃(x B ) [see Fig. 6(c)], the
principal projection P φ̃(x B ) remains relatively close to the
full manifold, so that the preimage projection φ̃(x̂ B ) remains
close to the principal subspace. The result is that x̂ B is close
to the true pattern (i.e., good denoising).

IV. TANGENT H YPERPLANE M ETHOD FOR
KPCA D ENOISING
The arguments in the previous section indicate that the
denoising performance is strongly influenced by the projection
step. The geometric interpretation in Fig. 6 motivates our
proposed modification to the projection step, which can be
incorporated into the preimage approximation criteria for any
of the KPCA denoising algorithms discussed previously. For
each point x to be denoised, instead of projecting orthogonally
onto the principal subspace, we incorporate information on
the local geometry of the full manifold in the neighborhood
of φ̃(x), so that the principal projection remains closer to the
full manifold. This is accomplished as follows.
First note that any point
 L in the principal subspace can be
bk vk for some b = [b1 , b2 , …,
represented as P φ̃(x) + k=1
b L ] ∈ R L . For any x, we define the tangent hyperplane for
φ̃(x) as the n-dimensional hyperplane (in the M-dimensional
feature space) that is tangent to the full manifold at φ̃(x).
More precisely, the
tangent hyperplane for φ̃(x) is the set of
all points φ̃(x) + nj =1 a j u j for a = [a1 , a2 , …, an ] ∈ Rn ,
where
uj =

∂ φ̃(x) 
=
∂x j

∂ φ̃ 1 (x) ∂ φ̃ 2 (x)
∂x j
∂x j

···

∂ φ̃ M (x)
∂x j



.

In the following, we refer to the quantity that will replace
P φ̃(x) in the projection step as the principal projection,
although technically it is not a projection. Rather, the principal
projection in our algorithm is defined as the point on the
principal subspace that is closest to the tangent hyperplane
for φ̃(x). This is equivalent to finding the minimum distance
between the two subspaces (the tangent hyperplane and the
principal subspace). As in [14], which computes the minimum
distance between two hyperplanes in a different context, the
solution is obtained by finding the coefficient vectors a and b
to minimize the distance between
P φ̃(x) +

L

k=1

bk vk and φ̃(x) +

n

j =1

ajuj.
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Then we take the principal projection to be
PT φ̃(x) = P φ̃(x) +

L


bk∗ vk

(2)

k=1

where a∗ = [a1∗ , a2∗ , …, an∗ ] and b∗ = [b1∗ , b2∗ , …, b∗L ]
denote the coefficient vectors that minimize the distance. The
subscript T on the projection operator indicates it is for the
tangent hyperplane method.
The solution is obtained by defining U = [u1 , u2 , …, un ] and
V = [v1 , v2 , …, v L ], the sets of basis vectors for the tangent
hyperplane and for the principal subspace, respectively. The
optimal coefficient vector minimizes
φ̃(x) + Ua − P φ̃(x) + Vb

2

=


 a
φ̃(x) − P φ̃(x) + U, −V
b

=

φ̃(x) − P φ̃(x) + Ac



2

2

with respect to c = [a , b ] , and A = [U, −V], the solution
to which is the standard linear least squares solution.
Because the solution c∗ may not be unique (if the columns
of A are linearly dependent) or may be poorly conditioned (if
the columns of A are nearly linearly dependent), we add a
regularization penalty and choose c∗ so that
c∗ = arg min ||(φ̃(x) − P φ̃(x)) + Ac||2 + δ||c||2

(3)

c

for some small user-selected δ as in [14]. In Section V, we
compare the results with different levels of δ and discuss
its appropriate choice. The regularization penalty has other
intuitive appeal. It penalizes
 solutions for which the tangent
hyperplane point φ̃(x)+ nj =1 a j u j is further away from φ̃(x)
L
bk vk is furand/or the principal subspace point P φ̃(x)+ k=1
ther away from P φ̃(x). Hence, in the extreme case of δ → ∞,
our principal projection coincides with the standard principal
projection P φ̃(x). Moreover, the regularization penalty keeps
the solution well defined in the case where A is singular. For
example, in the special case of linear PCA [which corresponds
to the feature map φ(x) = x], the tangent hyperplane is all of
Rn , so that the distance is zero between any point on the
principal subspace and the tangent hyperplane. Including the
regularization penalty ensures that the solution is unique and
coincides with the standard linear PCA solution in this case.
It is straightforward to show that the solution to (3) is
c∗ = (A A + δI)−1 A (P φ̃(x) − φ̃(x))

