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Abstract: We consider a general linear ﬁltering operation on an autoregressive moving average (ARMA) time series. The variance
of the ﬁlter output, which is an important quantity in many applications, is not known with certainty because it depends on the true
ARMA parameters. We derive an expression for the sensitivity (i.e., the partial derivative) of the output variance with respect to
deviations in the model parameters. The results provide insight into the robustness of many common statistical methods that are
based on linear ﬁltering and also yield approximate conﬁdence intervals for the output variance. We discuss applications to time
series forecasting, statistical process control, and automatic feedback control of industrial processes. © 2010 Wiley Periodicals, Inc.
Naval Research Logistics 57: 460–471, 2010
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1.

INTRODUCTION

Consider a time series {xt : t = 1, 2, . . .} that follows an
autoregressive moving-average (ARMA(p, q)) model of the
form [12]
xt = φ1 xt−1 + φ2 xt−2 · · · + φp xt−p
+ at − θ1 at−1 − θ2 at−2 · · · − θq at−q ,
where t is a time index, {φ1 , φ2 , . . . φp } denote the AR
parameters, {θ1 , θ2 , . . . θq } denote the MA parameters, and
{at : t = 1, 2, . . .} is an identically, independently distributed
(iid) random sequence with mean zero and variance σa2 . The
AR and MA orders are denoted by p and q, respectively. Let
γ = [φ1 φ2 . . . φp θ1 θ2 . . . θq ]T denote the vector of ARMA
parameters, and γ̂ , an estimate obtained from a sample of size
N observations.
Suppose one intends to ﬁlter xt with some stable, timeinvariant, but otherwise arbitrary, linear ﬁlter of the form
zt = h0 xt + h1 xt−1 + h2 xt−2 + h3 xt−3 + . . . ,
for t = 1, 2, 3, . . . ,
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where zt denotes the ﬁlter output, and {hj : j = 0, 1, 2, . . .}
denote the impulse response coefﬁcients of the ﬁlter. Let σz2
denote the asymptotic (as t → ∞) variance of zt .
In many such ﬁltering operations in time series applications, one is interested in the variance of the ﬁlter output. For
example, for each k = 1, 2, . . ., the k-step-ahead forecasting
error using ARMA forecasting methods is a linearly ﬁltered
version of xt with h0 = 1, hj = 0 for j = 1, 2, . . . k − 1, and
{hj : j = k, k + 1, . . .} determined by the form of the forecast equations. In this case, σz2 represents the variance of the
forecasting error, which is used when determining prediction
intervals on the future observations.
Because in practice γ is unknown and must be estimated,
the effect on σz2 of errors in γ is also of general interest.
In this article, we derive an expression for the sensitivity
(i.e., the partial derivative) of σz2 with respect to deviations
in the model parameters and discuss how it can be used to
analyze the effects of parameter errors. To facilitate the development, throughout the article we use standard time series
notation [12] and let B denote the backward shift operator
deﬁned such that Bxt = xt−1 . Deﬁning (B) = 1 − φ1 B −
φ2 B 2 . . . − φp B p and (B) = 1 − θ1 B − θ2 B 2 . . . − θq B q ,
we can write the ARMA model as
xt =

(B)
at .
(B)

(1)

Apley and Lee: Effects of Time Series Parameter Deviations

Likewise, we can write the ﬁltering operation as
zt = H (B)xt ,

(2)


