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Abstract

A class of primal�dual interior point methods is developed� These methods use a higher order
Taylor polynomial to approximate a primal�dual trajectory de�ned from an infeasible point� A
detailed implementation of these methods is given and their computational performance is studied�

We give computational results for two dierent approaches for de�ning trajectory� and using
up to 	�th order polynomial� In all cases� all the tested netlib problems were solved using default
settings� The use of higher order polynomial on the average results in approximately ��� to ���
reduction in the number of iterations� On several di�cult problems in the netlib test set this
translates into 	�� to 	�� savings in cpu time�
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Introduction

This paper is on the development and computational performance of higher order methods for
solving linear programs� These methods compute �rst and higher derivatives of an appropriately
de�ned trajectory� This trajectory starts from any positive point and goes through an optimal
solution of the problem� A Taylor polynomial is constructed from these derivatives and used to
update the current solution� The methods developed here build upon the work of Mehrotra �	���

The motivation for developing higher order methods comes from the observation that the most
expensive step at an iteration of an interior point method is the factorization of a matrix� which
changes numerically at each iteration� A �rst order method �e�g�� Monterio and Adler �	��� Kojima�
Mizuno and Yoshise �	��� Lustig� Marsten and Shanno �		�� uses the �rst derivative �Newton direc�
tion� of some trajectory and uses it as a search direction to move to a new point� An important
observation �e�g�� see ��� 	��� is that higher derivatives of a trajectory can be computed recursively
by using the same factors used to compute the �rst derivative� Therefore� if Gaussian elimination
is used for a dense problem� while the computation of factors and the �rst derivative requires O�n��
arithmetic operations� the computation of an additional derivative requires only O�n�� arithmetic
operations� If the use of additional derivatives reduces the number of iterations signi�cantly� then
its computation would be well worth it�

The use of higher order information was proposed by Karmarkar� Lagarias� Slutsman and Wang
���� and Megiddo �	��� Karmarkar et al� had given a class of methods based on a �reparameterized�
trajectory motivated from the use of dierential equations� These methods are implemented in the
AT�T KORBX system ���� Monterio� Adler and Resende �	�� proved some interesting results for a
higher order primal�dual a�ne scaling method by closely following the central trajectory� The use
of higher order information is also considered by Domich� Boggs� Donaldson and Witzgall ��� in the
method of centers� In their method a linear program in a three dimensional subspace is solved to
generate a search direction�

The methods we develop in this paper dier from the methods in ��� in several ways� The
approach we use to construct trajectories is dierent from the one given in ���� The construction
in ��� requires knowledge of feasible solutions� In our case� we need not start from a feasible point�
Furthermore� we do not reparameterize our trajectories while taking approximations�

In this paper we give two speci�c approaches for de�ning a trajectory� using a general principle�
The practical performance of algorithms based on these approaches is studied and computational
results are given� The results we present here used up to 	�th order polynomial for both algorithms�
All the tested problems from netlib��� were solved to desired accuracy using the default setting in
all the cases�

The use of higher derivatives result in a signi�cant reduction in the number of iterations required
to solve the problems� For example the use of up to 	�th order polynomial results in approximately
��� to ��� reduction over the second order polynomial and approximately ��� to ��� over
the �rst order methods� On several netlib problems for which factorization of matrix required
for computing a search direction is expensive� this results in signi�cant savings in the cpu times�
Interestingly� empirical evidence suggests that the reduction in the number of iterations diminishes
with increasing order of polynomial�

This paper describes a part of our on going research on interior point methods� We have tried
to make this paper self contained� however� it is important to point out that the work described in
Mehrotra�	�� and Fourer and Mehrotra��� has contributed signi�cantly to the numerical stability
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of the implementations of algorithms described here�

This paper is organized as follows� In Section 	 we give our general approach for generating
trajectories� This section also develops expressions for recursively computing all derivatives of a
trajectory� In Section � we give details of two higher order methods as we implemented them�
Finally� Section � discusses computational results obtained on the netlib test set�
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�� A Class of Trajectories and their Derivatives