(4)

from which we obtain our principal projection as defined in
(2). One can then use the preimage approximation criterion
from any of the existing KPCA denoising methods to find
the approximate preimage of PT φ̃(x), which serves as the
denoised point x̂.
It is important to note that the computational kernel trick can
be used in all steps of the algorithm. Hence, no calculations
need to be performed in the M-dimensional feature space. The
penalized least squares solution for the principal projection
PT φ̃(x) requires only inner products in the feature space,
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and 6), x A is denoised substantially better, and x B is denoised
slightly better. In fact, x A is now denoised as well as x B .
The reason for the dramatic improvement for the denoising
of points such as x A is illustrated geometrically in Fig. 7(a),
which also shows the tangent hyperplanes for the two points
φ̃(x A ) and φ̃(x B ). The approach forces the principal projection
to be close to the tangent hyperplane [compare PT φ̃(x A ) in
Fig. 7(b) with P φ̃(x A ) in Fig. 6(b)], which also keeps it close
to the full manifold. If the principal projection is close to the
full manifold, then it is close to having an exact preimage,
so that its preimage projection φ̃(x̂) is more likely to remain
close to the principal subspace. The result is that the denoised
point is more likely to be close to the true pattern.
V. R ESULTS AND D ISCUSSION

Fig. 7. Proposed method in the feature space. Geometric depiction of the
tangent hyperplane method for denoising points x A and x B . Forcing the
principal projection PT φ̃(x) to be close to the tangent hyperplane also keeps
it close to the full manifold and close to having an exact preimage. Notice
that because the preimage projections φ̃(x̂ A ) and φ̃(x̂ B ) are so close to their
respective principal projections PT φ̃(x̂ A ) and PT φ̃(x̂ B ), it is difficult to
visually distinguish them in the figure. (b), (c) Expanded callouts of the two
regions in (a).

and the Appendix shows how all these can be calculated via
the kernel trick. Because the principal projection is a linear
combination of the eigenvectors, the kernel trick can be applied
as usual in any of the preimage approximation approaches.
Regarding the computational complexity, because the tangent hyperplane method simply modifies the projection step of
existing KPCA methods, its computational expense is the same
as that of the existing methods but with the additional expense
of the modified projection step. The most computationally
expensive part of the modified projection step is the inversion
of (n + L) × (n + L) matrix A A + δI. This is generally much
less expensive than the remainder of the KPCA algorithm
(especially if one uses a matrix inversion algorithm that takes
advantage of the orthogonality of the columns of A that are
associated with V). Hence, the modified projection step of the
tangent hyperplane method does not substantially increase the
computational expense of the entire KPCA algorithm.
In Fig. 7, we illustrate the tangent hyperplane method for
the same toy example with 3-D feature space. The preimage
approximation is still that of [3]. Relative to the denoising
results using the conventional orthogonal projection (Figs. 4