j
where H (B) = ∞
j =0 hj B .
There has been a substantial amount of prior work that
takes parameter uncertainty into account to modify the
prediction intervals in time series forecasting. Bootstrapping methods have received quite a bit of attention (e.g.,
[37, 41, 44, 45]). In this article, we focus on analytical methods, which have also received considerable attention. References [11 (Appendix A7.3), 48, 49], used a ﬁrst-order Taylor
expansion (of the k-step-ahead forecast of xt+k , about γ̂ = γ )
to approximate the unconditional variance of the forecast
errors with respect to the distributions of γ̂ , of the past data
{xj : j = t, t − 1, . . .}, and of the future innovations, {aj :
j = t + 1, t + 2, . . .}. References [3, 21, 34] also used a
ﬁrst-order Taylor approximation to calculate the conditional
variance of the forecast errors with respect to the distributions
of γ̂ and of the future innovations {aj : j = t + 1, t + 2, . . .},
conditioned on the past data {xj : j = t, t − 1, . . .}. Reference
15 gives an excellent summary of this work and other issues
involving forecasting and, in particular, prediction intervals
in forecasting. Reference 27 compared the coverage probabilities of approximate prediction intervals based on conditional
versus unconditional variances for AR(1) process.
Various later work extended these basic approaches to
models other than ARMA. Reference 38 approximated
the conditional forecast error variance for ARMA (p, q)
processes with a linear trend and for ARIMA (p, 1, q)
processes with a constant (drift) term. From their asymptotic
(with respect N ) perspective, the uncertainty in the ARMA
parameters was negligible. Hence, they considered parameter
uncertainty in only the trend or drift parameters. Reference
24 approximated the conditional forecast error variance for
a class of time series models that includes models in which
the conditional mean of the k-step-ahead value can be written as linear function of past observations {xt , xt−1 , . . . , xt−d }
for some ﬁnite d, which includes ARMA models if we allow
d → ∞. Various Bayesian prediction intervals have also
been developed by calculating the posterior distribution of
xt+k given the past data {xj : j = t, t − 1, . . .}, marginalized
with respect to the posterior of γ . See [15, Section 4.7] for a
brief summary. It is conceptually straightforward to marginalize over the posterior of γ , as discussed in [17] for example.
However, simple closed-form expressions are lacking for all
but the simplest cases.
In this article, we take a related but different approach
and derive the partial derivative ∂σz2 /∂γ of the unconditional
variance of the ﬁlter output zt , which can be used in a Taylor expansion to approximate σz2 . We introduce a relatively
simple derivation, which results in quite tractable expressions for the partial derivatives. These provide insight into the
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robustness to parameter uncertainty and can be cleanly incorporated into subsequent analyses that require an approximate
expression for σz2 , such as modifying prediction intervals to
take into account parameter uncertainty.
Perhaps, the most signiﬁcant distinction between this work
and the prior time series forecasting work is that our results
apply quite generally to the output of any linear ﬁltering operation on an ARMA time series. The prior work applies only
to forecasting, and then only to situations in which one is
using a very speciﬁc form of predictor, namely, the predictor that would have minimum mean square prediction error
(MSPE) if one were to assume the model structure is correct
and γ = γ̂ . Reference 18 relaxed this slightly by assuming
that one uses a predictor based on an AR model to predict a
general ARMA time series, although they still required that
the coefﬁcients of the AR predictor are the minimum MSPE
coefﬁcients under the restricted AR predictor structure. There
are reasons why one may wish to use a predictor other than
the one that gives minimum MSPE for the assumed model,
for example for implementation simplicity or if one doubts
the assumed model and wishes to modify the predictor to be
more robust to model uncertainty.
Moreover, the applicability of our results for a general
linear ﬁlter structure has important implications in certain
applications for which the objective is not purely to forecast
the time series. One such application is statistical process
control with autocorrelated data. Because of the increasing prevalence of autocorrelation in industrial process data,
often due to sophisticated measurement and data collection
technology that allows data to be automatically collected
in steady streams, control charts for autocorrelated data
have received a great deal of attention in the SPC literature
( [30, 32, 40, 42, 47]). One class of methods involves ﬁtting
an ARMA model to the data and applying a traditional control chart (designed for temporally uncorrelated data) to the
residuals. The ARMA residuals are calculated via the linˆ −1 (B)(B)x
ˆ
ear ﬁltering operation et = 
t , where the “ˆ”
symbol denotes an estimate of a quantity. The residuals are
uncorrelated when there are no modeling errors. References
2, 7, 10, 16, 22, 23, 28, 31, 35, 43, 46 and many others have
investigated residual-based control charts.
Perhaps, the most popular control chart for autocorrelated data is a residual-based exponentially weighted moving average (EWMA), in which one recursively calculates
and charts the EWMA statistic zt = (1 − λ)zt−1 + λet ,
where λ is a design parameter. At each time t, an alarm is
sounded if zt falls outside a set of lower/upper control limits {LCL, UCL} = ±Lσz , where L is a constant chosen by
the user [28]. If there are no ARMA modeling errors, then
σz = σa λ1/2 (2 − λ)−1/2 , and L can be chosen to provide
a desired false alarm rate or in-control average run length
(ARL) [29, 30]. On the other hand, if there are modeling
errors, then σz may be much different than believed. If σz is
Naval Research Logistics DOI 10.1002/nav
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much larger than believed, the control chart will be plagued
with far too many false alarms. This lack of robustness to
modeling errors is a well-know drawback of residual-based
control charts that has been observed empirically by many
authors (e.g., [1, 7, 28]) and that will be demonstrated in
Section 5. Because we can write the residual-based EWMA
ˆ
ˆ −1 (B)(B),
as Eq. (2) with H (B) = λ[1 − (1 − λ)B]−1 
the results that we will derive in this article are applicable,
providing analytical corroboration of the (lack of) robustness
and a means of quantifying it, as well as insight into the
mechanisms behind it.
We note that there are other methods of control charting
autocorrelated data that also amount to ﬁltering operations
of the same form as Eq. (2). For example, one can apply
an EWMA directly to the ARMA process xt , instead of
to the residuals, as proposed by [39, 40, 50]. In Section 3,
we include an example that illustrates how our results can
be used to assess the robustness of this control charting
approach. Reference 6 provides a detailed performance and
robustness comparison of a residual-based EWMA and an
EWMA applied to xt . Reference 26 discusses a broad variety
of issues related to parameter estimation in control charting,
with emphasis on iid processes.
The format of the remainder of this article is as follows.
In Section 2, we derive expressions for the sensitivities of
σz2 with respect to deviations in the ARMA parameters {φi :
i = 1, 2, . . . , p} and {θi : i = 1, 2, . . . , q}. Here, we deﬁne the
sensitivities as ∂lnσz2 /∂γ = (∂σz2 /∂γ )/σz2 . They provide
measures of the extent to which parameter errors increase or
decrease σz2 . The sensitivity measures do not directly incorporate any measures of uncertainty in γ (e.g., a parameter
covariance matrix), and in this article, we do not develop
any new approach for estimating the uncertainty in γ . However, in Section 3, we combine the sensitivity results with
standard results on the distribution of γ̂ to derive an approximate conﬁdence interval for σz2 that takes into account the
uncertainty in the ARMA parameter estimates. In Sections
4—6, we provide three examples to illustrate how the results
can be used to understand the impact of ARMA parameter
estimation errors and to design ﬁltering procedures that are
more robust. Section 4 considers EWMA forecasting. Section
5 elaborates on the residual-based EWMA control charting
application. Section 6 introduces an application to feedback
control of run-to-run manufacturing processes with ARIMA
disturbances. Section 7 concludes the paper.
2.

THE SENSITIVITY OF σZ2

Rewrite the ﬁltering operation of Eq. (2) as
zt = H (B)xt = G(B)at =

∞

j =0
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gj at−j

(3)

where G(B) = −1 (B)(B)H (B) with impulse response
coefﬁcients denoted by {gj : j = 0, 1, 2, . . .}. Using the representation in Eq. (3), the (asymptotic) variance of zt is given
by [12]
σz2 = σa2

∞


gj2 .

(4)

j =0

We assume that the ﬁlter H (B) under consideration does not
depend on γ (which is unknown in practice), although H (B)
will generally be designed based on the estimate γ̂ .
Consider the following quantities, which we will use as
measures of the sensitivity of σz2 with respect to the ARMA
parameters:
Sφ,i =
Sθ ,i =

∂σz2
∂φi
σz2
∂σz2
∂θi
σz2

: i = 1, 2, . . . , p, and

(5)

: i = 1, 2, . . . , q.

