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Abstract

We develop a model for representing stationary time series with arbitrary marginal distributions and autocorrelation
structures and describe how to generate data based upon our model for use in a simulation.
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1. Introduction

Dependent input processes arise naturally in
many applications; for example, the interarrival-
time gaps between opening, reading, writing or
closing a computer file are sometimes autocorre-
lated because file activity tends to occur in bursts.
Stochastic simulation is often used to analyze such
systems. Due to the lack of general-purpose meth-
ods for representing and generating-dependent pro-
cesses, simulation practitioners frequently use in-
dependent processes to approximate them. This
practice may result in output performance mea-
sures that are seriously in error (see, for example,
(6]).

In this paper we present a model for representing a
stationary time-series input process {Y;;¢t = 1,2,...}
with an arbitrary marginal distribution and any feasi-
ble autocorrelation structure specified through lag p.

* Corresponding author.

We use a transformation-oriented approach to repre-
sent { ¥;}. This approach takes a process with a known
autocorrelation structure, the base process {Z,}, and
transforms it to achieve the desired marginal distribu-
tion for the input process, {¥;}. The target autocor-
relation structure of {¥,} is obtained by adjusting the
autocorrelation structure of the base process. In our
model, the base process is a standardized Gaussian
autoregressive process of order p (AR( p)), so we re-
fer to {¥;} as an ARTA (autoregressive to anything)
process.

Song and Hsiao [10] use a transformation-oriented
approach with an AR(1) base process. However, they
attempt to match only the lag-1 autocorrelation, and
they use simulation to find the lag-1 autocorrelation of
the base process that gives the desired lag-1 autocor-
relation of the input process. This approach becomes
computationally prohibitive if extended to more than
two or three autocorrelations. Our approach matches
p =1 autocorrelations, and is computationally more
efficient.
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TES [7] is another transformation-oriented ap-
proach that attempts to match any arbitrary marginal
distribution and autocorrelation structure, and that
is guaranteed to match any feasible lag-1 autocor-
relation. TES, which is implemented in the com-
puter software package TEStool [8], uses a series
of autocorrelated uniform random variables as the
base process. Users of TEStool interactively adjust
the base process until they achieve an input pro-
cess that approximates the desired characteristics.
However, the adjustment is applied to the distribu-
tion of the noise term in the base process, which
indirectly results in an adjustment to the autocor-
relation structure of the input process. We believe
that our model is both theoretically simpler and
easier to use than TES because we directly change
the autocorrelations of the base process to ad-
just the corresponding autocorrelations of the input
process.

A completely different approach, for which there is
a large literature, is to construct a time-series process
that exploits properties that are specific to the partic-
ular marginal distribution of interest for {¥;}. An ex-
ample is Lewis et al. 5], who construct time series
with gamma marginals. The primary shortcoming of
this type of approach is that it is not general: a differ-
ent model is required for each marginal distribution
of interest. In addition, the sample paths of these pro-
cesses, while adhering to the desired marginal distri-
bution and autocorrelation structure, sometimes have
unexpected features.

We present our model in Section 2. In Section 3
we develop some relationships between the AR(p)
base process and the input process. We then discuss
how to use these relationships to select the autocor-
relations for the base process that give the desired
autocorrelations for the input process. In Section 4
we describe how to generate time series based upon
our model for use as simulation inputs and we present
some sample output. Our conclusions appear in
Section 5.

2. Model

The goal of our model is to define a stationary time
series {Y,} with the following properties:

1. Y, ~ Fy,t = 1,2,..., where Fy is an arbitrary
cumulative distribution function (cdf); and

2. (Corr[Y, Yr411,Corr[ Y, Yisa), ... ,Corr[ Yy, Yey 1)
= (pl’pZ’“"pp)l =p,
where Fy and p are given. We represent {1;} as a
transformation of a standardized Gaussian AR(p)
process.

ARTA process

1. Let {Z;;t = 1,2,...} be a stationary Gaussian
AR( p) process

L=l +wZ, o+ + 0pZi—p + &1,

where {g} is a series of independent N(0,0d?)
random variables and o is selected so that the
marginal distribution of the {Z,} process is N(0,1).
Specifically,

o =1—ayr — apry — Cr— Uy Fp,
where ry = Corr[Z,,Z,14].