In this section, we apply the proposed tangent hyperplane
method (using the preimage approximation criterion of [3])
to three different datasets: the toy data that we have used
to illustrate the approach and two different image datasets
in which each multivariate observation represents a different
image. For the toy dataset, we use a feature map consisting
of all polynomial terms of degree ≤ 2, which corresponds
to the kernel K (x, y) = (1 + x y)2 . For the image datasets,
we used the Gaussian RBF kernel K (x,y) = exp(–||x −
y||2 /ρ) with ρ = nc, where c equals 0.5 times the average
of component variances, which we chose because it is more
appropriate than the polynomial kernels on both methods. We
compare the tangent hyperplane approach with that of [3].
As we have discussed, the tangent hyperplane approach is
a modification of the principal projection step that can be
used with any of the preimage approximation criteria. For
the preimage approximation, we used the quasi-Newton BFGS
algorithm to minimize ||φ̃(z)− P φ̃(x)||2 or ||φ̃(z)− PT φ̃(x)||2 .
A. Results for the Toy Example
The data for the toy example were generated by standardizing a simulated training set of size N = 100 bivariate observations of the random vector x = [x 1 , x 2 ] = [t, t 2 ] + [w1 , w2 ] ,
where t follows a uniform distribution over the interval [−1,
1], and w1 and w2 are independent Gaussian random variables
with zero mean and standard deviation 0.1. We can view the
quadratic curve {[t, t 2 ] : t ∈ [−1, 1]} as the true pattern, and
each observation x as a random point along the true pattern
plus Gaussian noise. Fig. 8(a) shows the denoising result using
the method of [3], which differs slightly from Fig. 4(a) because
of slightly different choice of feature map: φ(x) = (x 1 , x 2 , x 12 )
in Fig.
√ 4(a)
√ versus the √full quadratic feature map φ(x) =
(1, 2x 1 , 2x 2 , x 12 , x 22 , 2x 1 x 2 ) in Fig. 8(a). Fig. 8(b) shows
the denoising result using the proposed tangent hyperplane
method. For both methods, L = 4 principal eigenvectors were
retained. L = 4 provided the best denoising for both methods
(results for other L are omitted for brevity).
Comparing Fig. 8(a) and (b), it is clear that for this example
the modified principal projection of the tangent hyperplane
method provides much better denoising than the conventional
orthogonal principal projection. We also conducted simulations for a modified toy example with higher dimensional data.
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Fig. 8. For the toy example, a comparison of the denoising results using
(a) the method of [3] and (b) the tangent hyperplane method, which has
substantially better performance.
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B. Results for the Image Examples
One of the two image datasets was obtained from the
website http://cs.nyu.edu/∼roweis/data.html. Each image is of
the same person’s face but with different facial expressions and
angles. The elements of each original multivariate observation
x are the grayscale levels (over the range [0, 1]) for n = 28 ×
20 = 560 pixels. The data to be denoised were contaminated
versions of the images for which we added independent

200

250

300

Gaussian noise at two different noise levels. We standardized
the data before applying the denoising methods. The training
data consisted of N = 500 noisy images. Examples of the
original clean images and the noisy images for the two
different noise levels are shown in Fig. 9.
As the denoising performance depends on choice of L
(the number of retained principal components) and δ [the
regularization parameter in (3)], we investigated the effects
of these parameters. Fig. 10 plots, as a function of L, the root
mean square (RMS) distance
N −1

The true pattern was a 1-D quadratic curve in a 2-D subspace
of R20 , rotated so that it had components along all each natural
basis vector. The denoising results for the higher dimensional
example were quite similar to those shown in Fig. 8, especially
the relative performance of the two methods. For brevity, we
omit the results for this example and instead focus on the
higher dimensional example in the following section.

δ0 =1

Fig. 10. RMS distance for the method of [3] (dashed) and the tangent
hyperplane method (solid), as a function of L for (a) the images with low
noise and (b) the images with high noise levels. For the low noise, the method
of [3] shows much better performance than the tangent hyperplane method.
For high noise, the tangent hyperplane method with δ 0 = 1 has the best
optimal performance for this example, and the tangent hyperplane method
with both settings is much more robust to misspecification of L.



Fig. 9. Examples of (a) clean images, (b) images with low noise, and (c)
images with high noise. The noisy ones are the clean ones with Gaussian
noise added with different standard deviations (b) 0.04 and (c) 0.12.

150
L

−4

N


 12
||xi,true − x̂i ||2

i=1

between the denoised images (x̂i ) and the original clean
images (xi,true ) over the set of N training images. After
generating the noisy images, the original clean images were
used only for evaluation purposes but not within the algorithms
in any way.
Fig. 10(a) shows the denoising results for the images with
low noise. The dotted horizontal line is the RMS distance
between the noisy images and the original clean images,
representing the performance with no denoising. The dashed
curve is the RMS distance for the method of [3], and the two
solid curves are the RMS distance for the proposed tangent
hyperplane method with two different values for δ, which
we take to be δ 0 times the maximum eigenvalue of A A for
δ 0 =1 and 10−4 . Fig. 10(b) is analogous to Fig. 10(a) but
for the images with high noise. Notice that the method of [3]
corresponds to the tangent hyperplane method with δ 0 = ∞.
A number of notable characteristics can be observed from
Fig. 10. First, when the noise level is low, the method of [3]
performs better, in terms of RMS distance, than the tangent
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(a)

(a)

(b)

(b)

(c)

(c)

Fig. 11. Sample of the denoised image result for the low noise case using
(a) method of [3] with L = 200, and (b) and (c) our method with L =
300, δ 0 = 1 and L = 150, δ 0 = 10−4 , respectively. Although RMS distance
corresponding to (c) is high, the denoised images are quite clean and retain
key characteristics/patterns in the original data.