(6)

In the Appendix, we show that for the output zt = H (B)xt
of a stable, time-invariant linear ﬁlter applied to an ARMA
(p, q) process xt , the sensitivities are
Sφ,i = 2

∞


Pk ρi+k: i = 1, 2, . . . , p, and

k=0
∞


Sθ ,i = −2

Qk ρi+k: i = 1, 2, . . . , q,

(7)

(8)

k=0

where ρk denotes the autocorrelation function of zt at lag k,
and {Pk : k = 0, 1, 2, . . .} and {Qk : k = 0, 1, 2,. . .} denote the
j
impulse response coefﬁcients of −1 (B) = ∞
j =0 Pj B and

∞
−1 (B) = j =0 Qj B j , respectively.
Equations (7) and (8) indicate that the sensitivities to the
AR and MA parameters depend only on the nominal AR and
MA polynomials, respectively, and the nominal autocorrelation function of the ﬁlter output zt . By “nominal,” we mean
the quantities that result from using the ARMA parameter
values at which the partial derivatives in Eqs. (5) and (6)
are evaluated, such as a set of estimated ARMA parameters.
More speciﬁcally, Eqs. (7) and (8) state that Sφ,i and Sθ,i are
the weighted sums of the impulse response coefﬁcients of
−1 (B) and −1 (B), where the weights are given by the
coefﬁcients of the nominal autocorrelation function of zt .
The faster the autocorrelation function decays or, more generally, the smaller the autocorrelation function coefﬁcients,
the lower the sensitivities. In the extreme case that zt is temporally uncorrelated, the sensitivities are zero. This is the case
in many forecasting applications in which zt represents onestep ahead forecasting errors. For example, ARMA-based
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forecasting typically results in uncorrelated one-step-ahead
forecasting errors. The fact that the sensitivities are zero in
this case is consistent with the fact that the parameters in
ARMA-based forecast equations are chosen to minimize the
variance of the one-step-ahead forecasting errors (i.e., the
residuals). Many-step-ahead forecasting errors are generally
autocorrelated, on the other hand, so their sensitivities will
generally be nonzero. We demonstrate this in Section 4.
Because the sensitivities are partial derivatives, they can
be used to assess the effects of parameter errors on σz2 .
Notice that the sensitivities are the elements of σz−2 ∂σz2 /∂γ =
∂ln(σz2 )/∂γ . Hence, for a speciﬁed γ̂ and γ , the sensitivities
can be used in a ﬁrst-order Taylor approximation of ln(σz2 )
to approximate the increase/decrease in σz2 due to a speciﬁc set of parameter errors. We illustrate the calculations
for this with an example in Section 5. If one characterizes
the parameter uncertainty via a parameter covariance matrix
(commonly produced by commercial time series modeling
software) instead of by specifying hypothetical values for
γ̂ and γ , then the sensitivities can also be used in a Taylor
approximation to derive a conﬁdence interval for σz2 . This is
the subject of Section 3.
One interesting characteristic of Eqs. (7) and (8) is the
symmetry with respect to the AR and MA polynomials: Sφ,i
depends on (B) in exactly the same manner in which Sθ ,i
depends on (B). Consider the special case that zt is a ﬁrstorder ARMA process, for which −1 (B) = (1 − φ1 B)−1 =
1 + φ1 B + φ12 B 2 + . . ., and −1 (B) = (1 − θ1 B)−1 =
1 + θ1 B + θ12 B 2 + . . .. In this case, Pk = φ1k , and Qk = θ1k
so that Eqs. (7) and (8) reduce to
Sφ,1 = 2

∞


φ1k ρk+1 , and

k=0
∞


Sθ,1 = −2

θ1k ρk+1 .

k=0

This implies that the sensitivities are generally smaller when
the AR and MA parameters have smaller magnitudes. The
insight into the robustness of the ﬁltering operation that is
provided by the sensitivity measures can be useful when
designing and analyzing the ﬁlter, as will be illustrated with
the examples in Sections 4–6.

3.

A CONFIDENCE INTERVAL FOR σ 2Z

Let σ̂z2 denote the nominal variance of zt that would result
if γ = γ̂ . In other words, σ̂z2 is the variance of the time
ˆ −1 (B)(B)H
ˆ
series Ĝ(B)at with Ĝ(B) = 
(B). To derive a
2
conﬁdence interval for σz , one might consider deriving a ﬁrstorder Taylor expansion of σ̂z2 with respect to γ̂ (about γ̂ = γ )
in a manner similar to how the sensitivities were derived

463

in the preceding section. This approach would not be well
formulated, however, because H (B) will generally depend
heavily on γ̂ , either explicitly or implicitly. In Sections 4–6,
we provide examples in which H (B) depends on γ̂ explicitly.
Instead, we use the following approach. By deﬁnition of
the sensitivities evaluated at γ = γ̂ , we have the ﬁrst order
Taylor approximation
σz2 ∼
= 1 + VT (γ )[γ − γ̂ ],
= 1 + VT (γ̂ )[γ − γ̂ ] ∼
σ̂z2

(9)

where V(γ ) = [Sφ,1 Sφ,2 . . . Sφ,p Sθ ,1 Sθ ,2 . . . Sθ ,q ]T evaluated at γ , and Sφ,i and Sθ ,i are given by Eqs. (7) and (8).
The second equality in (9) follows by substituting a ﬁrstorder Taylor approximation of V(γ ) about γ = γ̂ and
ignoring second-order terms. If we invoke standard asymptotic approximations and assume that γ̂ follows a multivariate normal distribution with mean γ and covariance matrix
denoted by γ̂ (γ ), then the ﬁrst-order approximation of
σz2 /σ̂z2 implies that it is approximately normally distributed
with mean 1 and variance VT (γ ) γ̂ (γ )V(γ ). Reference
12 discusses the asymptotic distribution of γ̂ and provides
expressions for the asymptotic covariance [also see Eq. (19)
below]. Note that we have written γ̂ (γ ) as a function of γ
to indicate that the asymptotic covariance is a function of the
true parameters.
This yields the approximate two-sided 1 − α conﬁdence
interval



σ̂z2 1 − zα/2 VT (γ̂ ) γ̂ (γ̂ )V(γ̂ )