Let us consider the linear programming problem �P � �

minimize cTx
subject to Ax � b�

x � y � d
x� y � ��

where c� x� y� d � �n� b � �m� and A � �m�n� We assume that A has full row rank� This can
be ensured by removing linearly dependent rows in the beginning� The second set of constraints in
�P � are for upper bounds on variables� These constraints are introduced to develop expressions for
problems with bounded variables� We assume that all variables have an upper bound to simplify
our notations� In practice we may also have free variables� We refer the reader to Mehrotra�	�� for
our treatment of free variables� The expressions developed here extend to that case in a straight
forward way�

The dual of �P � is given by �D� �

maximize bT� � dTs

subject to AT� � r� s � c�
r� s � ��

From the optimality conditions for linear programming a point �� � �x�� y�� ��� r�� s�� is optimal
if it satis�es �PD� �

Xr � ��
Y s � ��
Ax � b�

x � y � d�
AT� � r � s � c�

x � �� y � �� r � �� s � ��

Here X represents a diagonal matrix with Xii � xi� Similar notation is used for other variables�

Assume that x��� � �� y��� � �� ����� r��� � �� s��� � � is a given point� Let �b � Ax��� � b�
�d � x��� � y��� � d� and �c � AT���� � r��� � s��� � c� �b� �d and �c are the residuals in the primal
and dual constraints at the current point� Let

f��� �

�
�� � � �� 	
� �� � � ��� 	�

�	�	�

and

g��� �

���
��

	� � � 	
�� � � �
� ��� 	�� � � ��� 	��

�	���

The functions f��� and g��� are used to construct trajectories that guide us to a solution of �PD��
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To develop these trajectories consider the system of equations�

X���r��� � g���X���r��� � f����e�

Y ���s��� � g���Y ���s��� � f����e�
Ax��� � b � g����b�

x��� � y��� � d � g����d�
AT���� � r���� s��� � c � g����c�
x��� � �� r��� � �� s��� � �

���������
��������

�	���

for � � ��� 	��Here e is a vector of all ones� If we let x�	� � x���� y�	� � y���� ��	� � ����� r�	� � r����
s�	� � s���� then �	��� are satis�ed by the current point for � � 	�

The following theorem is about the existence of solutions of �	���� It is a generalization of the
Proposition ��	 in Mehrotra�	���

Theorem ���� If �PD� has a solution� then ����� has a solution for all � � ��� 	�� Furthermore�
this solution is unique for any � � ��� 	��

Proof� Let vi��� � g���x
���
i r

���
i � f���� and wi��� � g���y

���
i s

���
i � f����� From �	�	�� �	��� and

the assumptions on x���� y���� r���� s��� it is easy to see that vi��� � � and wi��� � � for all i� For a
�xed � �	��� are also the optimality conditions for a weighted logarithmic barrier problems �P�� �

minimize B�x� y� �� � �c� g����c�
Tx�

Pn
i�� vi��� ln xi �

Pn
i�� wi��� ln yi

subject to Ax � b� g����b�
x � y � d � g����d
x� y � ��

and �D�� �

maximize �b� g����b�
T� � �d � g����d�

Ts �
Pn

i�� vi��� ln ri �
Pn

i�� wi��� ln si
subject to AT� � r � s � c � g����c�

r� s � ��

Let x���� y���� ����� r���� s��� represent a solution of �	��� for � � �� For a given � � ��� 	��
since g��� � ��� 	�� �x��� � �	 � g����x��� � g���x���� �y��� � �	 � g����y��� � g���y��� is a
feasible solution for �P�� and ����� � �	� g�������� � g�������� �r��� � �	� g����r��� � g���r����
�s��� � �	�g����s����g���s��� is a feasible solution for �D��� If the feasible set of �P�� is bounded�
then obviously �P�� has a solution� Furthermore� this solution is unique because B�x� y� �� is a
strictly convex function�

Now note that the feasible set of �P�� is bounded because of the bound constraints� This
completes the proof for the problem form in consideration� However� since in general all variables
would not have upper bounds� for Theorem 	�	 to be useful� it should hold for the case where the
feasible set of �P�� is unbounded� In fact� this is true� A proof can be given for this by following
the arguments in the proof of Proposition ��	 in Mehrotra�	��� We omit it here� �

The general form of �	��� gives enormous freedom in the way a trajectory can be de�ned� We
now comment on the conditions imposed on f��� and g��� in �	�	� and �	��� respectively�

The requirement that f��� and g��� be non�negative ensures that the de�ned trajectory stays
in the positive orthant� The requirement that g��� � 	 for � � 	 and g��� � � for � � � and
f��� � � for � � 	� � ensures that the trajectory starts from the current point and goes through
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an optimal solution� Because of the restriction f��� � � for � � � we need not assume that the
problem has a primal and dual interior feasible solution to de�ne a trajectory� This is important
because many real problems in their original formulation do not have an interior solution�

If a problem is known to have an interior solution then conditions �	�	� can be replaced with

f��� �

���
��

�� � � 	
	� � � �
� �� � � ��� 	�

In this case the de�ned trajectory would start from the current point and go through a point on
the central trajectory�

We now show that all the derivatives of �	��� can be computed recursively provided that f���
and g��� are in�nitely dierentiable� Let ���� � �x���� y���� ����� r���� s���� represent the solution
of �	��� for some �� Let ��l���� represent the lth derivative of ���� with respect to �� Similarly
let x�l����� y�l����� ��l����� r�l����� s�l����� f �l����� g�l����� represent lth derivatives of x���� y����
r���� ����� s���� f��� and g��� respectively� with respect to �� For simplicity we suppress � from
the argument� Dierentiating �	��� j times at � � 	 give

Pj
l��

	
j
l



X�l�r�j�l� � g�j�X���r��� � f �j��e

Pj
l��

	
j

l



Y �l�s�j�l� � g�j�Y ���s��� � f �j��e

Ax�j� � g�j��b�

x�j� � y�j� � g�j��d
AT��j� � r�j� � s�j� � g�j��c�

�	���

Rearranging the terms in �	��� yield�

�
�����

X��� � R��� � �

� Y ��� � S��� �
� � A � �
� � I I �
I �I � � AT

�
������

�
BBBBB�

r�j�

s�j�

x�j�

y�j�

��j�

�
CCCCCA �

�
BBBBBBBBBBB�

g�j�X���r��� � f �j��e �
Pj��

l��

	
j

l



X�l�r�j�l�

g�j�Y ���s��� � f �j��e �
Pj��

l��

	
j
l



Y �l�s�j�l�

g�j��b�

g�j��d
g�j��c�

�
CCCCCCCCCCCA

�	���
It is clear from �	��� that all derivatives of ���� can be computed recursively� The expres�

sions in �	��� can be simpli�ed by de�ning ��l�x � 		l x�l�� ��l�y � 		l y�l�� ��l�� � 		l ��l��
��l�r � 		l r�l�� ��l�s � 		l s�l�! u�l� � 		l �g�l�X���r��� � f �l��e� �

Pl��
j�� ��l�x��j�l�r� v�l� �

		l �g�l�Y ���s����f �l��e��
Pl��

j�� ��l�Y ��j�l�s� �
�l�
b � 		l g�l��b� �

�l�
d � 		l g�l��d� �

�l�
c � 		l g�l��c and

��l�� � ��l�x���l�y���l�����l�r���l�s� After making these substitutions in �	���� we have

M��j�� �

�
�����

X��� � R��� � �

� Y ��� � S��� �
� � A � �
� � I I �
I �I � � AT

�
������

�
BBBBB�

��j�r

��j�s

��j�x

��j�y

��j��

�
CCCCCA �

�
BBBBBB�

u�j�

v�j�

�
�j�
b

�
�j�
d

�
�j�
c

�
CCCCCCA
� �	���
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Note from the form of �	��� that computation of all the derivative involves only one factorization
of M� The matrix M can be reduced by a priori de�ning some pivot sequence for its factorization�

For example� if we substitute ��j�r � X������u�j� � R�����j�x�� ��j�s � Y ������v�j� � S�����j�y��
obtained by eliminating the �rst two set of equations� into the last set of equations� we get

�
�

A � �
I I �

�X�����R��� Y �����S��� AT

�
��
�
B� ��j�x

��j�y

��j��

�
CA �

�
BB�

�
�j�
b

�
�j�
d

�
�j�
c �X�����u�j� � Y �����v�j�

�
CCA � �	���

Now� if we use ��j�y � �
�j�
d ���j�x from the second set of equations in �	��� in the third set we get

H

	
��j��

��j�x



�

�
��X�����R��� � Y �����S���� AT

A �

�	
��j�x

��j��



�

	