Fig. 12. Sample of the denoised image result for the high noise case using
(a) method of [3] with L = 30, and (b) and (c) our method with L = 75,
δ 0 = 1 and L = 100, δ 0 = 10−4 , respectively. Our method under both settings
shows better denoising performance overall, which is consistent with what we
observe from Fig. 10(b).

hyperplane method with finite δ 0 . However, the RMS distance
measure does not necessarily capture all relevant aspects of
performance. For example, consider Fig. 11, which visually
compares the denoised images for the two approaches for a
sample of 16 images. For each method, L was chosen to be
optimal, i.e., L = 200 was used for the method of [3], L = 300
for the tangent hyperplane method with δ 0 = 1, and L = 150
for the tangent hyperplane method with δ 0 = 10−4 . Although
the tangent hyperplane method results in worse RMS distance,
it clearly provides more denoising and produces images that
appear cleaner than the images produced by [3]. The upside
of this is that the facial expressions are generally cleaner in
Fig. 11(b) and (c), than in Fig. 11(a). But the downside is
that, in addition to removing more of the noise, the tangent
hyperplane method has removed some of the real patterns
in the images. For example, although some of the facial
expression patterns are retained in Fig. 11(b) and (c), others are
not retained, and the pattern resulting from the subject looking
to his right has been “denoised” out of the data [as apparent
from the second image in the top rows of Fig. 11(a)–(c)].
This is perhaps because the subject’s rotation to the far right
is something of an outlier expression.
The results are quite different when the noise level is
higher. Fig. 10(b) shows that, in this case, the tangent hyperplane method with δ 0 = 1 has the best optimal performance
according the RMS distance measure, although the optimal
performances of the other two methods are not far behind.
This can also be seen in Fig. 12, which again compares results

for optimal choices of L per each method for the same 16
samples shown in Fig. 11. However, quite significantly, our
method is much more robust to the choice of L. For any
L between roughly 50 and 200 for δ 0 = 10−4 , our method
performs nearly as well as for its optimal L. In contrast, the
“sweet spot” for the method of [3] is much smaller, with
performance rapidly degrading for L outside the range 15–75,
roughly. This robustness to choice of L is important, because
in practice it is difficult to determine the optimal L. When
using the polynomial kernel, the same trend was observed but
the overall performances of all methods were not as good.
Notice that plots such as Fig. 10 cannot be used in practice,
because the plotted RMS distances were calculated using the
true noiseless images, which are not available in practice.
The second image dataset, which are also of faces but of
a different nature than in the previous example, was obtained
from the website http://isomap.stanford.edu. As described in
[15], the dataset consists of a sequence of 4096-dimensional
vectors, representing the grayscale levels (over the range [0,
1]) for n = 64 × 64 = 4096 pixels. Each image is an animated
face with different poses and lighting directions. The data to be
denoised were again contaminated versions of the images for
which we added independent Gaussian noise at two different
noise levels. As the data dimension (4096) is quite high, for
dimensionality reduction purpose we preprocessed the data
using PCA before applying the denoising methods. The training data consisted of N = 698 noisy images. Examples of the
original clean images and the noisy ones are shown in Fig. 13.
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(a)

(a)
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Fig. 13. Examples of (a) clean, (b) and (c) noisy image data. The noisy
ones are the clean ones with Gaussian noise added with standard deviations
(b) 0.04 and (c) 0.12.

Fig. 15. Sample of the denoised image result for the low noise case using
(a) method of [3] with L = 250, and (b) and (c) our method with L = 300,
δ 0 = 1 and L = 75, δ 0 = 10−4 , respectively.
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Fig. 14. RMS distance for the method of [3] (dashed) and the tangent
hyperplane method (solid), as a function of L for both (a) low noise and
(b) high noise cases. As in the previous example, the method of [3] is better
in the low noise case while our method better in high noise case and robust
to the choice of L.