≤ σz2 ≤ σ̂z2 1 + zα/2 VT (γ̂ ) γ̂ (γ̂ )V(γ̂ ) , (10)
where zα/2 denotes the upper α/2 quantile of the standard
normal distribution, and we have further approximated by
evaluating V and γ̂ at the estimates γ̂ .
Depending on one’s perspective, a Bayesian credible
region [9] for σz2 may be more meaningful than the conﬁdence interval (10). In fact, it is straightforward to show
that for a noninformative prior on γ , a Bayesian credible
region based on the approximate posterior distribution of σz2
coincides with Eq. (10). This follows by noting that for the
asymptotic multivariate normal distribution for γ̂ |γ that we
assumed in the development of Eq. (10), coupled with a noninformative prior on γ , the posterior distribution of γ is also
approximately multivariate normal with mean γ̂ and the same
covariance matrix γ (γ̂ ) = γ̂ (γ̂ ). Substituting this into Eq.
(9) gives (10) as a Bayesian credible region for σz2 .
In deriving the conﬁdence interval (10), we have approximated the distribution of σz2 /σ̂z2 as normal. Because in many
related problems the log of the variance is often closer to
normal than the variance, we might obtain a more accurate
conﬁdence interval by using a Taylor expansion of ln(σz2 /σ̂z2 )
about γ = γ̂ . Noticing that ∂ln(σz2 )/∂γ = σz−2 ∂σz2 /∂γ ,
Naval Research Logistics DOI 10.1002/nav
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Table 1. Monte Carlo estimated coverage probabilities for the conﬁdence intervals (10) and (12) for 1 − α = 0.9. The top number in
each cell is for (12), and the bottom, for (10). The example is for an
EWMA applied directly to an ARMA xt .
Sample size N
Model

50

100

500

AR(1), φ = 0.5

0.897
0.853

0.893
0.882

0.900
0.897

AR(1), φ = 0.7

0.886
0.818

0.890
0.854

0.896
0.892

AR(1), φ = 0.9

0.848
0.747

0.878
0.797

0.892
0.874

ARMA(1), φ = 0.9, φ = 0.5

0.815
0.722

0.874
0.801

0.892
0.872

which are the sensitivity indices derived in Section 2, we
have an alternative ﬁrst order Taylor approximation
 2
σz ∼ T
(11)
ln
= V (γ̂ )[γ − γ̂ ] ∼
= VT (γ )[γ − γ̂ ].
σ̂z2
Proceeding as earlier with the asymptotic multivariate normal
distribution assumed for γ̂ |γ (equivalently, γ |γ̂ ), we have the
following alternative approximate two-sided 1 – α conﬁdence
interval (equivalently, Bayesian credible region) for σz2 :


σ̂z2 exp −zα/2 VT (γ̂ )

γ̂ (γ̂ )V(γ̂ )


≤ σz2 ≤ σ̂z2 exp zα/2 VT (γ̂ )

4.

APPLICATION TO EWMA FORECASTING

When forecasting time series, the standard deviation of the
forecasting error is an important quantity because conﬁdence
bands on the forecasts are directly proportional to it. In this
section, we investigate the effect of parameter errors on the
standard deviation of EWMA forecast errors. EWMA forecasting [36] is one of the most popular methods of forecasting
nonseasonal time series. For k = 1, 2, 3, . . . the k-step-ahead
EWMA forecast of a time series xt is
x̂t+k|t = λ

γ̂ (γ̂ )V(γ̂ ) .

∞


(1 − λ)j xt−j =

j =0

(12)

We conducted a simulation to compare the coverage probabilities of the two conﬁdence intervals (10) and (12). In the
simulation examples, the ﬁlter output zt = (1 − λ)zt−1 + λxt
is an EWMA applied directly to an ARMA process xt
instead of to the residuals. References 39, 40, 50 investigated the use of this as a control chart statistic for autocorrelated data and discussed how to determine the control limits (without consideration of parameter uncertainty).
Because the control limits are based on σ̂z2 , the effect of
parameter uncertainty on σz2 is of direct interest here. For
this example, we have H (B) = λ[1 − (1 − λ)B]−1 and
G(B) = λ[1 − (1 − λ)B]−1 −1 (B)(B). Table 1 compares
the actual coverage probabilities for the two conﬁdence intervals for a few different sample sizes and AR(1) or ARMA
(1,1) models. In all cases, we used an EWMA parameter
λ = 0.1, a conﬁdence level 1 − α = 90%, and 10,000 Monte
Carlo replicates. Hence, the standard errors for the estimated
coverage probabilities are [0.9(1−0.9)/10, 000]1/2 = 0.003.
Both methods appear to provide smaller coverage probability than the desired 0.9, although the conﬁdence interval (12)
based on the Taylor approximation of ln(σz2 ) is much more
accurate. For all but the smallest sample size of N = 50, it
Naval Research Logistics DOI 10.1002/nav

gives a coverage probability that is quite close to the desired
0.9. Hence, we recommend using (12) instead of (10).
When combined with standard expressions for estimating the parameter covariance matrix, Eq. (12) can also yield
guidelines for selecting a sample size to provide ARMA
parameter estimates that are sufﬁciently accurate, as determined by the context of the ﬁltering application. The standard
asymptotic expression for γ̂ (γ̂ ) is inversely proportional to
N [see, e.g., Eq. (19) below]. Consequently, with preliminary
estimates or approximate guesses for the ARMA parameters, one could specify a desired width for the conﬁdence
interval of Eq. (10) and then solve for the required sample
size. We illustrate this in Section 4 in the context of EWMA
forecasting.