2. Define the ARTA process ¥, = Fy '[®(Z)],t =
1,2,..., where @ is the standard normal cdf.

The transformation Fy, ' [®(-)] ensures that {Y,} has
the desired marginal distribution Fy, since U = ®(Z,)
is uniformly distributed on the interval (0, 1), implying
that ¥, = Fy '[U] has distribution Fy by well-known
properties of the inverse cdf. Therefore, the central
problem is to select the autocorrelation structure r =
(r1,r2,...,rp) for the AR( p) process, {Z}, that gives
the desired autocorrelation structure p for the input
process, {Y,}.

3. Properties of ARTA processes

The autocorrelation structure of the AR(p) base
process {Z;} directly determines the autocorre-
lation structure of the input process {Y,}, since
Corr(Y;, Yis] = Corr {Fy ' [®(Z)).Fy '[(Z+4)]} -
To adjust this correlation, we can restrict attention to
adjusting E[Y;Y;1,], since

E(Y, Y] — (E[Y])
Var{Y] ’

and E[Y] and Var[Y] are fixed by Fy. Then, since
(Z,,Z,+r) has a standard bivariate normal distri-

Cort[Y,, Yih] =
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bution with correlation Corr[Z;,Z,1;] = ry, we
have

E[Y,Yin] = E{Fy ' [®(Z)IFy  [H(Z1n)]}
=/ / F7 [0V [8(za)]

X(prh(zbzt-f-h)dzl dzl+ha (1)

where ¢,, is the standard bivariate normal probabil-
ity density function (pdf) with correlation r,. We are
only interested in processes for which this expectation
exists.

Observe from Eq. (1) that the lag-A autocor-
relation of {Y;} is a function only of the lag-
h autocorrelation of {Z;}, which appears in the
expression for ¢,. We denote the implied lag-
h autocorrelation of {Y;} by the function p(#;).
Thus, the problem of determining the autocorre-
lations for {Z,} that give the desired autocorre-
lations for {¥,} reduces to p independent prob-
lems: For each lag A= 1,2,..., p, find the value
ry for which p(r;) = pp. Unfortunately, it is not
possible to find the r;-values analytically; how-
ever, we establish some properties of the function
p(ry) that enable us to perform an efficient nu-
merical search to find the rj-values to within any
precision.

The first two properties concern the sign and the
range of p(ry) for —1<r,<1.

Propeosition 1. For any distribution Fy, p(0) =0,
and ry 2 (<) 0 implies that p(rp) =2(<)0.

Proof. If r, = 0, then

E[Y. Y1) = E{F7  [®Z)IFy  [D(Zon)]}
= E{F; (DZOE{F;  (#(Zn)1}

= E[Yt]E[Yt+h]

since r, = 0 implies that Z, and Z,,, are indepen-
dent when they are bivariate normal. If r, >(<)0,
then Covigi(Zi, Zi+1), 92(Zs, Z141)] 2 (<) 0 for all
nondecreasing functions g and g, such that the co-
variance exists [11, p. 20]. Taking g\(Z;,Zi+n) =
Fy'[®(Z)] and g2(ZnZin) = Fy'[9(Zsn)], the

result follows since Fy ![#(-)] is a nondecreasing
function. O

It follows from the proof of Proposition 1 that taking
rp = 0 results in an input process in which ¥; and Yy,
are independent, as well as uncorrelated. Proposition
2 shows that the maximum and minimum possible
correlations are attainable.

Proposition 2. Let p and p be the maximum and
minimum feasible bivariate correlations, respectively,
for random variables having marginal distribu-
tion Fy (notice that p = 1). Then, p(1) = p and
p(=1)=p.

Proof. A correlation of 1 is the maximum possi-
ble for bivariate normal random variables. There-
fore, taking r, = 1 is equivalent (in distribution)
to setting Z, — ® (U) and Z,4+ &~ 1(U), where
U is a U(0,1) random variable [12]. But this def-
inition of Z, and Z, implies that ¥, «— F;'[U]
and Y. F;'[U), from which it follows that
p(1)=7p by the same reasoning. Similarly, tak-
ing r, = —1 is equivalent to setting ¥, « F; '[U]
and Y, —F;'[1 ~ U}, from which it follows that
p(=1)=p. O

Our next two results shed light on the shape of p(r;).