As in the previous example, we applied both the method of
[3] and the tangent hyperplane method with δ 0 = 1 and δ 0 =
10−4 . Figs. 14–16, which are analogous to Figs. 10–12, show
the results. The key observations are quite consistent with the
previous example. In terms of RMS distance, our method is
outperformed by the method of [3] when the noise level is low.
The tangent hyperplane method appears to result in greater
“denoising,” but of legitimate patterns as well as noise. At high
noise level, on the other hand, the tangent hyperplane method
outperforms the method of [3] in terms of RMS distances as
well as robustness to L.
We also performed simulations for medium noise cases and
for δ 0 = 10−2 . Because the results were predictable, falling

Fig. 16. Sample of the denoised image result for the high noise case using
(a) method of [3] with L = 75, and (b) and (c) our method with L = 100,
δ 0 = 1 and L = 200, δ 0 = 10−4 , respectively.

somewhere between the low and high noise cases and the
δ 0 = 1 and δ 0 = 10−4 cases shown previously, we omit them
for brevity.
C. Choice of the Parameter δ and Kernels
From the previous experimental results, it can be observed
that δ substantially influences the denoising results. Although
we envision no clear strategy for optimally choosing δ, we
do recommend that it be chosen to at least accomplish its
intended purpose: namely, to prevent erratic results caused by
poor conditioning of A when its columns are (nearly) linearly
dependent. As a rule of thumb, we suggest choosing δ =
10−4 times the maximum eigenvalue of A A. One could also
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independent. Hence, no point in φ̃(x) + span{u1, u2 , …, un }
lies exactly in span{v1, v2 , …, v L } and vice versa (unless
they intersect at a unique point). It therefore follows that
for any two points u and ũ in φ̃(x)+ span{u1, u2 , …, un },
we have ||PT H °P°(u−ũ)|| < ||u−ũ||. Hence, PT H °P is a
contraction map in this subspace, and the statement follows
because contraction maps have unique fixed points.
VI. C ONCLUSION
Fig. 17. Interpretation of the tangent hyperplane method as a series of paired
projections.

conceivably use
of some characteristic of the denoised
plots
N
2
images (e.g.,
||x
i − x̂i || ) versus δ and look for the
i=1
elbow, as is commonly done in ridge regression.
Our modification of the principal projection in the tangent
hyperplane method was motivated by the geometry of the
full manifold and the principal subspace in the feature space.
Although we illustrated this motivation with a polynomial kernel, based on the facial images examples and other simulation
results that are not shown, we have observed that the relative
improvement in denoising is as significant when the feature
map is that for a Gaussian RBF kernel.
D. Interpretation as a Series of Projections
In this section, we provide an alternative interpretation of
the tangent hyperplane method. For the ridge penalty term
δ = 0, taking PT φ̃(x) as the principal projection in the
tangent hyperplane method can be interpreted as a series of
paired projections (the first onto the principal subspace and the
second onto the tangent hyperplane) until convergence, followed by an additional projection onto the principal subspace.
We illustrate this in Fig. 17 and provide an informal proof
in the following paragraph. In Fig. 17, PT H and P denote
the projection operators onto the tangent hyperplane and the
principal subspace, respectively. Hence, the tangent hyperplane
approach is like applying the method of Schölkopf et al. [3]
iteratively with the preimage projection onto the full manifold
replaced by the projection onto the tangent hyperplane. The
final step of projecting back onto the full manifold is the same
for both methods. We discuss this iterative scheme only for
interpretation purposes. It should not be used to implement
the approach, because we have a closed-form expression for
the solution PT φ̃(x).
To justify this interpretation, it is easy to show that, with
no ridge penalty, any solution PT φ̃(x) to the least squares
problem (3) (regardless of whether it is unique) is a fixed point
of the map PT H °P (by the orthogonality characterization of
minimum norm problems). Likewise, it is easy to show that
any fixed point of the map PT H °P is a solution to the least
squares problem (also by the orthogonality characterization
of minimum norm problems). Furthermore, if the solution to
the least squares problem is unique, then repeated application
of PT H °P converges to a unique fixed point (which is the
same as the unique least squares solution). This last statement
follows because if the least squares solution is unique, then
the vectors {u1 , u2 , . . . , un } and {v1 , v2 , …, v L } are linearly

