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We present two-stage experiment designs for use in simulation experiments that compare systems in terms of their expected (long­
run average) performance, These procedures simultaneously achieve the following with a prespecified probability of being correct:
(i) find the best system or a near-best system; (ii) identify a subset of systems that are more than a practically insignificant
difference from the best; and (iii) provide a lower confidence bound on the probability that the best or near-best system will be
selected, All of the procedures assume normally distributed data, but versions allow unequal variances and common random
numbers,

1. Introduction

In this paper we address problems that arise in the design,
reporting and interpretation of simulation experiments
per/armed to identify the best system, where best means
maximum or minimum expected (long-run average) per­
formance, The procedures we derive allow the simulation
analyst to achieve the following goals, all with a pre­
specified probability of being correct:

I, Design their experiment so as to find the best system,
or one within a practically insignificant difference
from the best system (we refer to this as a "good
selection"),

2, Bound the difference between each system and the
best system, and thereby eliminate all systems that
are more than the practically insignificant difference
from the best.

3, Report a lower confidence bound on the true, but
unknown, probability of selecting a good system,
and on the probability of selecting the unique best
system, for this combination of procedure and sys­
tems,

Many indifference-zone ranking and selection proce­
dures exist that achieve goal I (see, for instance, Bee­
hhofer et al. (1995) or Goldsman and Nelson (1998)),
Multiple comparison procedures, specifically Multiple
Comparisons with the Best (MCB), can satisfy goal 2
(Hsu, 1996). However, the bounds provided by standard
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MCB procedures are difficult to interpret because they
are constrained confidence intervals: each interval either
contains zero or has zero as one endpoint. A zero end­
point means that a system can be declared either "no
better than the best" or "no different from the best,"
depending on which endpoint it is, This subtlety is
confusing to many analysts. We solve the problem by
providing fixed-width, unconstrained MCB intervals, a
small extension to existing theory. An important use
of such intervals is to eliminate from further consider­
ation all systems that are clearly inferior to the best
system,

A more fundamental contribution is made by ad­
dressing goal 3. For a given procedure, the Probability of
a Good Selection (PGS) is an unknown property of the
procedure that depends on characteristics of the simu­
lated systems, most critically their true means. 1n this
paper we provide a Lower Confidence Bound (LCB) for
this property. Our LCB for PGS will never be smaller
than I - IX, the guaranteed PGS of the procedure, but can
be considerably higher, indicating a favorable setting for
finding a system near the best. We also provide a LCB for
the probability of selecting the unique best system, which
we refer to as the Probability of a Correct Selection
(PCS). The LCB for PCS can be less than I - IX, since our
procedures only guarantee to select the unique best sys­
tem under certain configurations of the means (specifi­
cally, when the best mean is at least i5 superior to any
other).

The concept of a lower confidence bound on the
probability of a correct selection is similar in spirit to
Hsu's (1984) S-value, which is the smallest confidence
level at which the sample best system would be declared
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150 Nelson and Banerjee

to be thc true best system. In our case we design the
experiment to achieve a given, nominal probability of a
good selection that we may exceed. For a philosophical
argument against computing lower confidence bounds on
thc probability of selecting thc unique best system, see
Bolinger (1994).

The paper is organized as follows: We first describe
how lower confidence bounds on PCS and PGS can be
obtaincd in general. These LCBs depend on LCBs for
the difference between the best system and each inferior
system; we obtain those bounds in Section 3. Section 4
introduces several specific procedures for computing
LCBs on PCS and PGS, and we compare them in
Section 5. Some illustrative examples are provided in
Section 6.

LCB on PCS (however, Kim's bound for the single dif­
ference II[k] -1I[k-l] could be tighter than ours for that

single difference). Related bounds are considered by Jeon
et al. (1988) and Kim (1988).

One shortcoming of our proposal is that the LCB on
PCS can be small when there are one or more systems
whose performance is very elose to the best, making a
unique correct selection unlikely. Thus, it makes sense to
provide a LCB on the probability of choosing the best
system or a system whose mean is within a practically
insignificant difference b of the best. That is, we want to
select a system i such that lI[k] - II; :S l5. We call this event
a "good" selection, and let PGS denote the probability of
a good selection.

We will show, following Section 3 below, that for the
procedures we derive

3. Two-sided, fixed-width MCR

The following lemma will be useful for deriving two­
sided, fixed-width MCB confidence intervals:

no matter what the configuration of the true means. Our
approach will be to substitute LCBs for Illk] - lI[i] into (2)
and then evaluate this probability numencally to obtain
our LCB on PGS.

PGS = pr{)1[i] - lilk] - (11[i] - lI[k])

< max[l5,II[kj- lI[il], i = 1,2, .k - I},
= Pr{ D; < max[l5, II[k] - lI[i]], i = 1,2, , k - I},

(2)

(3)

Lemma I. (Hsu, 1996, Section 4.2.1) If

Pr{lii - )1f - (IIi - lie) < <), Vi: i f. £} 2: I - IX,

then with probability greater than or equal to I - IX

IIi - max lie E [Iii - max lie ± l5] ,
el' eli

Throughout this paper we assume that larger expected
performance implies a better system. Let 111,/12,"" Ilk
denote the unknown means of the k systems to be com­
pared, and let Iii denote our point estimator of Iii' In this
section we assume only that the distribution of
Iii - lit - (Iii - lit), for all i f. E, docs not depend on
III , /12' ... , Ilk'

Dcnotc the ordered means by II[I]:S 11[2] :S ... :S
/I[k-I] < Illkj' and for thc moment suppose that our goal is
to find the unique best system [kJ; later we address the
problem of finding either system [k] or a system [i] whose
true mean is close enough to Illk]'

Our rule will be to select the system with the largest
performance estimate, Ii;. Therefore, the probability of a
(uniquc) correct selection is

PCS = Pr{Ii[;j < Ii[kl' i = 1,2, ... ,k - I},

= PI' {lil;1 - lilkl - (1I1i] - II[k]) < Illk] - 11[;],

i= 1,2, ... ,k-I},

= Pr{ D; < 11[k] - II[i]' i = 1,2, ... , k - I}, (I)

2. The probability of a good selection

where D;, i = 1,2, ... , k - I has the same joint distribu­
tion as lilil - Ii[k] - (lI\i] -lllk])' i = 1,2, ... , k - I. If the
values of the differences 11'lkl - /1[;] were known, as well as
thcjoint distribution of D I,D2, ... .Di:«, then (I) might
be evaluated exactly. Since this is impossible in practice,
Kim (1986) suggested replacing /lik] -11[i] in (I) with
(I - IX) 100'Y., LCBs on these differences, thereby provid­
ing a (I - IX) 100% LCB on the probability of a correct
selection (sec also Anderson ct al. (1977) and Jeong et al.
(1989)). Kim (1986) was only able to provide a LCB on
the single difference II[k] - Il[k-Ij, whereas we will provide
bounds on all k - I differences leading to a much tighter

fori= 1,2, ... ,k.

Remark. Notice that (3) will hold when we can form si­
multaneous two-sided confidence intervals for all-pair­
wise differences IIi - lie that take the form )1; - )1e ± l5.
For instance, in the usual one-way analysis of variance
model with normally distributed data and eq ual vari-

. , (1-.) / r: h (1-.). h
ances, setting u = qU(II-1)Sp vn - were qk.k(II-I) IS t e

I - IX quantile of the studentized range distribution of
dimension k and degrees of freedom k(n - I), and S; is

the usual pooled variance estimator (see Equation (7))­
achieves (3). This is the procedure given by Hsu (1996,
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Selecting a good system: procedures and inference

pp. 103-104). Below we propose two-stage procedures
that allow unequal variances across systems, and allow
the value of 15 to be specified in advance.

Let TI, T2 , ... .T; be independent standard t random
variables, each with v degrees of freedom, and let
f = k- I L:~=I Ti, Define the random variables

v = {t(~_f)2} 1/2

. d R - . 7' . 7' L .(1-,) d (1-,) b h<In - maXi 1 i-mini 1 i- et VI' an rl' e t e
I - IX quantiles of V and R, respectively. The quantities v
and r will be the critical constants in our two-stage pro­
cedures.

3.1. Procedures

Consider the following algorithm for producing fixed­
width confidence intervals for all pairwise comparisons
when the data are normally distributed and independent.
This single algorithm contains two procedures that differ
as to whether sample means or generalized sample means
are used as the point estimators for 111,1/2"'" Ilk'

Fixed-width, all-pairwise comparisons
Step 1. Specify confidence level I - IX, halfwidth 15 > 0,

and initial sample size no :::: 2.
Step 2. Sample i.i.d. observations Y;I, Y;2, ... , Y;1l0 from

all systems i = 1,2, ... , k, and compute the
sample variances

151

(b) For a generalized-sample-mean-based pro­
cedure, let

N,

Iii = L fJij Yij,
j=1

where for each i the fJij are chosen such that

fJil = fJi2 = ... = fJillo' L:7:"" fJij = I, and

S,2 t fJ~ = (/I(~'))2
)=1 110- 1

Step 6. Report the k(k - I)/2 simultaneous confidence
intervals

I/i - lie E [Iii - lie ± 15],

for all i f= e.

A proof that the intervals in Step 6 are indeed simul­
taneous (I - IX) 100% confidence intervals when the sim­
ulation output data are normally distributed and
Procedure S is employed can be found in Hochberg
(1975). The corresponding result for the generalized­
sample-mean-based Procedure G is given in Hochberg
and Tamhane (1987, pp. 200-201). In fact, both of these
procedures produce simultaneous confidence intervals for
all contrasts involving 111,112, ... , Ilk' but the pairwise
differences are all that we req uire.

Application of Lemma I immediately yields the desired
two-sided MCB confidence intervals

Step 3.

1 "0

S} = --I 2)Y;j - 5;)2,
no - j~'

for i = 1,2, ... , k.
Determine the total sample size needed:
(a) For a sample-mean-based procedure

ced ure S), let
(Pro-

(4)

(6)

for i = 1,2, ... ,k.