Theorem 1. The function p(r,) is nondecreasing for
—-1<n <.

Proof. For 0 <ry <1, the result follows directly from
[11, p. 119]. See the appendix for the case when
—-1<r, < 0. O

Theorem 2. If there exists ¢ >0 such that
E[| Y,Yus |'*] < 0o for all values of —1<r, <1,
where Y,, Y1y, are defined by an ARTA process, then
the function p(ry) is continuous for —1<r, <1.

Proof. See the appendix. [J

Since p(ry) is a continuous, nondecreasing func-
tion under the mild conditions stated in Theorem 2,
any reasonable search procedure can be used to find
r, such that p(ry) = ps. Proposition 1 provides the
initial bounds for such a procedure. Proposition 2
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shows that the extremal values of pj are attainable
under our model. Furthermore, from Proposition 2,
Theorem 2 and the Intermediate Value Theorem,
any feasible bivariate correlation for Fy is attainable
under our model. Theorem 1 provides the theoret-
ical basis for adjusting the values of 7, and is the
key to establishing convergence of a search proce-
dure.

To illustrate how these results are useful, suppose
that Fy is the exponential distribution with mean 1.0
and we require the autocorrelation structure to be
specified to p =2 lags as p = (p1,p2) =(0.9,0.6).
We used a crude search procedure to find r =
(#1,72) =(0.9,0.65), for which p; = p(0.9) = 0.883
and p;=p(0.65)=0.607. All that is required for
greater precision is a more stringent convergence
criterion.

Throughout the previous discussion we assumed
that there exists a stationary process with marginal dis-
tribution Fy and autocorrelation structure p. However,
not all combinations of Fy and p are feasible. Clearly,
for p to be feasible we must have p < p, <P for each
h = 1,2,..., p. In addition, the (p + 1) x (p + 1)
autocorrelation matrix defined by

Lor orp
ry 1 o Fp—d
Fp Fp—y =+ 1

must be nonnegative definite. These two conditions
are necessary, but not sufficient, for the existence of
a stationary {Y;} process with marginal distribution
Fy and autocorrelation structure p. Our next result
indicates that the input process {Y;} is stationary if
the base AR(p) process {Z;} is.

Proposition 3. If {Z,} is strictly stationary, then
{Y,} is strictly stationary.

Proof. The proof follows immediately from the defi-
nition of strict stationarity. [

Proposition 3 enables us to check the stationarity of
the AR( p) process — which is easy to do (e.g., [3, pp.
80-811) — to determine the stationarity of {Y,}.

4. Generating simulation input

Letrbe a px 1 vector of rp-values such that p(ry) =
o, forh = 1,2,..., p. Given r, we can generate values
of {Y;}. We must first solve for the p x 1 vector of
AR parameters, a, using the Yule-Walker equations

(e.g., [3, pp- 70-71])

¥=a¥, 2)
where

1 r S Fp
w_ r 1 c Fpo2

Fp—1 rp—z -+ 1

We then use « to check the stationarity of {Z,}. If {Z,}
is stationary, then we generate values of {Y,} using
the following procedure.

ARTA generation procedure

1. Generate p initial values {Z,_1,Z,_>,....Z}
from a multivariate normal distribution with g = 0
and variance-covariance matrix ¥ (see, for example,
[4, pp. 505-506]). Set t — p.

2.8etZy — o Zi v oZi s+t apZ_p 4 g
where ¢, is an independent N(0, %) random variable
with 62 = 1 —ayry — oapry — -+ — aprp.