λ
xt ,
1 − (1 − λ)B

where 0 < λ ≤ 1 is the EWMA parameter. It is well known
that for a ﬁrst-order integrated moving average (IMA) model
of the form
xt =

1 − θB
at ,
1−B

an EWMA forecast with λ = 1−θ has minimum mean square
error [12]. Hence, one popular approach for selecting λ is to
ﬁt a ﬁrst-order IMA model to xt and then set λ = 1 − θ̂.
Consider the k-step-ahead forecast error
zt(k) = xt − x̂t|t−k
= xt −

1 − θ̂
1 − θ̂B

xt−k = 1 −

(1 − θ̂ )B k
1 − θ̂ B

xt ,

which qualiﬁes as a linear ﬁltering operation of the same form
as Eq. (3) with
G(k) (B) = 1 −

(1 − θ̂)B k
1 − θ̂B

1 − θB
.
1−B

(13)

We have added a superscript (k) to G(B) and to zt to indicate the forecasting horizon. Likewise, a superscript (k) on
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other quantities will indicate that they are with respect to
the k-step-ahead forecast. Because the forecasting error is a
linearly ﬁltered time series, we can apply the results of the
previous sections to develop a conﬁdence interval for the standard deviation of zt(k) (denoted by σz(k) ), taking into account
the error in estimating θ .
From (13), it follows that
Ĝ(k) (B)
= 1−

(1 − θ̂ )B k 1− θ̂ B
= 1+(1−θ̂ )(B+B 2 +· · · B k−1 ).
1− B
1 − θ̂ B

Hence, zt(k) nominally follows a moving average model of
order (k−1), which has variance and autocorrelation function
(see [12]):
∞

 (k) 2
= σ̂a2
ĝj2 = σ̂a2 [1 + (k − 1)(1 − θ̂ )2 ], and
σ̂z

The last equality follows from straightforward but tedious
algebra.
Eq. (14) implies that the sensitivity Sθ(1) of the variance
of the one-step-ahead forecast error is zero. This is rather
obvious if we notice that Sθ(1) = 0 means precisely that
∂σz2 /∂θ = 0, which must be true because the variance of
the one-step-ahead prediction errors (i.e., the time series
residuals) is minimized when θ = θ̂ . The more interesting
implications of Eq. (14) are for k > 1. Equation (14) implies
that the magnitude of the sensitivity monotonically increases
in k, up to the limiting value of 2(1 − θ̂)−1 .
A two-sided 1−α conﬁdence interval for the k-step-ahead
forecast error variance is obtained by substituting Eq. (14)
for V(γ̂ ) into (12) with γ̂ (γ̂ ) = N −1 (1 − θ̂ 2 ). The parameter covariance is an asymptotic expression that applies to
most common methods of estimating θ based on nonlinear
least squares [12]. The conﬁdence interval for the standard
deviation σz(k) becomes


j =0

ρ̂j(k)


 1 − θ̂ + (k − 1 − j )(1 − θ̂ )2
:
=
1 + (k − 1)(1 − θ̂ )2

0:

1≤j ≤k−1

σz(k)
:

k≤j
j = 1, 2, . . .

Substituting the autocorrelation function into (8) with i = 1
and Q̂j = θ̂ j gives the following sensitivity of (σ̂z(k) )2 with
respect to θ:
Sθ(k) = −2

∞


(k)
Q̂j ρ̂1+j

j =0

= −2

k−2

j =0

= −2
+2
= −2
+2

×
= −2

θ̂ j

1 − θ̂ + (k − 2 − j )(1 − θ̂ )2
1 + (k − 1)(1 − θ̂ )2

k−2
1 − θ̂ + (k − 2)(1 − θ̂ )2 

1 + (k − 1)(1 − θ̂ )2
(1 − θ̂ )

1 + (k − 1)(1 − θ̂ )2

zα/2
∈ σ̂z(k) exp ± 1/2
2N

1/2

2|1 − θ̂ |(k − 1)(1 − θ̂ 2 )
1 + (k − 1)(1 − θ̂)2


.
(15)

To illustrate the effect of parameter uncertainty on the standard deviation of the k-step-ahead forecast error, Fig. 1 plots
σ̂z(k) and the upper and lower boundaries of the conﬁdence
interval (15) versus k for a speciﬁc case with θ̂ = 0.8 (which
corresponds to EWMA parameter λ = 0.2, a relatively common choice), sample size N = 50, σa = σ̂a = 1.0, and
α = 0.05. There is clearly substantial uncertainty in the standard deviation of the prediction error. For a prediction horizon
of k = 30, the upper boundary of the conﬁdence interval is
56% larger than the nominal standard deviation. The uncertainty in the prediction error standard deviation translates to

θ̂ j

j =0
k−2


2
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j =0

1 − θ̂ + (k − 2)(1 − θ̂ )2

j θ̂ j


1 − θ̂ k−1

1 + (k − 1)(1 − θ̂ )2



1 − θ̂

(1 − θ̂ )2
1 + (k − 1)(1 − θ̂ )2
θ̂ − (k − 1)θ̂ k−1 + (k − 2)θ̂ k



(1 − θ̂ )2
(1 − θ̂ )(k − 1)
1 + (k − 1)(1 − θ̂ )

2

.

(14)

Figure 1. A plot of the nominal standard deviation of the k-stepahead EWMA forecasting error versus k, together with the upper and
lower boundaries of a 95% conﬁdence interval for the true standard
deviation from Eq. (15).
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inaccurate conﬁdence bands on the k-step-ahead forecasts, if
parameter uncertainty is ignored.
If we have preliminary estimates of the parameters available, we can use the form of the conﬁdence interval (15) to
determine a suitable sample size that will yield sufﬁciently
accurate ARMA parameter estimates. For example, suppose
we want to insure that the upper boundary of a 95% conﬁdence interval on σz(30) is no more than (say) 10% larger than
the nominal value σ̂z(30) . We can substitute σz(30) /σ̂z(30) = 1.1
into the upper boundary of (15) with the preliminary estimate
θ̂ = 0.8 and solve for the required N . This gives N = 1098
for this example, a relatively large sample size.

5.