Remark. The weights fJij that are used to form the
generalized sample means are chosen so that

(Iii -II;)/(b/r~:=~)) has a standard t distribution with
no - I degrees of freedom. See Hochberg and Tamhane
(1987, pp. 196-197).

(b) For a generalized-sample-mean-based pro­
cedure (Procedure G), let

(5)

Step 4. If N, > no take additional samples Yi,1l0+1,
Yi,1l0+2,' .. , Y;,N, from each system i = 1,2, ... ,k.

Step 5. Compute Iii' i = 1,2, ... , k:
(a) For a sample-mean-based procedure, let

~ I N,

IIi = NL Y;j.
1 j=!

Remark. If we are willing to believe that the variances
across systems are equal, then it is possible to derive a
sample-mean-based procedure whose expected sample
size is smaller than either version of the procedure pro­
posed above. To do so, replace Steps 2 and 3 with the
following:

Step 2. Sample i.i.d. observations Y;" Y;2, ... , Y;"o from
all systems i = 1,2, ... .k, and compute the
pooled sample variance

(7)

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
P
e
r
p
e
t
u
a
l
 
A
c
c
e
s
s
 
-
 
N
o
r
t
h
w
e
s
t
e
r
n
 
U
n
i
v
e
r
s
i
t
y
 
L
i
b
r
a
r
y
]
 
A
t
:
 
1
7
:
1
1
 
1
7
 
D
e
c
e
m
b
e
r
 
2
0
1
0



152

Step 3. Determine the additional sample size needed:
(a) For an equal-variance, sample-mean-based

procedure (Procedure E), let

A proof that this modification leads to valid all-pair­
wise confidence intervals, and therefore valid MCB in­
tcrvals, can be found in Hochberg and Tamhane (1987,
PI'. 172-173).

Remark. If we are willing to believe that the joint distri­
bution of (Ylj, Y2j, . . . , Y!:j) can be modeled as multivariate
normal with a variance-covariance matrix that satisfies
thc sphericity condition, then it is possible to derive a
sample-mean-based procedure that allows for dependence
across systems. Such dependence might occur if Common
Random Numbers (CRN) were employed (for a discus­
sion of sphericity and its use to approximate the effect of
CRN, see Nelson and Matejcik (1995». To do so, replace
Steps 2-4 with the following:

Step 2. Sample i.i.d. random vectors (Ylj, Y2j, ... , Ykj),
j = 1,2, ... ,110 across all systems, and compute
the sample variance of the difference as

I k "0
2 '"''"' - - - 2St/=(k_I)( _1)L..L.,Uij-r;-yj+y),

110 i=1 j=1

(9)

where Yj = k:' L~=I Yi) and Y = k- 11101

'\'k ,\,"0 v
X L..i=1 L..j=1 'U:

Step 3. Determine the additional sample size needed:
(a) For a sample-mean-based procedure that

allows CRN (Procedure C), let

Step 4. If N > 110, sample additional i.i.d. random vec­
tors (Ylj, Y2j, ... , YkJ, j = 110 + 1,110 + 2, ... ,N
across all systems,

A proof that this modification leads to valid all-pair­
wise confidence intervals, and therefore valid MCB in­
tervals, can be based on Hochberg and Tamhane (1987,
PI'. 210-211) and Stein (1945).

3.2. Inference

What inference is possible at the end of the procedures
defined above? The MCB intervals (6) imply that

Nelson and Banerjee

IIi - maXe"';i lie:::: 'iii - maXe"';i 'iie + c'5 with confidence level
at least I - IX. Therefore, if this upper bound is less than
zero we can infer that system i is inferior to the best; if
this upper bound is less than -c'5, and we have chosen c'5 so
that differences greater than c'5 are practically significant,
then we can claim that system i is inferior to the best by
more than c'5.

Let B = argmax 'iii; that is, B is the index of the system
selected as best. Notice that we can also claim, with
probability > I - IX, that

liB - max lie:::: 'iiB - max'iie - c'5 :::: -0.
e"';B e"';B

Thus, with confidence level I - IX we are assured that we
have made a good selection in that the mean of the se­
lected system is within 0 of the true best mean. Stated
differently, the event

sf = {'iii - 'iie - (IIi - lie) < 0, Vi, € : i f €},

implies a good selection will be made. In fact, even less is
required. Nelson and Goldsman (1998) show that

<g = {'ii U] - 'ii[k]- (Il[i]- Il[kl) < 0, i = 1,2, ... ,k - I},

is sufficient to guarantee a good selection. Clearly sf ~ <g.
Now consider the event

<g' = {'ii[il - 'ii[k] - (Illi] - Il[k]) < max [0, Il[k] - Illi]],

i = 1,2, ... , k - 1}.

Clearly <g ~ <g', so Pr{<g'} :::: Pr{<g}. [t is also the case the
<g' implies a good selection will be made:

• If Il[i] < Il[k] - 0, so that [i] is not a good selection,
then <g' implies that 'ii[i] < 'iilk] and system [iJ will not
be selected.

• [f Il[i] :::: Illk] -!' so 2hat [i] is a good selection, then <g'
implies that Illi] - Il[k] - (IlU] - Il[k]) :::: 0 for all such
[i]. This is precisely the event <g that guarantees a
good selection will be made.

Thus, PGS :::: Pr{<g'} and we will obtain a LCB on PGS
by obtaining a LCB on Pr{<g'}. To achieve this we replace
the unknown differences Il[k] - Il[i] by (I -IX)IOO% si­
multaneous LCBs of the form

Illk] - IIi :::: 'iiB - 'iii - 0,

for all if B. These bounds are based on the fact that the
two-sided MCB intervals (6) imply that

max lie - IIi:::: max'iie - 'iii - 0,
e"';i e"';i

for i = 1,2, ... ,k with probability :::: I - IX. In the Ap­
pendix we carefully justify the use of this result to provide
LCBs on Il[k] - Illi]'

Given these LCBs, we treat 'iiB - 'iii - 0 as constants
and assert a (I - IX) 100% LCB for PGS of the form

PGS :::: Pr{Di < max[o, 'iiB - 'iii - 0], Vi: if B}, (10)
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and for PCS of the form

PCS 2: Pr{D, < iiB - ii, - <5, Vi: i i- B}. (II)

To compute these bounds we must be able to evaluate the
right-hand sides of (10) and (11), which is the topic of the
next section.

4. Computing lower confidence bounds on PGS

In this section we show how to evaluate PGS for
each version of the two-stage procedure if the true
means are known. To evaluate PCS we simply replace
maxld, Illkj - Illijl by Illk] - Ill'] in each derivation. LCBs on
PGS and PCS are obtained by replacing the unknown
differences Illk] - Ill'] by the LCBs for them obtained in the
previous section.

All the derivations that follow begin with the statement

PGS 2: pr{ii[i] - iilkj - (Ill'] - Illk]) < max[o, Illkj - Illij],

i=I,2, ... ,k-I}. (12)

Since the right-hand side of (12) is guaranteed to be
2: I - CI. by the design of our procedures, the LCB on PGS
will never be less than I - CI.. In fact, the LCB on PGS

Table I. NSjNE for « = 0.10

153

(PCS) is only meaningful if it IS greater than I - CI.

(respectively, Ilk).

4.1. Procedure S: sample means, unequal variance

Let ~ = <5/( J2v~:::7)), and let at] be the variance of an
observation from system [i]. Then

PGS 2: Pr{ii[i] - iilk] - (Ill'] - Illk)) < maxlo, Illk] - IlliJ],

i= 1,2, ... ,k-I},

= Pr{ iii'] - iilk] - (Ill'] - Illkj)

(au]INI']) + (a1kjINlk])

max[o, Illkl - Il[id . _ .}
< (at/INliJ)+ (alk]IN[k])' 1-1,2, ... ,k-l ,

{
rnax]», Illkj - IlIN~

2: Pr Z,:::; r==:'=::=======i'==:::=
(at]/S~]) + (alk]/S~])

i~I'2, ... ,k-l}.

df\k

I
2
3
4
5
6
7
8
9

10
\I
12
13
14
15
16
17
18
19
20
30
40
50
60
70
80
90

100

3

14.2
2.74
3.63
1.55
1.42
1.35
1.30
1.28
1.26
1.23
1.21
1.21
1.19
1.19
1.17
1.19
1.20
1.18
1.17
1.18
1.15
1.13
1.13
1.13
1.13
1.13
1.12
1.11

4

35.7
4.13
2.40
1.91
1.73
1.59
1.51
1.49
1.43
1.40
1.41
1.38
1.38
1.37
1.35
1.34
1.32
1.33
1.31
1.32
1.25
1.26
1.25
1.24
1.23
1.23
1.22
1.22

5

64.7
5.37
2.86
2.26
1.96
1.82
1.70
1.67
1.62
1.58
1.55
1.53
1.51
1.51
1.49
1.46
1.44
1.44
1.43
1.42
1.38
1.37
1.35
1.34
1.33
1.32
1.32
1.32

6

97.7
6.52
3.36
2.52
2.20
1.98
1.92
1.84
1.76
1.71
1.68
1.66
1.63
1.60
1.59
1.58
1.56
1.56
1.54
1.53
1.49
1.46
1.46
1.43
1.42
1.43
1.42
1.42

7

139.0
7.63
3.72
2.81
2.37
2.21
2.06
1.98
1.90
1.86
1.80
1.77
1.74
1.72
1.71
1.69
1.68
1.67
1.66
1.66
1.60
1.56
1.54
1.53
1.52
1.51
1.52
1.50

8

189.4
8.87
4.11
3.02
2.65
2.39
2.23
2.14
2.03
1.97
1.92
1.89
1.86
1.84
1.82
1.81
1.79
1.80
1.79
1.78
1.69
1.66
1.64
1.62
1.61
1.60
1.60
1.59