3. Return ¥, — F; '[®(Z)).

4. Sett — ¢+ 1 and go to step 2.

Continuing the exponential distribution example
from the previous section (recall that p = (0.9,0.6)
and r = (0.9,0.65)), we solved (2) for the AR(2)
parameters o = (1.66,—0.842) . The resultant AR(2)
process is stationary; hence, so is {Y;}. A time series
plot of 200 values of {Y,} generated by our procedure
appears in Fig. 1. Figs. 2 and 3 are plots of ¥,y vs.
Y; and Y4, vs. 1), respectively, for the same values.
The sample autocorrelations for the {Z,} and {Y;}
processes were (0.893,0.632) and (0.882,0.600),
respectively. Figs. 1-3 indicate that the generated
values of {Y;} have the desired properties and exhibit
plausible sample paths.
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Fig. 1. Sample path of an ARTA process with exponential marginals and autocorrelations p; = 0.9 and p;
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Fig. 2. Scatterplot of (¥;, ¥;11) for the ARTA process with exponential marginals and lag-1 autocorrelation p; = 0.9.



56 M.C. Cario, B.L. Nelson! Operations Research Letters 19 (1996) 51-58

© .
l‘)-
~t .' .
S . ]
+ o . . .
> . .
° L) . L .
NI+ .: * . . ° . *
'.o‘ o .. .
.' :. ¢ * ¢ . . .
‘_4 hd : L I.. : . . * . .
.f" %, o :. ‘-
. LY LT M .
o HBRCTT
0 1 2 3 4 5 6
Y(t)

Fig. 3. Scatterplot of (Y;,Y;47) for the ARTA process with exponential marginals and lag-2 autocorrelation p; = 0.6.

5. Conclusions

ARTA processes provide a straightforward method
for representing time series with arbitrary marginal
distributions and autocorrelation structures for use as
simulation inputs. They also provide insight into the
effect of transformations on time-series processes in
general.

Software to fit and generate ARTA processes with
standard choices for the marginal distribution, includ-
ing the empirical cdf, is described in [2]. Key features
of the software are efficient implementation of the nu-
merical integration for (1) and a fast search procedure.
The Fortran code is available from the second author.

Although the focus of this paper is generating
time series, the ideas also apply to generating finite-
dimensional random vectors with correlated elements:
The approach is to transform a k£ x 1 standard mul-
tivariate normal (MVN) vector Z to obtain a k£ x 1
input vector X with given marginal cdfs and correla-
tion matrix. Specifically,

Fy'[9(Z)]

F ()]
X= . R

Fy'[9(Z0))

where Z = (Z,,2,,...,7Z;) is a standard MVN vector
with correlation matrix X, and Fy,, Fy,,...,Fy, are the
desired marginal cdfs. Each off-diagonal element of
the correlation matrix of the X vector is a function only
of the corresponding element of X. Cario [2] extends
the results of Section 3 to the case of random vectors.

Appendix

Lemma A.1. Let

(0 _{ Lp
() (1)
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and let (X1,XzY and (Z,,Z,) be bivariate normal
random variables with common mean u and variance-
covariance matrices X,, and X, , respectively, where
0<p1<pa<]. Let g(x) be a nondecreasing function
of x for —oo < x < 0o. Then for any g for which
E[g*(X)] exists, E[g(X1)g(—X2)1 <Elg(Z1)9(—Z2)].

Proof. The proof extends the one given in [11,
pp. 119-120].

Let 71,73, V1, V>, and W be iid. N(0,1) random
variables. Then,

X, %) £ (V1= 2T + Vo = piVi + Vo,
V1= 2Ty = Vpr = piVi — /o1 W)

and

(Z1,-2) 2 (VT= i + Vo = pi Vi + Vo W,
—V1=pTa = Vp2 — p1Va — /pI W)

where £ denotes equality in distribution. Therefore,

E[g(X:)g(—X1)]
= E[E{E[g(+/1 = p2Ty + VP2 — piV1 + /PIW)
xg(—/1= p2Ta = v/p2 = piV1 — VBIW)
| Vi, W] | W}]
=E[E{Pw(V)¥Y_w(-V1)| W}],

where

¥.(v1) = Elg(\/1 — p2T +p2 — ;i V1 + Vo1 W)
| Vi=v, W =w]

and the expectation is with respect to 7', an indepen-
dent N(0, 1) random variable.!