APPLICATION TO RESIDUAL-BASED EWMA
CHARTS FOR AUTOCORRELATED DATA

The expressions (7) and (8) for the sensitivities simplify
considerably when zt is a residual-based EWMA, for which
ˆ −1 (B)(B).
ˆ
H (B) = λ[1 − (1 − λ)B]−1 
At the nominal
ˆ
ˆ
values (B) = (B)
and (B) = (B),
we have G(B) =
ˆ −1 (B)(B)H
ˆ

(B) = (1 − ν)[1 − νB]−1 , where ν = 1 − λ.
Consequently, the nominal zt = (1−ν)[1−νB]−1 at behaves
as a ﬁrst-order autoregressive process, and its autocorrelation
function is ρk = ν k [12]. Substituting this into Eqs. (7) and
(8), the sensitivities for the residual-based EWMA become
Sφ,i = 2

∞


Pk ν k+i

k=0
∞

i

= 2ν

2ν i
(ν)

(16)

Qk B k |B=ν = −2ν i −1 (B)|B=ν =

−2ν i
(ν)

Pk B k |B=ν = 2ν i −1 (B)|B=ν =

k=0

and
Sθ ,i = −2

∞


Qk ν k+i

k=0

= −2ν i

∞

k=0

(17)
where (ν) = 1 − φ1 ν − φ2 ν 2 . . . − φp ν p , and (ν) =
1 − θ1 ν − θ2 ν 2 . . . − θq ν q .
The sensitivities have clearer interpretations if we consider
the factorization (B) = (1 − η1 B)(1 − η2 B) . . . (1 − ηp B)
in terms of the roots {η1 , η2 , . . . , ηp } of (B) and do similarly
for (B). The magnitude of the sensitivity in (16) becomes
|Sφ,i | = 2ν i

p


1
|1 − ηj ν|
j =1
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(18)

Figure 2. Illustration of the distance between the scaled root η1 ν
and the point 1.0 in the complex plane. Smaller distances increase
the sensitivity Sφ,i .

Each term |1 − ηj ν| in the denominator of (18) represents
the distance between the scaled root ηj ν and the point 1.0
(i.e., the intersection of the unit circle and the positive real
axis) in the complex plane. This is illustrated in Fig. 2 for
a complex root and ν = 0.9. The sensitivity will be large if
any root is close to the point 1.0 and the EWMA parameter
λ is small (ν close to 1). Complex conjugate roots near the
stability boundary (the unit circle) do not necessarily result
in large sensitivity. In contrast, roots on the positive real axis
near the stability boundary always result in large sensitivity
if λ is small. Analogous results hold for Sθ ,i in terms of the
roots of (B).
This has important implications when designing a residualbased EWMA chart. If any roots of the AR or MA polynomials are close to 1.0, then one should be wary of choosing
a small value for the EWMA parameter λ. A larger value for
λ will provide a control chart whose false alarm rate is more
robust to errors in the ARMA parameters. On the other hand,
if none of the roots are close to 1.0, then one can use a smaller
value of λ, if desired, without severe adverse consequences
on the false alarm rate. We illustrate the robustness issues
with the following example.
5.1.

Example

Consider the Series A data from [12], which are 197 concentration measurements from a chemical process. Reference
12 found that an ARMA(1,1) model ﬁt the data well, and the
estimated parameters were φ̂1 = 0.87, θ̂1 = 0.48, and σ̂a =
0.313. The assumed standard deviation of the residual-based

Apley and Lee: Effects of Time Series Parameter Deviations

Figure 3. Simulated chemical concentration data example illustrating the increased false alarm rate for an EWMA chart with
modeling errors. The three panels from top to bottom are the
autocorrelated data xt , the residuals et , and the residual-based
EWMA zt .

EWMA zt = (1 − λ)zt−1 + λet is σ̂z = σ̂a λ1/2 (2 − λ)−1/2
under the assumption that the true parameters coincide with
the preceding estimates. If we choose an EWMA parameter λ = 0.10, the assumed standard deviation becomes
σ̂z = 0.0718. Suppose we set the upper and lower control
limits at {LCL, UCL} = ±3σ̂z = ±0.216.
To gage the effects of modeling errors on the EWMA,
we can calculate the sensitivities from Eqs. (16) and (17),
evaluated at φ1 = φ̂1 , and θ1 = θ̂1 , and ν = 0.9. Equations (16) and (17) become Sφ,1 = 8.29 and Sθ,1 = −3.17.
The sensitivities can be used in the Taylor approximation
ln(σz2 /σ̂z2 ) ∼
= VT (γ̂ )[γ − γ̂ ] [see Eq. (11)] to approximate the
increase in the EWMA standard deviation for speciﬁc values
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of the parameter errors. The Taylor approximation reduces to
σz /σ̂z ∼
= exp{VT (γ̂ )[γ − γ̂ ]/2} = exp{Sφ,1 (φ − φ̂1 )/2}. For
illustrative purposes, suppose that θ1 and σa coincide with
their estimates but that φ1 = 0.90. In this case, the approximate ratio is σz /σ̂z ∼
= exp{8.29(0.9−0.87)/2} = 1.13, which
represents a 13% increase in the EWMA standard deviation.
A standard deviation that is 13% larger than believed
will result in substantially more frequent false alarms. Consider the asymptotic false alarm probability, deﬁned as α =
limt→∞ Pr{|zt | > 3σ̂z }, under the premise that zt is allowed
to reach steady-state without resetting the control chart statistic after alarms are sounded. Assuming the at are normally
distributed, zt ∼ N (0, σz2 ) in the limit. Hence, using the
±3σ̂z control limits translates to an assumed asymptotic false
alarm probability of α = 0.0027. If σz is 13% larger than the
assumed value σ̂z = 0.0718, we have σz = 0.0813. This
results in an actual asymptotic false alarm probability of
α = 0.0080, which is three times larger than the assumed
value.
The consequences of this are illustrated in Fig. 3. The
top panel shows 1,000 simulated observations of xt using
θ1 = 0.48, σa = 0.313, and φ1 = 0.90 as the true parameters. The middle panel shows the residuals, calculated via
et = (1 − θ̂1 B)−1 (1 − φ̂1 B)xt with φ̂1 = 0.87 and θ̂1 = 0.48.
The bottom panel shows the EWMA on et with control limits
±0.216, which were based on the assumed EWMA standard
deviation σ̂z = 0.0718. All of the alarms in the bottom panel
were false alarms because the mean was set at zero throughout the simulation. The excessive number of false alarms is
a direct consequence of the inﬂation in σz due to the error
in φ1 .
One can use the sensitivity results to take robustness into
account when selecting an appropriate value for λ. Figure 4
plots the sensitivities, as functions of λ, for the chemical concentration example. The sensitivities monotonically converge
to zero as λ increases. Figure 4 indicates that for values of λ