9

238.4
9.78
4.57
3.34
2.83
2.54
2.37
2.24
2.15
2.09
2.04
2.00
1.98
1.95
1.94
1.94
1.91
1.89
1.88
1.86
1.79
1.74
1.72
1.71
1.69
1.69
1.68
1.68

10

290.8
10.73
4.87
3.59
3.02
2.71
2.50
2.37
2.27
2.22
2.16
2.12
2.10
2.07
2.05
2.04
2.01
1.99
1.98
1.96
1.86
1.83
1.81
1.79
1.79
1.78
1.77
1.76

11

353.4
12.06
5.21
3.79
3.21
2.85
2.62
2.48
2.39
2.31
2.26
2.23
2.22
2.18
2.16
2.12
2.10
2.08
2.06
2.04
1.96
1.93
1.90
1.88
1.87
1.86
1.86
1.85

12

389.8
12.54
5.68
4.00
3.37
2.97
2.75
2.61
2.51
2.44
0.09
2.40
2.35
2.30
2.28
2.24
2.21
2.19
2.18
2.14
2.05
2.00
1.97
1.97
1.94
1.94
1.93
1.93

13

502.7
14.12
6.03
4.23
3.53
3.09
2.87
2.73
2.62
2.55
2.52
2.44
2.41
2.37
2.34
2.30
2.28
2.26
2.25
2.24
2.13
2.08
2.07
2.05
2.03
2.03
2.01
2.01

14

568.0
15.03
6.28
4.44
3.65
3.22
2.98
2.84
2.74
2.68
2.60
2.54
2.51
2.47
2.44
2.41
2.38
2.35
2.33
2.32
2.21
2.17
2.15
2.13
2.10
2.10
2.10
2.09

15

644.8
15.96
6.68
4.61
3.79
3.37
3.12
2.96
2.89
2.77
2.71
2.64
2.59
2.55
2.51
2.48
2.46
2.44
2.42
2.40
2.29
2.25
2.22
2.20
2.18
2.18
2.17
2.16
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Tuble 2. NSfN E for C( = 0.05

t(l\k 3 4 5 6 7 8 9 IO 1/ /2 /3 /4 /5

I 27.43 82.70 162.0 274.39 406.46 567.42 713.73 852.40 1105.82 1252.63 1566.43 1823.19 2072.28
2 3.42 5.56 7.52 9.37 11.15 13.06 14.79 16.00 18.24 19.1 I 21. I 9 22.84 24.15
3 2.07 2.77 3.29 3.97 4.49 4.95 5.55 5.88 6.27 6.95 7.30 5.82 8.20
4 1.63 2.07 2.46 2.79 3.14 3.37 3.73 3.95 4.29 4.46 4.72 5.42 5.13
5 1.47 1.82 2.10 2.35 2.54 2.83 3.05 3.24 3.43 3.61 3.78 3.90 4.03
6 1.38 1.66 1.90 2.08 2.33 2.51 2.69 2.83 2.98 3.08 3.22 3.35 3.50
7 1.32 1.55 1.75 2.00 2.17 2.31 2.47 2.59 2.71 2.83 2.95 3.07 3.20
8 1.28 1.53 1.72 1.90 2.05 2.20 2.29 2.41 2.54 2.67 2.78 2.90 3.01
9 1.27 1.46 1.66 1.81 1.97 2.08 2.18 2.31 2.45 2.54 2.66 2.79 2.92

10 1.23 1.41 1.62 1.75 1.92 1.99 2.12 2.26 2.34 2.47 2.58 2.71 2.80
II 1.22 1.43 1.58 1.72 1.83 1.95 2.07 2.18 2.29 2.43 2.53 2.62 2.72
12 1.21 1.41 1.56 I. 71 1.78 1.91 2.02 2.13 2.25 2.38 2.45 2.57 2.64
13 1.20 1.39 1.52 1.65 1.76 1.88 1.99 2.10 2.23 2.32 2.41 2.50 2.58
14 1.19 1.38 1.51 1.62 1.74 1.86 1.97 2.09 2.19 2.29 2.36 2.46 2.54
15 1.17 1.36 1.50 1.60 1.71 1.85 1.95 2.06 2.16 2.25 2.34 2.43 2.50
16 1.20 1.34 1.47 1.59 1.70 1.83 1.96 2.04 2.13 2.22 2.29 2.40 2.47
17 1.21 1.34 1.45 1.56 1.70 1.79 1.91 2.02 2.10 2.19 2.27 2.37 2.44
18 1.20 1.33 1.44 1.55 1.67 1.79 1.88 1.99 2.08 2.18 2.25 2.33 2.42
19 1.19 1.31 1.43 1.54 1.66 1.78 1.88 1.99 2.05 2.15 2.22 2.32 2.40
20 1.19 1.32 1.41 1.54 1.64 1.78 1.86 1.96 2.04 2.13 2.21 2.30 2.37
30 1.16 1.26 1.38 1.50 1.59 1.68 1.78 1.85 1.94 2.03 2.10 2.18 2.25
40 1.13 1.26 1.37 1.45 1.55 1.64 1.73 1.81 1.90 1.98 2.04 2.14 2.21
50 1.12 1.25 1.35 1.45 1.53 1.62 I. 71 1.79 1.87 1.95 2.03 2.11 2.18
60 1.12 1.24 1.33 1.43 1.52 1.60 1.68 1.78 1.85 1.94 2.01 2.09 2.16
70 I. 13 1.23 1.33 1.41 1.51 1.60 1.67 1.76 1.84 1.91 1.99 2.06 2.13
80 I. 13 1.23 1.31 1.42 1.50 1.58 1.67 1.75 1.83 1.91 1.98 2.05 2.13
90 1.12 1.22 1.32 1.40 1.50 1.58 1.66 1.75 1.83 1.90 1.97 2.06 2.12

100 1.12 1.22 1.31 1.40 1.48 1.57 1.66 1.74 1.82 1.90 1.97 2.05 2.12

and (13) follows because N; 2': sl/e for all i. We then
follow the steps in the proof of Proposition 1 in Rinott
(1978) 10 show that

PGS > [00 IT [[00 <I> ( max[6,ll[k] - Pu]1/~ )

-. ;=1' )(110 - 1)(1/0 + I/b)
h=O 1=0

x dGlln-l(a)] dGIIII-I(b), (14)

where

z;= !t[n - !t[k] - (P[;I - Il[k])

(at]/N!;]) + (afkJ/N[kJ)

(14) 2': D[=l Fllo- 1(I + max[o,p[kl-ll[;JJ!~)

x dFIIO-I(I)], (15)

where F,'o-I is the edf of the standard 1 distribution with
110 - I degrees of freedom. This expression is easier to
evaluate.

4.2. Procedure G: generalized means

Let ~ = i5/r( 1-,) Then
I/Q-1

where Glln- I is the edf of a i random variable with no - 1
degrees of freedom. To obtain a (I - 0:)100% lower
confidence bound on PGS we substitute (I - 0:)100%

lower confidence bounds on P[k] - P[i] in (14) and evaluate
the integral numerically.

Certainly (14) will be difficult to evaluate. However, in
the Appendix we show that

i= 1,2, ... ,k-I},

_ {!tU] - P[i] < !tlk] - Il[kl maX[6, Plk] - 11[;]1

-PI' ~ _ ~ + ~ ,

i = 1,2, ... , k - I},
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Table 3. NS/N E for (X = 0.01

df\k 3 4 5 6 7 8 9 10 11 12 13 14 15

I 223.4 989.0 2196.9 3883.1 6620.8 9121.0 11604.3 14509.0 18559.5 20723.7 28693.0 36037.3 37635.2
2 10.82 18.71 27.24 33.84 43.34 55.81 57.98 63.81 74.54 75.45 84.22 94.12 100.62
3 4.83 6.66 8.44 10.06 10.76 12.10 13.90 14.45 15.07 17.22 18.12 18.69 19.86
4 3.28 4.38 5.23 5.93 6.63 6.73 7.47 7.83 8.50 8.49 9.07 9.15 9.45
5 2.90 3.62 4.01 4.49 4.72 5.22 5.50 5.71 5.93 6.19 6.30 6.50 6.45
6 2.63 3.18 3.49 3.72 4.12 4.31 4.52 4.61 4.76 4.76 4.88 4.94 5.05
7 2.47 2.90 3.17 3.50 3.66 3.78 3.90 3.99 4.04 4.14 4.16 4.31 4.34
8 2.42 2.80 3.06 3.24 3.40 3.49 3.48 3.56 3.67 3.69 3.82 3.86 3.93
9 2.36 2.65 2.92 3.01 3.17 3.19 3.20 3.34 3.40 3.46 3.50 3.60 3.67

10 2.32 2.54 2.82 2.89 3.03 3.02 3.02 3.17 3.22 3.23 3.33 3.40 3.42
II 2.29 2.55 2.71 2.78 2.83 2.88 2.88 3.03 3.07 3.12 3.20 3.21 3.29
12 2.27 2.50 2.64 2.75 2.73 2.79 2.77 2.91 2.95 3.05 3.06 3.11 3.11
13 2.24 2.46 2.56 2.67 2.68 2.71 2.68 2.84 2.94 2.94 2.95 2.99 3.00
14 2.20 2.43 2.54 2.58 2.61 2.73 2.57 2.79 2.83 2.88 2.87 2.88 2.91
15 2.17 2.40 2.51 2.54 2.56 2.65 2.57 2.74 2.76 2.77 2.78 2.81 2.82
16 2.27 2.35 2.45 2.48 2.52 2.62 2.62 2.68 2.71 2.72 2.70 2.75 2.74
\7 2.26 2.36 2.38 2.46 2.51 2.54 2.54 2.64 2.65 2.68 2.65 2.71 2.68
18 2.23 2.35 2.39 2.45 2.48 2.48 2.49 2.62 2.61 2.61 2.64 2.64 2.68
19 2.22 2.33 2.35 2.4\ 2.45 2.46 2.46 2.57 2.58 2.60 2.56 2.59 2.62
20 2.22 2.32 2.29 2.39 2.45 2.41 2.44 2.52 2.53 2.55 2.52 2.56 2.58
30 2.18 2.17 2.24 2.29 2.29 2.26 2.25 2.31 2.33 2.35 2.37 2.36 2.34
40 2.12 2.15 2.22 2.19 2.23 2.15 2.17 2.24 2.24 2.25 2.24 2.26 2.26
50 2.10 2.17 2.17 2.17 2.17 2.12 2.11 2.18 2.18 2.20 2.20 2.20 2.21
60 2.\0 2.14 2.\4 2.14 2.16 207 2.06 2.15 2.16 2.17 2.16 2.\6 2.17
70 2.1\ 2.10 2.\4 2.14 2.13 2.06 2.06 2.13 2.13 2.12 2.16 2.13 2.13
80 2.07 2.\2 2.09 2.10 2.12 2.02 2.06 2.10 2.12 2.12 2.12 2.13 2.13
90 2.08 2.09 2.09 2.08 2.11 2.04 2.04 2.11 2.11 2.10 2.10 2.13 2.11