For g nondecreasing and fixed W = w, the function
¥..(v1) is nondecreasing in v,. Similarly, — ¥ _,(v) is
nonincreasing in v (where v is a dummy variable used
only for clarity). Therefore,

Var[P,(V1) — {—¥-w(V)}] = Var[,.(")]
+Var[~¥_,(V)] = 2Cov[¥(¥1), =¥ (V)]

! Notice that T; 4 7 3, and they are independent.

is minimized with respect to all joint distributions of
(V1, V) with N(0, 1) marginals when V| = @~ 1(U)
and V = &~ 1(1 - U), where U is a U(0,1) ran-
dom variable [9, Proposition 1]. For N(0,1) ran-
dom variables this implies that ¥ = — V. Therefore,
Cov[?,,(V1),— ¥ _,(V)] is maximized (equivalently,
Cov[?,.(V1), ¥Y_,.(V)] is minimized) by letting V =
bl V] . Thus,

E{?.(V)¥-u(=V) | W = w}
SE{Pw(N) | W = wlE{¥_w(-V1) | W = w}
(3)
= E{¥, (V)| W =w}E{¥_(-V2) | W =w},
(4)

where (3) holds because the minimum expected value
must be smaller than the expected value under inde-
pendence, and (4) holds because ¥ and V; are identi-
cally distributed. Since (3) and (4) hold for any value
of W, it follows that

E[E{Pw(V))¥-w(-V1) | W}]
<SEE{Pw(V) | WIE{P_w(-12) | W}].

But notice that

Elg(Z1)g(—22)) = E[E{¥w(V)¥ -w(-V2)} | W]
= E[E{¥w () | W}E{¥ _w(-V2) | W}]

since V) and V), are independent. [J

Corollary. Let (X1,X2) and (Z,,Z,) have bi-
variate normal distributions with common mean
p and variance-covariance matrices X,, and X,
respectively, where —1 < p; < py <0. Let g(x) be
a nondecreasing function of x for —00 < x < 0.
Then, E[g(X1)g9(X2)]1<E[9(Z1)9(Z2)].

Proof. This follows from Lemma A.1 since (X7, —X2)
and (Y,,—Y,) have bivariate normal distributions
with mean u and covariance matrices 2_,, and X_, ,
respectively. [

Proof of Theorem 1. By taking g = F; '[®(-)] in the
corollary, it follows that p(r) is nondecreasing for
—-1<r, < 0. O
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Lemma A.2. For a given cdf Fy, if there exists ¢ > 0

such that
/ / sp {IFy 19 '[9
—00 J—o0 re[—1,

X@,(21,22)} dzydza <00,  (5)

then p(r) is a continuous function for —1<r<1.

Proof. Let Z; and Z; be i.i.d. N(0,1) random vari-
ables. Let » € [—1,1] be fixed, and {r,}2, be any
sequence such that , € [-1,1], forn = 1,2,..., and
r, —rasn-—oo.Forn=1,2,..., define

Zin=2y, Lyp=rdi+4/1- riZs,
Zz 5721 + Vv 1 —7‘223.

Further, let Y, = F;‘[cD(Z,»,,)], for i=1,2, and
h(2) = Fy '[(z1)]Fy '[#(z2)]. Since # is monotone
in z; and z; individually, it has a countable num-
ber of discontinuities. Therefore, by the Continuous

Mapping Theorem [1, Theorem 29.2]

Zln d Zl
h<22n> =>h(22> as n — o0,
since
(2:) 4 (Z) as n — oo,

d g .
where = denotes convergence in distribution. Equiv-
alently,

Y]nan‘—ij>Y1Y2 asn — oo, (6)

where ¥; = F}TI[(D(Z,»)], for i = 1,2. It follows from
(5), (6), and Theorem 25.12 of [1], that £]Y;,Y>,] —
E[Y\Y,] as n — oo; equivalently, p(r,) — p(r) as
n— oo [

Notice that condition (5) of Lemma A.2 is equiva-
lent to stating that E[| Y,Y,.4 |'*¢] < oo for all values

of -1<r, <1, where Y,, Y, are defined by our trans-
formation, which is the condition given in the state-
ment of Theorem 2.

Proof of Theorem 2. Theorem 2 follows immedi-
ately from Lemma A2 with Z, = Z,,Z, = Z,.p, V1 =
VoYo=Yupandr=r,. O
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