Figure 4. Plot of the AR and MA parameter sensitivities for the
chemical concentration data example, as a function of the EWMA
parameter λ.
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smaller than 0.1, the sensitivity Sφ,1 increases dramatically.
Consequently, small values of λ should be used with caution,
unless one is quite certain that there is little uncertainty in
φ1 . Figure 4 also indicates that if one chooses a larger value
of (say) λ = 0.3, then the AR sensitivity decreases from
Sφ,1 = 8.29 to Sφ,1 = 3.58. Repeating the preceding calculations, this translates to a 5.5% increase in σz for φ1 = 0.90,
which might be considered acceptable.
Instead of working directly with the parameter sensitivities
and considering speciﬁc values of the parameter errors, one
might prefer calculating the conﬁdence interval for σz that
is described in Section 3. An asymptotic expression for the
ARMA(1,1) parameter covariance for this example is [12]
γ̂ (γ̂ )

=

(1 − φ̂ θ̂ )
N (φ̂ − θ̂ )2

have used to develop (10) and (12). For the residual-based
ˆ
ˆ −1 (B)(B)
is an
EWMA, H (B) = λ[1 − (1 − λ)B]−1 
ˆ
ˆ
explicit function of (B) and (B). Thus, σz2 is an explicit
ˆ
ˆ
function of (B)
and (B)
via Eq. (4). Noting this, [5]
calculated the partial derivative of σz2 with respect to γ̂ (as
opposed to γ ) and used this to develop their conﬁdence interval for σz . In spite of the different paradigms, the conﬁdence
interval of [5] was identical to (10) because of the symmetry (with respect to the true and estimated parameters) of
−1
ˆ
ˆ −1 (B)(B)
G(B) = λ[1 − (1 − λ)B]−1 
(B)(B) for
the residual-based EWMA.

6.



(1 − φ̂ 2 )(1 − φ̂ θ̂ ) (1 − φ̂ 2 )(1 − θ̂ 2 )
(1 − φ̂ 2 )(1 − θ̂ 2 ) (1 − θ̂ 2 )(1 − φ̂ θ̂)


2.75 3.64
=
× 10−3 , (19)
3.64 8.71

and the vector of parameter sensitivities is V(γ̂ ) = [8.29
−3.17]T . Substituting these into Eq. (12) and taking the
square root gives
0.751σ̂z ≤ σz ≤ 1.331σ̂z
as an approximate 95% conﬁdence interval for σz . Consequently, the level of parameter uncertainty in this case could
result in an EWMA standard deviation that is as much as 33%
larger or 25% smaller than the assumed value σ̂z = 0.0718. A
33% increase in the EWMA standard deviation would cause
a much greater increase in the number of false alarms than
what is illustrated in Fig. 3, for which the EWMA standard
deviation was only 13% larger than the assumed value. Similar to Fig. 4, one could plot the upper and lower bounds of a
1−α conﬁdence interval for σz versus λ, to aid in selecting a
value of λ that provides an acceptable level of robustness.
If one desires a small value of λ for reasons other than
robustness, and the sample size is not large enough to render parameter uncertainty negligible, then uncertainty in the
EWMA standard deviation is unavoidable. In this case, the
sensitivity results of Eqs. (16) and (17) also provide a basis
for modifying the EWMA chart so as to avoid being plagued
with false alarms. Reference 5 used the sensitivity results
to widen the control limits by an amount commensurate
with the largest EWMA standard deviation within a suitable conﬁdence interval. By taking into account the fact
that γ̂ (γ̂ ) is inversely proportional to the sample size, they
also developed recommendations for minimum sample sizes
when estimating the ARMA parameters for use in control
charting.
To develop a conﬁdence interval for σz for the residualbased EWMA, [5] used a different approach than what we
Naval Research Logistics DOI 10.1002/nav

APPLICATION TO FEEDBACK CONTROL OF
RUN-TO-RUN PROCESSES WITH ARIMA
DISTURBANCES

Run-to-run control of batch production processes is used
extensively in the process industries such as semiconductor
fabrication [19, 20]. A typical feedback control objective is
disturbance rejection, in which one actively adjusts a controllable process input variable (denoted by ut ) so as to minimize
the effects of a process disturbance variable (denoted by dt )
on some process output variable (denoted by yt ) that is of
particular interest. Disturbances can be deterministic step or
ramp functions, and/or random disturbances represented by
ARIMA models. Run-to-run process are typically modeled
as having a static input/output relationship of the form [4, 19]
yt = β0 + β1 ut−1 + dt .

(20)

Here, ut−1 represents the input variable setting that is determined at the end of batch number t −1 and applied throughout
batch number t. The process (20), together with a feedback
control law, is referred to as the closed-loop system and is
illustrated in Fig. 5. The constant T denotes a ﬁxed set point,
or target value, for the output variable.
The most common type of feedback controller for run-torun processes is the proportional-integral (PI) controller, of
which the so-called EWMA controller of [25] is a special
case [19]. The PI control law is of the form

Figure 5. Block diagram of a closed-loop system consisting of a
run-to-run process and a PI feedback control law.
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Figure 6. Contour plots of the closed-loop variance σz2 (a), the magnitude |Sθ ,1 | of the sensitivity with respect to θ1 (b), and the magnitude
|Sθ ,2 | of the sensitivity with respect to θ2 (c) as functions of Kp and KI for the feedback control example.

ut = −KP (yt − T ) − KI (1 − B)−1 (yt − T ),

(21)

where KP and KI are the proportional and integral constants,
respectively, and are controller design parameters that an user
must select. Note that the (1 − B)−1 operator represents an
integrator that sums the errors yt − T over all past t.
Let zt = yt −T denote the output deviation from target, and
suppose the disturbance is modeled as the ARIMA process
dt = (1 − B)−1 xt , where xt follows the ARMA model (1).
Combining this with Eqs. (20) and (21), one can show that in
the steady-state the closed-loop system follows the model
zt =

1
xt .
1 + (kP β1 + kI β1 − 1)B − kP β1 B 2

(22)

The variance of zt is of particular interest in run-to-run
feedback-controlled processes because it represents the output variance about the desired target value. Eq. (22) implies
that we can use the results in Sections 2 and 3 to study the
sensitivity of the closed-loop output variance with respect
to deviations in the parameters of the disturbance model
dt = (1 − B)−1 −1 (B)(B)at . In this case, ρk represents
the autocorrelation function of the closed-loop output.
6.1.