100 2.08 2.09 2.09 2.09 2.08 2.0\ 2.03 2.07 2.10 2.\0 2.11 2.10 2.10

{
max[b, Ji[k) - Jiln]

= Pr Ti ::; Tk + ~ ,

i = 1,2, ... , k - I},

where T1, T2, ... , Tk, are independent standard t random
variables, each with no - I degrees of freedom, and Fno- I
is the cdf of the t distribution with no - I degrees of
freedom. The fact that (/l[i] - Jilll)/~' i = 1,2, ... ,k are
independent t random variables follows from Stein
(1945).

4.3. Procedure E: sample means, equal variance

L - '/ (1-,) Thet <; = u qk(no-I)' en

PGS:::: pr{/l[i] - /l[k] - ({l[l] - Ji[k]) < max[o,Ji[kj -{IUJl,

i = 1,2, ... , k - I},

where T1, T2, ... , Tk are independent t random variables,
each with k(no - I) degrees of freedom, and Fk(no-I) is the
cdf of the t distribution with k(no - I) degrees of free-

dom. The fact that (/lU]-p[n)/ JS~/N,i = 1,2, ... ,k are
independent standard t random variables follows from
Stein (1945).

( 16)

00 k-IJ II Fno- I (t+ max[b,Ji[k] - Ji[i]JI~)dFnll-l(t),
1=1

1=-00
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156 Nelson and Banerjee

Table 4. Critical values vSf9

d/lk 3 4 5 6 7 8 9 /0 /I /2 /3 /4 /5

I 162.3 231.9 289.9 350.8 434.5 491.7 542.2 601.0 659.3 688.9 805.1 903.0 921.00
2 14.66 17.54 20.43 22.42 25.13 28.40 29.18 30.71 33.31 33.56 35.39 37.71 38.88
3 7.47 8.56 9.62 10.63 11.08 11.90 12.77 13.11 13.66 14.37 14.80 15.05 15.68
4 5.40 6.32 6.98 7.60 8.07 8.39 8.79 9.14 9.59 9.78 10.19 10.33 10.66
5 4.72 5.45 5.89 6.39 6.75 7.07 7.35 7.70 7.96 8.21 8.42 8.68 8.83
6 4.29 4.94 5.31 5.73 6.07 6.32 6.65 6.86 7.02 7.28 7.51 7.67 7.88
7 4.03 4.59 4.99 5.34 5.64 5.89 6.12 6.41 6.61 6.81 6.97 7.20 7.34
8 3.89 4.42 4.75 5.09 5.39 5.64 5.87 6.07 6.29 6.47 6.69 6.82 6.98
9 3.79 4.25 4.59 4.88 5.18 5.43 5.67 5.88 6.06 6.26 6.41 6.61 6.75

10 3.69 4.13 4.48 4.76 5.03 5.26 5.51 5.70 5.89 6.05 6.26 6.42 6.58
II 3.64 4.03 4.38 4.67 4.92 5.14 5.37 5.59 5.78 5.90 6.11 6.28 6.45
12 3.56 3.98 4.30 4.58 4.82 5.07 5.30 5.49 5.66 5.84 6.00 6.19 6.33
13 3.52 3.90 4.22 4.54 4.76 4.99 5.25 5.39 5.58 5.75 5.92 6.08 6.24
14 3.46 3.86 4.19 4.45 4.72 4.99 5.15 5.33 5.52 5.70 5.87 6.01 6.15
15 3.42 3.82 4.15 4.43 4.66 4.90 5.14 5.27 5.46 5.63 5.80 5.96 6.10
16 3.42 3.77 4.12 4.39 4.62 4.86 5.08 5.24 5.42 5.59 5.73 5.89 6.03
17 3.40 3.77 4.06 4.34 4.60 4.80 5.00 5.20 5.38 5.56 5.68 5.86 5.98
18 3.36 3.74 4.05 4.32 4.57 4.77 4.97 5.16 5.34 5.50 5.67 5.82 5.96
19 3.33 3.71 4.04 4.29 4.53 4.74 4.94 5.14 5.30 5.48 5.62 5.77 5.93
20 3.32 3.71 3.98 4.26 4.49 4.73 4.91 5.11 5.27 5.43 5.56 5.75 5.91
30 3.22 3.58 3.87 4.13 4.35 4.58 4.77 4.95 5.11 5.28 5.45 5.57 5.72
40 3.18 3.51 3.82 4.05 4.30 4.50 4.69 4.85 5.03 5.18 5.34 5.48 5.62
50 3.15 3.50 3.78 4.03 4.24 4.48 4.64 4.82 4.99 5.14 5.31 5.45 5.59
60 3.14 3.49 3.76 4.01 4.23 4.42 4.60 4.80 4.95 5.13 5.28 5.42 5.54
70 3.13 3.45 3.75 4.00 4.21 4.43 4.59 4.77 4.93 5.09 5.25 5.37 5.51
80 3.09 3.46 3.72 3.97 4.21 4.38 4.58 4.73 4.92 5.07 5.23 5.38 5.51
90 3.10 3.44 3.71 3.96 4.22 4.39 4.56 4.76 4.92 5.06 5.22 5.37 5.51

100 3.09 3.43 3.71 3.95 4.16 4.38 4.56 4.72 4.91 5.06 5.21 5.35 5.49

4.4. Procedure C: sample means, sphericity

Let ~ = ,)/qi~(~~')(llo-')' Then

PGS ~ Pr{ /tli] - /tIki - (Jlli] - {I[k]) < max[<5, Jllk] - JlliJi,

i = 1,2, ... , k - I},

= pr{/t[i] - /tIki - ({IIi] - Jllkj) < max[<5, Jllk] - Jl[iJi ,

V2S,}/N - V2SJ/N

; = 1,2,.., k - 1},

.{. max[,), {llkl - {lliJi . _ _ }
~ PI T,::; J2~ , I - 1,2, ... , k 1 ,

=y;l x;l [D<I>(x+ymax[<5'Jllkl-Jl[,N~)]
x d<l>(x)dH(k-l)(llo-I)(Y), .

where T1, Tl , •• . , n-l are multivariate t random vari­
ables with common correlation 1/2 and (k - I )(no - I)
degrees of freedom, and H(k-I)(no-l) is the cdf of

VX;/v, with v=(k-I)(no-I). The fact that

(/tli] - /tlk] - (Jlli] - Jllk])) / V2SJ/N, i = 1,2, ... , k are

multivariate t, and the validity of the last integral
expression, can be deduced from Theorem 2 of Nelson
and Matejcik (1995).

5. Critical values and comparison of procedures

One penalty for adopting a confidence-interval procedure
that allows unequal variances across systems is that the
resulting intervals tend to be wider than those that would
be obtained for the same systems when assuming equal
variances. This is primarily due to the loss of degrees of
freedom in the variance estimators of the individual vari­
ances as opposed to the pooled variance estimator. Since,
for our procedures, we assure that the width of the confi­
dence intervals will be fixed at <5, the consequence of
allowing unequal variances is that we tend to take more
replications than we would if we assumed equal variances.
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Table S. Critical values v~f5

df\k 3 4 5 6 7 8 9 /0 II /2 13 /4 /5

I 30.9 43.9 566 70.6 84.1 98.0 109.0 118.5 134.5 142.9 159.8 172.4 183.80
2 6.59 8.17 9.48 10.63 11.69 12.75 13.68 14.34 15.43 15.92 16.73 17.54 18.18
3 4.42 5.20 5.86 6.48 7.00 7.47 7.95 8.31 8.7! 9.08 9.40 9.59 10.10
4 3.65 4.28 4.80 5.26 5.65 5.99 6.32 6.59 6.91 7.16 7.44 7.68 7.87
5 3.32 3.90 4.33 4.70 5.02 5.33 5.63 5.89 6.14 6.37 6.57 6.79 6.98
6 3.13 3.64 4.04 4.39 4.70 4.97 5.23 5.46 5.66 5.88 6.08 6.27 6.47
7 3.00 3.48 3.85 4.20 4.48 4.74 4.98 5.22 5.42 5.61 5.80 5.98 6.16
8 2.92 3.40 3.74 4.05 4.33 4.59 4.81 5.01 5.23 5.43 5.60 5.78 5.94
9 2.88 3.30 3.65 3.94 4.23 4.47 4.68 4.90 5.12 5.27 5.46 5.65 5.80