We have argued that all existing KPCA denoising methods
share a general framework that involves two operations—
an orthogonal projection (onto the principal subspace in the
feature space) and a preimage approximation (moving the
projection P φ̃(x) to the full manifold in the feature space).
Moreover, they all share a common orthogonal projection
procedure, and their distinctions lie entirely in the preimage
approximation procedure.
Using geometrical arguments, we have shown that the
orthogonal projection step can result in variable denoising
performance, by which points in some regions are denoised
effectively, and in other regions poorly. We proposed, as a
remedy for this shortcoming, a modification to the orthogonal
projection step that we termed the tangent hyperplane method.
Essentially, the method attempts to project onto the principal
subspace in a manner that keeps the principal projection as
close to the full manifold as possible. In other words, it helps
to ensure that the principal projection is close to having a
preimage, which helps to ensure that the approximate preimage
is close to the underlying pattern. Because the tangent hyperplane method is a modification to only the projection step, it
can be used in conjunction with the preimage approximation
step of any of the existing KPCA denoising algorithms.
We compared the performance of the tangent hyperplane
method and the method of [3] for three datasets: a toy example
in which the data represent a quadratic pattern buried in noise;
and two different image data sets under different noise levels
and ridge parameter choices. In the toy example, the tangent
hyperplane method resulted in remarkably better denoising
(see Fig. 8). For the image data examples with high noise
levels, the tangent hyperplane method performed better than
the method of [3] using the optimal L for each method, and
it was also substantially more robust to misspecification of
L. Specifically, the performance of the tangent hyperplane
method was nearly optimal for a wide range of L. For the
image data examples with low noise levels, the method of
[3] performed better than the tangent hyperplane method with
finite δ (they are the same for infinite δ) in terms of RMS
distance. However, the tangent hyperplane method appears
to result in more extreme denoising (of noise as well as of
legitimate patterns that one wishes to retain).
A PPENDIX
U SING THE K ERNEL T RICK TO C ALCULATE THE
P RINCIPAL P ROJECTION PT φ̃(x)
Here we show how the kernel trick is used to calculate (4)
and implicitly calculate the principal projection (2) for the
tangent hyperplane method described in Section IV.
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First note that we can express the matrix A via the feature
space inner products
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After inverting A A+δI, it remains to calculate the (n + L)length vector A (P φ̃(x) − φ̃(x)) via the kernel. We note that
its first n components are ui (P φ̃(x) − φ̃(x)) for i = 1, 2,
. . ., n, and its last L components are −vj (P φ̃(x) − φ̃(x)) for
j = 1, 2, . . ., L. The latter are zero, because P φ̃(x) − φ̃(x)
is orthogonal to each eigenvector v j for j = 1, 2, . . ., L. The
former are

 L


ui P φ̃ (x) − φ̃ (x) = ui
K̃x α k vk − φ̃ (x)
k=1

L



=
K̃x α k ui vk − ∂ K̃∂(y,x)
yi 

Notice that the vi ’s are standardized by definition. For numerical stability of the least squares solution, we will later
standardize
the ui ’s by dividing i th column and row of A A


by ui ui for i = 1, 2, . . . , n (and rescale the elements of
A accordingly). However, for ease of presentation, here we
assume they are not yet standardized.
We consider separately each of the four submatrices of A A
indicated above. The lower-right submatrix (of size L × L) is
the identity matrix, because the vi ’s are defined as an orthonormal set of eigenvectors of S . The upper-right submatrix (of
size n × L) requires that we evaluate terms of the form ui  v j .
Recall that for a specific x to be denoised, ui is defined as




∂ φ̃ (y) 
= ∂ φ̃∂1y(y) ∂ φ̃∂2y(y) · · · ∂ φ̃∂My (y) 
.
ui =

i
i
i
∂yi 
y=x
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y=x

˜  α j , we have
Combining this with v j = 


ui v j = ∂ φ̃(y)
∂ yi y=x [ φ̃ (x1 ) φ̃ (x2 ) · · · φ̃ (x N ) ]α j



∂ K̃ (y,x N )
1 ) ∂ K̃ (y,x2 )
α
= ∂ K̃∂(y,x
···
j
y
∂y
∂y
i

i

i

y=x

which can be evaluated by differentiating the kernel function.
The lower-left submatrix is the transpose of the upper-right
submatrix, by the symmetry of A A.
For the upper-left matrix (of size n × n), we have

∂ φ̃ (y) ∂ φ̃ (z) 

ui u j =

∂yi
∂z j 
 y=z=x


2
∂ φ̃ (y) φ̃ (z) 
∂ 2 K (y, z) 
=
=


∂yi ∂z j
∂yi ∂z j y=z=x
y=z=x

which can also be evaluated by differentiating the kernel
function.

y=x

k=1

in which the terms ui  vk are evaluated as above, and the farright term is evaluated by differentiating the kernel. Therefore,
c∗ , and hence the principal projection PT φ̃(x), can be evaluated using the kernel trick.
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