Example

We illustrate the use of the sensitivity results for feedback
control of run-to-run processes with an example from [33],
originally considered in [14]. The output variable is the ﬁllweight of a powdered food product, and the adjustable input
variable is a valve that directly determines the volume of powder dispensed per unit time. The input was transformed so that
β0 = 0, and β1 = 1, and the disturbance was modeled as the
IMA(1,2) process dt = (1 − B)−1 (1 − 0.61B − 0.26B 2 )at .
Hence, (B) = 1, and (B) = (1 − 0.61B − 0.26B 2 ).
Eq. (8) implies that the lowest sensitivity is achieved when
the autocorrelation of zt is zero. This coincides with the socalled minimum variance control [8,13] in which one chooses
the control law that results in zt = at . From Eq. (22), this

is achieved if we choose KP β1 + KI β1 − 1 = −0.61 and
KP β1 = 0.26, i.e., KP = 0.26 and KI = 0.13. There are
many other considerations that may preclude the use of these
PI controller parameters, such as the ability to react quickly
to step disturbances or a necessity to keep the control adjustments small. In this case, achieving low output variance and
low sensitivity to the disturbance parameters must be balanced with the other considerations, for which one could
construct plots such as those in Fig. 6 to serve as guidance.
Figure 6 shows the closed-loop output variance (σz2 ) and the
absolute values of the sensitivities (|Sθ ,1 | and |Sθ ,2 |), calculated via Eqs. (4) and (8), respectively. Figures 6(b) and 6(c)
indicate that overcompensation relative to minimum variance
control (i.e., KP and KI larger than the minimum variance
values) is better than undercompensation from a robustness
perspective. In particular, using a value for KI smaller than
0.13 results in much higher sensitivity to the disturbance
parameters θ1 and θ2 .

7.

CONCLUSIONS

In this article, we have considered a rather general problem
in which one applies a linear ﬁlter to an ARMA time series
and is interested in the variance of the ﬁlter output. Filters
are typically designed based on an estimated ARMA model,
and deviations in the true parameters from their assumed values will cause the ﬁlter output variance to differ from its
assumed value. To quantify this, we have derived analytical
expressions for the sensitivity of the output variance with
respect to deviations in the ARMA model parameters. These
were used to develop an approximate conﬁdence interval or
Bayesian credible region for the output variance. The sensitivity expressions also have a relatively simple form that
provides intuition into when one can expect the variance
to be strongly affected by parameter errors. The sensitivities to the AR parameters were shown to depend on only
the nominal AR polynomial and autocorrelation function
of the ﬁlter output. Likewise, the sensitivities to the MA
Naval Research Logistics DOI 10.1002/nav
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parameters depend on only the nominal MA polynomial
and autocorrelation function of the ﬁlter output. We have
used three examples—EWMA forecasting, SPC with autocorrelated process data, and feedback control of run-to-run
manufacturing processes—to illustrate how the sensitivity
results can aid in understanding the impact of ARMA parameter estimation errors and designing more robust statistical
ﬁltering procedures.

APPENDIX
In this appendix, we derive Eqs. (7) and (8), the expressions for the
sensitivities. Differentiating (4) gives
∞


∂σz2
φ
= 2σa2
gj dj i , and
∂φi

(A1)

j =0
∞


∂σz2
θ
= 2σa2
gj dj i .
∂θi

(A2)

j =0

φ

θ

where dj i = ∂gj /∂φi and dj i = ∂gj /∂θi . From the relationship G(B) =
−1 (B)(B)H (B), we have gj − φ1 gj −1 − φ2 gj −2 − · · · − φp gj −p =
hj −θ1 hj −1 −θ2 hj −2 −· · ·−θq hj −q . Differentiating both sides with respect
to φi and θi gives
φ

φ

φ

i
i
dj i − φ1 dj −1
− · · · − φp dj −p
− gj −i = 0, and

(A3)

θ
dj i

(A4)

θ
− φ1 dj i−1

θ
− · · · − φp dj i−p

= −hj −i ,

φ

θ

where it is understood that gj = hj = dj i = dj i = 0 for j < 0, and we
have used the fact that H (B) does not depend on the true ARMA parameters.
φ
θ
φ
φi
),
If we view dj i and dj i as sequences in the index j (so that Bdj i ≡ dj −1
we can write (A3) as


 φ
1 − φ1 B − φ2 B 2 − · · · − φp B p dj i = gj −i ,

which in turn we can write as
dj i = −1 (B)gj −i =
φ

∞


Pk gj −i−k .

k=0

Proceeding similarly from (A4) gives
dj i = −−1 (B)hj −i = −−1 (B)−1 (B)(B)gj −i
θ

= −−1 (B)gj −i = −

∞


Qk gj −i−k .

k=0

Combining these with (4), (5), (6), (A1), and (A2), the sensitivity measures
become

∞

∞

2σa2 ∞
σa2 ∞
j =0 gj
k=0 Pk gj −i−k
j =0 gj gj −(i+k)
Sφ,i =
=2
Pk
, and

∞ 2
2
2
σa2 ∞
σ
g
a
j =0 j
j =0 gj
k=0

∞

∞

σa2 ∞
−2σa2 ∞
j =0 gj
k=0 Qk gj −i−k
j =0 gj gj −(i+k)
Sθ ,i =
=
−2
Q
.

∞ 2
k
∞
2
σa2 j =0 gj2
σ
a
j =0 gj
k=0
Recognizing that the denominator and numerator in the farright expressions
are the variance and the lag-(k+i) autocovariance of zt = ∞
j =0 gj at−j [12]
completes the derivation of Eqs. (7) and (8).
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