10 2.8[ 3.23 3.58 3.86 4.14 4.37 4.60 4.83 4.99 5.\8 5.36 5.51 5.68
\\ 2.78 3.19 3.53 3.8\ 4.07 4.31 4.54 4.73 4.92 5.09 5.27 5.43 5.60
12 2.74 3.15 3.49 3.78 4.01 4.26 4.47 4.67 4.85 5.04 5.19 5.37 5.52
13 2.71 3.12 3.44 3.74 3.98 4.2\ 4.42 4.62 4.80 4.97 5. [5 5.30 5.45
14 2.70 3.10 3.42 3.70 3.95 4.18 4.39 4.57 4.76 4.95 5.09 5.25 5.41
15 2.67 3.07 3.39 3.67 3.9\ 4.16 4.36 4.54 4.73 4.90 5.07 5.23 5.37
16 2.66 3.05 3.37 3.66 3.89 4.13 4.34 4.52 4.69 4.86 5.02 5.19 5.34
17 2.66 3.04 3.35 3.62 3.88 4.08 4.29 4.49 4.66 4.84 4.99 5 [6 5.30
18 2.64 3.02 3.34 3.61 3.84 4.06 4.26 4.46 4.64 4.82 4.97 5.12 5.28
19 2.62 3.00 3.32 3.58 3.83 4.05 4.26 4.46 4.6\ 4.79 4.94 5.\1 5.26
20 2.61 3.00 3.30 3.58 3.80 4.05 4.24 4.43 4.59 4.77 4.93 5.08 5.23
30 2.55 2.92 3.23 3.49 3.72 3.93 4.14 4.30 4.49 4.65 4.8\ 4.95 5.10
40 2.53 2.90 3.19 3.44 3.67 3.89 4.08 4.25 4.43 4.60 4.74 4.90 5.04
50 2.51 2.87 3.17 3.43 3.64 3.87 4.06 4.23 4.40 4.57 4.72 4.87 5.01
60 2.50 2.86 3.15 3.41 3.64 3.84 4.03 4.2\ 4.38 4.55 4.70 4.84 4.98
70 2.49 2.85 3.\5 3.39 3.62 3.83 4.0\ 4.20 4.36 4.52 4.68 4.8\ 4.96
80 2.48 2.85 3.\3 3.40 3.6\ 3.81 4.0\ 4.\9 4.35 4.52 4.66 4.80 4.95
90 2.48 2.84 3.13 3.38 3.61 3.81 4.00 4.19 4.35 4.50 4.65 4.81 4.94

100 2.48 2.83 3.12 3.38 3.59 3.80 4.00 4.17 4.34 4.51 4.66 4.80 4.94

In this section we compare the additional sampling effort
required for the unequal-variance procedures relative to
the equal-variance procedure. In order to make this com­
parison, we consider the case in which the variances across
systems are actually equal, since this is the case in which we
would lose the most in terms of the extra sampling effort.
We do this both for the ordinary sample-mean-based
procedure (Procedure S) and the generalized-sample­
mean-based procedure (Procedure G). We comment briefly
on the potential benefit of the sample-mean procedure that
allows for common random numbers (Procedure C).

This section also provides tables of the critical values
r(l-·) and v(l-') since few such values appear in the
published literature.

5.1. Procedure S

Let the total number of replications required for system i
when using Procedure S be denoted by NP. This is given
by expression (4). Similarly let N E denote the total
number of replications required for each system when we
assume equal variance, Procedure E. This is given by the
expression (8). In what follows we assume that the in­
difference level b is small enough or the variance from the
first no samples is large enough so that the total number

of replications N; required is much larger than the initial
sample size no; i.e., N; » no. Thus, the ratio of the addi­
tional samples required in the two cases is approximately
(neglecting integrality)

Now when the variances for the systems are all equal,
E[Sl] = E[S;]. Therefore,

E[N,S] ~ [v'2v~~::~)] 2

E[NE] - (I.)
qk,k(no-I)

This quantity is tabulated at confidence levels of 90, 95
and 99% in Tables I, 2 and 3

0
respectively. See Tables 4,

5 and 6 for the values of v~~::~ used for this comparison.
These values were obtained by simulation using 100000
replications for each value, and almost all are accurate to
the second decimal place.

From these tables we see that Procedure S is less effi­
cient than Procedure E when variances are in fact equal.
The number of additional samples increases rapidly with
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Tublc 6. Critical values u3i9

Nelson and Banerjee

tllV

I
2
3
4
5
6
7
8
9

10
II
12
13
14
15
16
17
18
19
20
30
40
50
60
70
80
90

100

3

15.3
4.66
3.45
2.97
2.76
2.63
2.55
2.49
2.46
2.42
2.39
2.37
2.34
2.33
2.31
2.30
2.30
2.29
2.27
2.28
2.22
2.20
2.20
2.19
2.18
2.18
2.17
2.16

4

22.0
5.85
4.12
3.54
3.29
3.11
3.00
2.94
2.87
2.83
2.80
2.77
2.75
2.74
2.71
2.70
2.67
2.68
2.65
2.66
2.59
2.59
2.56
2.55
2.54
2.54
2.53
2.53

5

28.7
6.84
4.68
4.04
3.70
3.51
3.37
3.29
3.22
3.18
3.13
3.10
3.07
3.06
3.03
3.02
3.00
2.99
2.98
2.97
2.91
2.88
2.86
2.85
2.84
2.83
2.83
2.82

6

34.8
7.69
5.25
4.44
4.06
3.83
3.70
3.59
3.52
3.46
3.42
3.39
3.36
3.32
3.31
3.30
3.27
3.27
3.24
3.23
3.16
3.13
3.12
3.10
3.09
3.09
3.08
3.09

7

4\.4
8.50
5.69
4.80
4.37
4.14
3.98
3.88
3.79
3.73
3.68
3.64
3.61
3.58
3.56
3.54
3.52
3.50
3.49
3.48
3.41
3.37
3.34
3.34
3.32
3.31
3.32
3.30

8

48.4
9.31
6.10
5.13
4.68
4.41
4.24
4.13
4.04
3.97
3.91
3.88
3.84
3.81
3.79
3.77
3.74
3.73
3.72
3.71
3.62
3.58
3.56
3.54
3.53
3.52
3.51
3.50

9

54.5
9.93
6.53
5.44
4.95
4.66
4.47
4.36
4.26
4.19
4.13
4.08
4.05
4.02
4.00
3.98
3.95
3.92
3.92
3.90
3.83
3.77
3.75
3.73
3.72
3.71
3.71
3.70

/0

60.4
10.54
6.87
5.74
5.20
4.89
4.71
4.57
4.47
4.40
4.33
4.28
4.25
4.21
4.18
4.17
4.14
4.12
4.11
4.09
3.99
3.95
3.93
3.91
3.91
3.90
3.88
3.88

/I

66.9
11.32
7.22
5.99
5.45
5.10
4.91
4.76
4.67
4.58
4.52
4.48
4.43
4.40
4.37
4.33
4.32
4.30
4.27
4.26
4.17
4.13
4.10
4.09
4.07
4.06
4.06
4.05

/2

7\.9
11.78
7.53
6.23
5.67
5.32
5.10
4.96
4.85
4.76
0.90
4.70
4.65
4.60
4.58
4.54
4.51
4.49
4.48
4.44
4.35
4.29
4.26
4.26
4.23
4.23
4.22
4.22

I3

80.5
12.44
7.83
6.49
5.87
5.51
5.29
5.14
5.02
4.94
4.89
4.81
4.78
4.73
4.71
4.67
4.65
4.63
4.61
4.60
4.49
4.44
4.42
4.40
4.38
4.38
4.37
4.37

/4

86.0
12.99
8.08
6.73
6.09
5.70
5.47
5.32
5.20
5.11
5.03
4.97
4.94
4.90
4.87
4.84
4.81
4.78
4.77
4.75
4.64
4.60
4.57
4.55
4.52
4.52
4.52
4.50

/5

9\.93
13.52
8.43
6.92
6.27
5.88
5.64
5.47
5.37
5.26
5.20
5.13
5.09
5.05
5.01
4.98
4.96
4.94
4.92
4.89
4.78
4.74
4.71
4.69
4.67
4.66
4.65
4.65

thc number of systems we are comparing. For example,
with 110 = 10 initial replications (that is df = 9) at the
95'1., confidence level we need around 27% more repli­
cations per system for Procedure S as compared to Pro­
ccdurc E when k = 3 systems, whereas we need almost
double thc number of experiments comparing k = 7 sys­
terns. At higher degrees of freedom - that is, with larger
110 - this difference is less. For example, with 110 = 31
(elf = 30) and at the 95% confidence level, we need 16%
more replications per system for Procedure S as com­
pared to Procedure E when k = 3 systems versus 60%
more replications for k = 7 systems.

Also notice that as we increase the number of initial
replications, 110, we need fewer additional replications
beyond 110. This is as expected, since a larger initial
sample provides a more precise variance estimator.

5.2. Procedure G

Lct N;G denote the total number of replications required
for system i when using the generalized-sample-mean
procedure, Procedure G. This is given by the expres­
sion (5). Then under the same assumptions as in the
previous section we have the following relationship
between N;G and N E,

1

[ G] [(1-» ]-E N, ~ r llo_ 1

E[NE] - (1-»
qk,k(lIo-l)

This quantity is tabulated at confidence levels of
90, 95 and 99% in Tables 7, 8 and 9, respectively. See

Tables 10, II and 12 for the values of r~:=7) used for this
comparison. These values are also obtained via simula­
tion and almost all are accurate to the second decimal
place.

From the tables we see that the general trend in be­
havior is similar to that of Procedure S. However, we
observe that the number of replications is considerably
smaller for this procedure as compared to the ordinary
sample-mean-based procedure. The difference is more
apparent at higher confidence levels. For example, using
Procedure S with 110 = 10 and I-(/. = 0.99, we need al­
most two and a half times more replications, relative to
Procedure E, when k = 3 systems and more than three
times more experiments when k = 7 systems. The corre­
sponding values for the Procedure G are 18 and 59%,
respectively. Thus, this method is much more economical
than the one based on ordinary sample means, although
still less efficient than Procedure E when variances are
equal.
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df\k

I
2
3
4
5
6
7
8
9

10
II
12
13
14
15
16
17
18
19
20
30
40
50
60
70
80
90

\00

3

\1.92
2.45
3.30
1.42
1.30
1.23
1.19
1.17
1.\4
1.\2
1.11
1.10
1.09
1.09
1.07
1.09
1.09
1.08
1.08
1.08
1.06
1.04
1.04
1.03
1.03
1.03
1.03
1.02

4

27.22
3.43
2.03
1.62
1.46
1.35
1.28
1.26
1.2\
1.\8
1.19
1.17
1.\6
1.15
1.14
1.\3
1.\2
1.\2
1.10
1.\\
1.05
1.05
1.05
1.04
1.04
1.03
1.03
1.03

5

46.9\
4.26
2.28
1.80
1.55
\.45
1.34
1.31
1.29
1.25
1.23
1.21
1.18
1.18
1.17
1.\4
1.\3
1.\3
1.12
1.11
1.08
1.06
1.05
1.05
1.04
1.03
1.03
1.03

6

68.\1
4.98
2.56
1.92
1.65
1.49
1.43
1.37
1.3\
1.27
1.24
1.23
1.21
1.18
1.\7
1.\6
1.\5
1.\5
1.13
1.\2
1.09
1.06
1.06
1.05
1.04
1.04
1.03
1.03

7

95.03
5.72
2.76
2.04
1.71
1.59
1.46
1.40
1.34
1.3\
1.27
1.24
1.22
1.20
1.\9
1.17
1.\7
1.16
1.15
1.15
1.\0
1.07
1.05
1.05
1.04
1.04
1.03
1.03

8

126.46
6.43
2.94
2.\2
1.82
1.64
1.5\
1.45
1.37
1.32
1.29
1.26
1.23
1.21
1.21
1.19
1.\8
1.\8
1.18
1.17
1.10
1.08
1.07
1.05
1.05
1.04
1.03
1.03

9

156.93
6.95
3.20
2.28
1.89
1.67
1.55
1.45
1.38
1.33
1.29
1.27
1.25
1.23
1.22
1.22
1.\9
1.\8
1.17
1.16
1.1\
1.07
1.06
1.05
1.04
1.03
1.03
1.03

/0

\88.53
7.56
3.33
2.37
1.96
1.72
1.57
1.47
1.40
1.35
1.32
1.29
1.27
1.25
1.23
1.22
1.21
1.19
1.19
1.17
1.10
1.08
1.06
1.05
1.05
1.04
1.03
1.03

II

227.03
8.31
3.50
2.44
2.01
1.75
1.59
1.49
1.42
1.37
1.33
1.30
1.29
1.27
1.25
1.23
1.21
1.20
1.\8
1.17
1.11
1.08
1.06
1.05
1.04
1.04
1.04
1.03

/2

250.44
8.57
3.73
2.51
2.05
1.77
1.61
1.51
1.45
1.39
1.36
1.32
1.29
1.27
1.25
1.23
1.22
1.20
1.19
1.18
1.12
1.08
1.06
1.06
1.04
1.04
1.03
1.03

13

319.13
9.56
3.90
2.6\
2.\0
1.79
1.63
1.53
1.46
1.41
1.37
1.33
1.31
1.28
1.26
1.23
1.22
1.20
1.19
1.19
1.12
1.08
1.07
1.06
1.05
1.04
1.04
1.04

/4

360.1\
\0.06
3.97
2.66
2.\\
1.82
1.65
1.55
1.47
1.44
1.38
1.34
1.3\
1.28
1.27
1.25
1.23
1.2\
1.20
1.19
1.12
1.09
1.07
1.06
1.05
1.05
1.04
1.03

/5

4\0.22
10.61
4.20
2.73
2.14
1.86
1.68
1.58
1.50
1.44
1.39
1.35
1.32
1.29
1.27
1.24
1.23
1.21
1.2\
1.\9
1.12
1.09
1.07
1.06
1.05
1.04
1.04
1.03

5.3. Procedure C

The critical values for Procedure E, assuming indepen­
dent systems and equal variance, and the sample-mean­
based procedure assuming that CRN has been used to
induce dependence, Procedure C, are qk:;;:;-I) and
qi:(~~l)(no-l)' respectively. A quick check of these values

(see, for instance, Hochberg and Tamhane (1987» shows
that they are very close provided 110 is not too small.
Thus, the relative efficiency of the two procedures will
depend on E[S,71/E[S;].

If we assume that the true variances are equal, and
further that the correlation induced between any pair of
systems under CRN is p 2: 0, then we can show that
E[S3J/E[S,;] = I - p. Therefore, Procedure C will tend to
be more efficient than Procedure E if CRN achieves any
positive correlation, and much more efficient if p is close
to I. Of course, the assumption of sphericity, just like that
of equal variance, is an approximation that is rarely if
ever precisely true in practice.

6. Examples

In this section we present two examples: The first is a toy
example in which the true means and variances are under
our control, while the second arose in research on agile

manufacturing systems. In both cases we apply Pro­
cedure G.

To illustrate the performance of these procedures,
consider k = 5 independent systems represented by nor­
mal distributions with means and variances as shown in
Table 13. Suppose we take 110 = 10 initial replications
from each. apply Procedure G with I - C( = 0.9 and
(j = 0.5, I or 2, and compute the LCBs on PCS and PCS
from the data. The last two columns of Table 13 show the
average of these LCBs across 100 replications of the en­
tire procedure.

The primary feature to notice in these results is that
the LCB on PGS always remains larger than 0.9, while
the LCB on PCS may be larger or smaller than I - C(

depending on how large or small is our indifference zone
(j. A large value of (j implies little second-stage sampling
and a small chance of selecting the unique best system
(remember that these are realizations of lower confidence
bounds on PCS, which is why the estimated PCS can be
below 1/k = 0.2); while a small value of (j delivers precise
estimates and a larger chance of selecting the unique
best.

As a second, more realistic example, consider a ques­
tion that arose in research on agile manufacturing sys­
tems. Suppose a portion of such a system consists of two
stations in tandem, station I and station 2, but just one
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Table 9. !PINE for IX = 0.01

df\k 3 4 5 6 7 8 9 10 11 12 13 14 15

I 111.7 494.5 1098.4 1941.5 3310.4 4560.5 5802.2 7254.5 9279.8 10361.8 14346.5 18018.6 18817.6
2 5.41 9.35 13.62 16.92 21.67 27.91 28.99 31.90 37.27 37.72 42.11 47.06 50.31
3 2.41 3.33 4.22 5.03 5.38 6.05 6.95 7.22 7.54 8.61 9.06 9.34 9.93
4 1.64 2.19 2.62 2.96 3.31 3.37 3.73 3.91 425 4.24 4.54 4.58 4.72
5 1.45 1.81 2.00 2.25 2.36 2.61 2.75 2.86 2.96 3.09 3.15 3.25 3.23
6 1.32 1.59 1.75 1.86 2.06 2.15 2.26 2.31 2.38 2.38 2.44 2.47 2.52
7 1.24 1.45 1.59 1.75 1.83 1.89 1.95 2.00 2.02 2.07 2.08 2.15 2.17
8 1.21 1.40 1.53 1.62 1.70 1.74 1.74 1.78 1.84 1.84 1.91 1.93 1.96
9 1.18 1.32 1.46 1.50 1.59 1.60 1.60 1.67 1.70 1.73 1.75 1.80 1.83

10 1.16 1.27 1.41 1.45 1.52 1.51 1.51 1.58 1.61 1.61 1.67 1.70 1.71
II 1.14 1.27 1.35 1.39 1.42 1.44 1.44 1.51 1.54 1.56 1.60 1.60 1.65
12 1.13 1.25 1.32 1.37 1.36 1.40 1.39 1.46 1.48 1.52 1.53 1.55 1.55
13 1.12 1.23 1.28 1.33 1.34 1.35 1.34 1.42 1.47 1.47 1.48 1.50 1.50
14 1.10 1.22 1.27 1.29 1.30 1.36 1.29 1.40 1.41 1.44 1.44 1.44 1.45
15 1.09 1.20 1.26 1.27 1.28 1.32 1.28 1.37 1.38 1.39 1.39 1.41 1.41
16 1.13 1.18 1.23 1.24 1.26 1.31 1.31 1.34 1.35 1.36 1.35 1.37 1.37
17 1.13 1.18 1.19 1.23 1.26 1.27 1.27 1.32 1.33 1.34 1.33 1.35 1.34
18 1.11 1.17 1.20 1.23 1.24 1.24 1.25 1.31 1.30 1.30 1.32 1.32 1.34
19 1.11 1.17 1.18 1.21 1.23 1.23 1.23 1.28 1.29 1.30 1.28 1.29 1.31
20 1.11 1.16 1.15 1.20 1.22 1.20 1.22 1.26 1.26 1.27 1.26 1.28 1.29
30 1.09 1.09 1.12 1.14 1.14 1.13 1.12 1.16 1.16 1.18 1.18 1.18 1.17
40 1.06 1.07 1.11 1.09 1.11 1.08 1.09 1.12 1.12 1.12 1.12 1.13 1.13
50 1.05 1.08 1.08 1.08 1.09 1.06 1.06 1.09 1.09 1.10 1.10 1.10 1.10
60 1.05 1.07 1.07 1.07 1.08 1.03 1.03 1.07 1.08 1.08 1.08 1.08 1.08
70 1.06 1.05 1.07 1.07 1.07 1.03 1.03 1.06 1.06 1.06 1.08 1.06 1.06
80 1.03 1.06 1.05 1.05 1.06 1.01 1.03 1.05 1.06 1.06 1.06 1.06 1.06
90 1.04 1.05 1.05 1.04 1.05 1.02 1.02 1.05 1.05 1.05 1.05 1.06 1.06

100 1.04 1.05 1.04 1.04 1.04 1.01 1.01 1.04 1.05 1.05 1.05 1.05 1.05

Table 10. Critical values r3r
df\k 3 4 5 6 7 8 9 10 11 12 13 14 15

1 200.8 271.3 330.1 392.6 478.7 536.2 585.0 638.8 709.0 738.0 858.8 954.4 967.10
2 18.89 21.50 24.47 26.45 29.42 33.07 33.49 35.02 37.79 38.08 39.70 42.23 43.82
3 9.84 10.88 12.00 13.01 13.43 14.27 15.15 15.61 16.06 16.75 17.27 17.54 18.19
4 7.22 8.14 8.88 9.49 9.98 10.22 10.57 10.89 11.40 11.47 11.93 12.04 12.29
5 6.34 7.07 7.49 7.95 8.30 8.59 8.88 9.15 9.38 9.64 9.76 10.11 10.13
6 5.80 6.42 6.77 7.15 7.45 7.68 7.98 8.12 8.28 8.45 8.64 8.76 8.89
8 5.27 5.76 6.07 6.34 6.62 6.78 7.01 7.10 7.29 7.36 7.56 7.65 7.73
9 5.11 5.56 5.87 6.08 6.34 6.52 6.72 6.84 6.98 7.09 7.19 7.34 7.38

10 4.99 5.41 5.71 5.93 6.15 6.32 6.51 6.64 6.76 6.81 6.98 7.04 7.13
II 4.91 5.27 5.58 5.78 6.00 6.15 6.35 6.46 6.58 6.61 6.77 6.84 6.99
12 4.80 5.19 5.49 5.71 5.87 6.04 6.22 6.31 6.42 6.53 6.61 6.73 6.80
13 4.76 5.12 5.38 5.66 5.81 5.93 6.11 6.20 6.34 6.41 6.50 6.61 6.67
14 4.69 5.06 5.34 5.55 5.71 5.93 5.97 6.10 6.22 6.35 6.41 6.48 6.57
15 4.65 5.01 5.28 5.50 5.65 5.83 5.96 6.04 6.14 6.23 6.31 6.41 6.48
16 4.63 4.94 5.25 5.42 5.59 5.78 5.91 5.98 6.09 6.17 6.21 6.33 6.38
17 4.61 4.94 5.17 5.39 5.57 5.68 5.82 5.92 6.02 6.12 6.16 6.28 6.31
18 4.56 4.91 5.17 5.37 5.51 5.65 5.76 5.91 5.97 6.04 6.15 6.21 6.23
20 4.51 4.85 5.04 5.28 5.45 5.58 5.70 5.79 5.88 5.97 6.00 6.11 6.19
30 4.37 4.67 4.91 5.09 5.22 5.40 5.47 5.55 5.64 5.74 5.82 5.87 5.90
40 4.32 4.59 4.84 4.98 5.15 5.27 5.38 5.46 5.53 5.61 5.66 5.74 5.79
50 4.28 4.58 4.79 4.96 5.08 5.23 5.31 5.38 5.46 5.54 5.62 5.67 5.72
60 4.25 4.55 4.76 4.93 5.07 5.17 5.23 5.35 5.44 5.51 5.55 5.61 5.67
70 4.24 4.51 4.75 4.92 5.04 5.16 5.23 5.33 5.40 5.45 5.57 5.57 5.62
80 4.19 4.53 4.70 4.88 5.02 5.11 5.24 5.29 5.39 5.45 5.51 5.57 5.62
90 4.20 4.50 4.70 4.85 5.01 5.13 5.21 5.30 5.37 5.42 5.48 5.57 5.60

100 4.20 4.50 4.70 4.86 4.97 5.09 5.20 5.25 5.36 5.42 5.49 5.54 5.59
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Tuble II. CriticaI values r3?5

Nelson and Banerjee

df\k

I
2
3
4
5
6
7
8
9

10
II
12
13
14
15
16
17
18
19
20
30
40
50
60
70
80
90

100

3

39.4
8.72
5.91
4.90
4.48
4.23
4.05
3.95
3.89
3.79
3.76
3.70
3.67
3.67
3.62
3.60
3.60
3.56
3.55
3.54
3.45
3.43
3.40
3.38
3.37
3.36
3.35
3.36

4

53.2
10.37
6.71
5.58
5.09
4.75
4.53
4.43
4.30
4.21
4.16
4.10
4.07
4.05
4.00
3.97
3.96
3.93
3.90
3.90
3.80
3.77
3.74
3.72
3.71
3.71
3.68
3.68

5

66.5
11.84
7.42
6.10
5.49
5.13
4.87
4.72
4.61
4.52
4.45
4.40
4.33
4.31
4.27
4.25
4.22
4.20
4.17
4.16
4.04
4.01
3.97
3.97
3.95
3.93
3.93
3.91

6

81.4
13.03
8.05
6.53
5.83
5.42
5.18
4.99
4.84
4.75
4.67
4.63
4.59
4.52
4.50
4.47
4.42
4.41
4.37
4.36
4.26
4.17
4.17
4.14
4.12
4.12
4.10
4.09

7

96.2
14.17
8.56
6.89
6.11
5.69
5.40
5.21
5.06
4.96
4.88
4.79
4.76
4.71
4.66
4.63
4.61
4.57
4.54
4.51
4.40
4.34
4.30
4.29
4.28
4.26
4.25
4.23

8

110.7
15.30
9.03
7.19
6.37
5.89
5.59
5.41
5.25
5.12
5.03
4.97
4.90
4.87
4.83
4.78
4.74
4.72
4.70
4.69
4.53
4.47
4.44
4.41
4.40
4.37
4.37
4.35

9

122.0
16.30
9.51
7.48
6.62
6.10
5.76
5.57
5.39
5.29
5.19
5.10
5.05
4.99
4.95
4.93
4.88
4.84
4.81
4.80
4.66
4.58
4.55
4.50
4.48
4.47
4.47
4.47

10

132.7
17.00
9.84
7.74
6.83
6.26
5.96
5.69
5.53
5.43
5.32
5.22
5.15
5.10
5.04
5.02
4.99
4.95
4.94
4.90
4.73
4.66
4.64
4.60
4.60
4.57
4.57
4.55

II

149.0
18.15
10.22
8.02
7.02
6.40
6.09
5.86
5.67
5.51
5.41
5.33
5.27
5.20
5.16
5.12
5.08
5.05
5.00
4.98
4.83
4.77
4.72
4.70
4.67
4.66
4.64
4.64

/2

158.4
18.66
10.60
8.18
7.20
6.57
6.20
5.97
5.76
5.63
5.51
5.44
5.36
5.32
5.26
5.21
5.18
5.14
5.12
5.07
4.93
4.83
4.79
4.78
4.74
4.73
4.71
4.72

/3

176.2
19.55
10.91
8.47
7.35
6.70
6.33
6.07
5.88
5.74
5.62
5.53
5.46
5.38
5.34
5.28
5.25
5.22
5.18
5.15
4.99
4.90
4.87
4.85
4.81
4.80
4.78
4.79

/4

189.2
20.36
11.06
8.64
7.49
6.84
6.45
6.19
5.98
5.82
5.70
5.61
5.53
5.47
5.41
5.38
5.32
5.30
5.25
5.23
5.05
4.98
4.93
4.90
4.87
4.86
4.85
4.84

/5

201.40
21.10
11.58
8.79
7.63
6.98
6.54
6.27
6.08
5.91
5.80
5.69
5.62
5.55
5.50
5.44
5.40
5.36
5.33
5.30
5.11
5.03
4.99
4.94
4.92
4.91
4.90
4.88

operator; scc Fig. I. Jobs come in to the system at station
I at thc rate of .Ie pCI' hour. After arrival a job needs to be
sct up at the station by the operator. After setting up the
job, the station processes it to completion without re­
quiring any assistance by the operator. Following com­
plction at station I, the job needs to be set up by the
operator at station 2, and then is processed at station 2
without requiring any assistance from the operator. After
completion at station 2 the job leaves the system. The
processing rate and the set up rate at the two machines
are /II' #1 and Jl2, #2' respectively. We assume that there is
no walking time between the two stations. Holding costs
of c, and C2 per job per unit time are incurred while the
jobs arc in stations I and 2, respectively. The operator has
to decide which station to sct up first when there are jobs
waiting at both stations. The problem is to find a policy
1'01' the operator that minimizes the expected holding cost
or the system.

Wc considered the following policies, some of which
have been examined previously in Desruelle and Steudel
(1996) and Nakade et al. (1997):

FIFO: The worker sets up the jobs on a First­
Come-First-Serve basis. This is the sim­
plest policy.

SEIZEI: The worker gives prrority to station I.
That is, at the end of a set up completion
if there is a job in buffer I she shifts to
buffer I irrespective of the situation 111

buffer 2.

SEIZE2: The worker gives priority to buffer 2 irre­
spective of number of jobs in buffer I. The
opposite of the SEIZE I policy.

PREEMPTI: Whenever there are jobs waiting to be set
up at buffer I, the operator sets up a job
there. Even when she is currently setting up
a job at station 2, she abandons that job
and finishes all the jobs in buffer I before
returning to complete the set up at 2.

PREEMPT2: The same as above except the preemption
is in favor of buffer 2.

TH I(n): The operator follows the FI FO policy
until the number of jobs 111 buffer I
reaches n, at which point she switches to
the PREEMPTI policy (and switches
back to FIFO when the number of jobs in
buffer I falls below n). For this example
we used n = 3.
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Table 12. Critical Values r~(

((f\k 3 4 5 6 7 8 9 10 II 12 13 14 15

I 19.8 27.1 34.5 41.1 48.5 55.9 62.5 68.8 75.8 81.5 90.8 96.8 103.70
2 6.23 7.54 8.60 9.50 10.40 11.21 11.84 12.51 13.29 13.77 14.48 15.03 15.59
3 4.65 5.35 5.92 6.48 6.93 7.30 7.73 8.03 8.36 8.64 8.91 9.08 9.45
4 4.01 4.61 5.10 5.47 5.78 6.07 6.35 6.60 6.79 6.98 7.21 7.37 7.53
5 3.73 4.27 4.66 4.99 5.25 5.49 5.73 5.92 6.10 6.26 6.40 6.54 6.67
6 3.55 4.05 4.42 4.69 4.96 5.17 5.35 5.51 5.65 5.81 5.93 6.06 6.19
7 3.45 3.91 4.23 4.52 4.74 4.94 5.11 5.28 5.40 5.53 5.65 5.75 5.86
8 3.37 3.83 4.13 4.38 4.61 4.80 4.96 5.10 5.22 5.34 5.45 5.56 5.65
9 3.32 3.74 4.07 4.29 4.50 4.69 4.82 4.96 5.09 5.21 5.31 5.40 5.48

10 3.26 3.68 3.99 4.21 4.42 4.60 4.73 4.86 4.99 5.09 5.19 5.28 5.36
11 3.23 3.64 3.94 4.16 4.36 4.54 4.65 4.79 4.90 5.01 5.10 5.19 5.28
12 3.19 3.59 3.89 4.12 4.30 4.48 4.60 4.72 4.84 4.93 5.02 5.11 5.19
13 3.16 3.57 3.84 4.09 4.26 4.41 4.56 4.68 4.79 4.87 4.98 5.06 5.14
14 3.16 3.55 3.83 4.04 4.22 4.38 4.51 4.62 4.74 4.84 4.92 4.99 5.08
15 3.13 3.52 3.79 4.02 4.20 4.36 4.48 4.59 4.71 4.79 4.88 4.96 5.04
16 3.11 3.51 3.77 4.00 4.17 4.33 4.46 4.56 4.67 4.76 4.83 4.93 4.98
17 3.12 3.47 3.75 3.97 4.15 4.29 4.42 4.54 4.63 4.73 4.81 4.89 4.96
18 3.09 3.47 3.74 3.96 4.12 4.27 4.39 4.51 4.61 4.71 4.77 4.85 4.93
19 3.08 3.44 3.72 3.93 4.10 4.27 4.38 4.50 4.57 4.68 4.74 4.82 4.91
20 3.08 3.45 3.71 3.91 4.09 4.24 4.36 4.47 4.56 4.66 4.74 4.81 4.87
30 3.01 3.36 3.63 3.82 3.99 4.12 4.27 4.34 4.44 4.53 4.60 4.66 4.72
40 2.98 3.35 3.59 3.77 3.94 4.08 4.19 4.29 4.38 4.46 4.53 4.60 4.66
50 2.97 3.32 3.57 3.76 3.91 4.06 4.17 4.26 4.34 4.42 4.50 4.56 4.62
60 2.96 3.30 3.56 3.75 3.90 4.02 4.14 4.23 4.32 4.42 4.48 4.54 4.60
70 2.95 3.30 3.55 3.73 3.89 4.02 4.12 4.23 4.30 4.38 4.45 4.51 4.57
80 2.95 3.30 3.53 3.73 3.88 4.00 4.10 4.21 4.30 4.37 4.44 4.51 4.56
90 2.94 3.28 3.53 3.71 3.88 3.99 4.10 4.20 4.29 4.36 4.44 4.50 4.55

100 2.93 3.28 3.52 3.72 3.86 3.99 4.11 4.20 4.28 4.36 4.43 4.49 4.54

Fig. I. Layout of stations for the tandem queueing system used
in the example.

TH2(n): The operator follows the FIFO policy until
the number of jobs in buffer 2 reaches n, at
which point she switches to the PRE­
EMPT2 policy (and switches back to FIFO
when the number of jobs in buffer 2 falls
below n). For this example we used n = 3.

Station I

--III)
Station 2

Interarrival, service and set up distributions are taken
to be exponential. The arrival rate is fixed at ). = 2 jobs/
hour; the service distribution parameters are shown in
Table 14 along with the holding costs. Notice that with
the cost in both buffers being equal, minimization of the

Table 13. Average LCB on PGS and PCS over 100 replications
of Procedure G with no = 10, I - (f. = 0.9 and r~0.9) = 4.07
when the data are normally distributed

Ill' ... ,1/5 aJ 1 ••• 1 (1'5 (j LCBpGS LCBpcs

0.0.0,0.1 1,2,3,4,5 0.5 0.98 0.91
1.0 0.97 0.21
2.0 0.97 0.03

1,2,3,4,5 1,1,1,1,1 0.5 0.99 0.96
1.0 0.99 0.47
2.0 0.98 0.15

total holding cost is equivalent to the minimization of the
total WIP in the system; our goal is to find the policy with
the lowest expected holding cost per unit time.

A cost reduction of more than $1 was considered
significant, so we set c5 = I. Using confidence level
1 - IX = 0.9 and no = 10 initial replications for the k = 7
alternatives, the critical value for Procedure G is
,.~09) = 4.50. Since smaller cost is better, we applied

Table 14. Service and cost parameters for the agile manufac­
turing example

Station Processing rate Set lip rate Holding cost
tjobslhouri tjobslhourt (Sliobl/wllr)

Station I 4 4
Station 2 6 6
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Tnble 15. Results from the agile manufacturing system simulation

Policy FIFO PREEMPTI PREEMPT2 SEIZEI SEIZE2 THI(3) TH2(3)
index I I 2 3 4 5 6 7

Ii; 5.43 8.06 4.43 4.63 7.59 6.05 5.13
N; 28 129 24 23 123 45 32

Procedure G to the negative of the simulation output data,
then converted the final results back to positive costs.

Table 15 summarizes the simulation results. The policy
PREEMPT2 has the smallest estimated expected cost and
would be selected as the best. Our 90% LCB on PGS is
0.98, showing that we have added assurance that PRE­
EM PT2 is a good selection. meaning that its expected
cost is within $1 of the true minimum expected cost, even
if it is not the true best. However, since our LCB on PCS
is only 0.01, there is no strong evidence that PREEMPT2
is the unique best.

But we can say more. With confidence level at least
90'1." we can claim that all policies whose sample means
arc 4.43 + 1 = 5.43 or greater are clearly not the best; this
includes PREEMPTI, SEIZE2 and THI(3). Some of
these - specifically PREEMPTI and SEIZE2 - can be
claimed to be more than $1 from the true best. For in­
stance, since It2 - minf;f2 Itf - ,) = 8.06 - 4.43 - I = 2.63,
we can claim that PREEMPTI is at least $2.63 more
costly than the true best policy. If we decided that it was
useful to determine the unique best, then this analysis
would justify eliminating PREEMPTI, SEIZE2 and
TH 1(3) from consideration in any follow-up analysis
using a smaller indifference zone, ,).

7. Conclusions

The procedures presented in this paper provide quite a
bit of useful information to the experimenter, much
more than other indifference-zone procedures that have
been proposed for this problem. However, this inference
comes at a price that indicates areas for further re­
search.

All of the procedures in this paper are conservative if
the primary interest is in selecting a good system (recall
that each procedure also provides inference on ali-pair­
wise comparisons). In other words, PGS > I - CI. for all
configurations of the means tIl' tt2,' .. , tlk' Procedures
that arc much tighter (require less sampling) while still
providing the same inference arc desirable.

The method for constructing the LCBs on PCS and
PGS arc parametric, meaning that they depend strongly
on the assumption of normally distributed data. Non­
parametric versions, based on bootstrapping for instance,
would be extremely valuable since the LCB could account
for both the possible increase in confidence due to en­
countering a favorable configuration of the means, and

also the possible degradation in confidence due to viola­
tion of the assumptions of the procedure.
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Appendix

Calculating PCS and PGS for Procedure S

To establish the computational formula (15) presented in
Section 4.1 we need the following lemma:

Lemma 2. (Tamhane, 1977) Let QI, Q2, ... , Qk be inde­
pendent random variables, and let f}j(ql, q2,· .. , qk),

j = 1,2, ... .p, be non-negative, real-valued functions, each
one non-decreasing in each of its arguments. Then

Notice that (14) can be written as

E{fi[Joo $( max[il,lllk]-IlI;JJ/~ )

;=1 J(no - I)(I/a + I/C)
a=:O

x dGno_l(a)] }, (AI)

where C is a X2 random variable with no - I degrees of
freedom. Since this expected value is non-decreasing in C,
the lemma may be applied to obtain

kl[oo 00 ( )(AI) > IT J J $ max[<>,lllk] -11[id/~
-;=1 J(no-I)(I/a+l/b)

h=O a=O

X dGno-l(a)dGno-l(b)].

But the term inside [ ] is just Rinott's integral for the case
k = 2 systems, which by the proof of Proposition 3 in
Rinott (1978) is equal to

00J F,'o-I (I + max[il,lllk] -llli]]/~)dFno-l(t).
1=-00
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Lower confidence bounds on Plk] - P[II

We propose simultaneous (I - (X) I 00% LCBs for
Il[k] - II;, for all i oF [k], of the form

{Illk] -II; :::: liB - Ii; - il, Vi: i oF B}. (A2)

Here we will prove that the event (A2) holds whenever the
event .9/ holds, and since by the design of our procedures
Pr{.v/} 2 I - «, the bounds have the desired confidence
level.

Theorem 1. The event .sd implies [he event (A2).

Proof. We know that the event .vl implies that

Ii; - max lie - <> ~ Il; - max lie ~ Ii; - max lie + il,
ei; ei;' ei;'

for i = 1,2, ... ,k, which can be rewritten as

max lie - Ii; + il :::: max Ile - II; :::: max lie - Ii; - il.
ei; ei; Ci;

(A3)

There are two cases to consider:

I. If B = [k], then this together with (A3) implies that

max Ilf - II; = Il[k] - II;,
ei;

2 1~;;X lie - Ii; - il,

= liB - Ii; - <>,

for all i oF [k] (since B = Ik]). Therefore (A2) holds.
2. If B oF [k], the same reasoning as in Case I implies

that

for i oF B, [k]. For i = B we need to establish that

(A4)

Notice that the left-hand side of (A4) is the param­
eter we need to bound, and the right-hand side is the
lower bound that we actually use. Notice also that
Il[k] - liB:::: 0 by the definition of [k], so that any
non-positive lower bound will be valid. But since
the event .sd holds, we are guaranteed that
liB - lilk] - (IlB - Illkl) < ii, which implies that
liB - lilk] < ,5 since -(JIB - Jllk]) is non-negative.
Therefore, the right-hand side of (A4) is less-than­
or-equal-to zero. •
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