�j�

�
�j�
b



� �	���

where 
�j� � �
�j�
c � X�����u�j� � Y ������v�j� � S����

�j�
d �� In our implementation of the algorithms

described in the next section we factor H after performing a simple symmetric scaling� H is
a symmetric inde�nite matrix and it can be factored symmetrically� The approach we used to
compute sparse factors of H is described in Fourer and Mehrotra���� We refer the interested reader
to that paper for details�

It is also possible to develop formulae for computing derivatives using normal equations ap�

proach� Let " � X�����R����Y �����S���� If second set of equations is used to eliminate ��j�x from
�	��� we get

��j�� � �A"��AT �����
�j�
b �A"���X�����u�j� � Y �����v�j� � Y �����S����

�j�
d � �

�j�
c ���

��j�x � "���X�����u�j� � Y �����v�j� � Y �����S����
�j�
d � �

�j�
c � AT��j����

��j�y � �
�j�
d � ��j�x�

��j�r � X�����u�j� �X�����R�����j�x�

��j�s � Y �����v�j� � Y �����S�����j�y�

�� Basic Algorithms and their Implementation

In this section we describe two basic higher order algorithms �I� II�� These algorithms are
developed by specifying two dierent choices of g��� and f���� It is possible to take other choices
of g��� and f����

For Algorithms I we take
g��� � �! f��� � ��	� ��! ���	�

and for Algorithms II we take
g��� � �! f��� � ��	� ���� �����

The choice of � and the arrangement of computations for higher order methods resulting form
using ���	� and ����� is described later in this section�

At the beginning of iteration k we are given a point xk � �� yk � �� �k� rk � �� sk � ��
The approach we take to develop an implementation rede�nes a new trajectory at each iteration
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by using �	���� This allows for error in the numerical integration as there is no need to trace one
trajectory accurately�

We now describe Algorithms I and II as we have implemented them�

At iteration k we let ���� � �x���� y���� ����� r���� s������xk� yk� �k� rk� sk�� and compute ��j���	�
for ���	� and ����� using �	��� for j � 	� �� � � �lmax for a given lmax� The centering parameter �
needed for computing these derivative is generated adaptively� After computing the derivative we
determine the order of polynomial to be used to generate a search direction� A heuristic is used
to determine an order� Taylor polynomial is used to generate a search direction� We move in the
search direction a certain distance �step factor� to the boundary to generate a new iterate� The
step factor is determined adaptively� A detailed description of these steps is now given�

��� Centering

For both algorithms the centering parameter was estimated by using a heuristic proposed in
Mehrotra�	��� The primal�dual a�ne scaling direction is used in estimating the centering parameter�
The primal�dual a�ne scaling direction is de�ned as the �rst derivative of �	��� for g��� � � and
� � ��

In Algorithms I the centering parameter appears in the computation of �rst derivative� In this
case we �rst estimate �� and then use it in the computation of �rst derivative of the trajectory�
For Algorithms II the centering parameter appears for the �rst time while computing the second
derivative� In this case the �rst derivative is same as the primal�dual a�ne scaling direction used
in estimating the centering parameter� Hence� there is no need to recompute the �rst derivative�
For a low order �particularly order �� algorithm this is a signi�cant advantage�

Let px� py� p�� pr� ps be the primal�dual a�ne scaling direction at the current point de�ned as
above� Let

�x � minfxki 	�px�i j �px�i � �g�

�y � minfyki 	�py�i j �py�i � �g�

�r � minfrki 	�pr�i j �pr�i � �g�

�s � minfski 	�ps�i j �ps�i � �g�

�p � min��x� �y� 	��

�d � min��r� �s� 	��

The centering parameter is estimated as follows� We �rst compute

� �

	
�xk � �ppx�T �rk � �dpr� � �yk � �ppy�T �sk � �dps�

xk
T
rk � yk

T
sk


�
�xk

T
rk � yk

T
sk�

�n
�

If
kpxk

� � kpyk
� � kprk

� � kpsk
�

xk
T
rk � yk

T
sk

� 	�	�

then we reset
� � �	min��p� �d��
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It is useful to note that the choice of f��� from ���	� and ����� for Algorithms I and II respectively
result in a centering term as well as a �negative centering� term while computing derivatives� For
Algorithms I centering term appears during the computations for �rst derivative� while the negative
centering term appears during the computations for second derivative� For Algorithms II� centering
appears in the second derivative� while negative centering in the third derivative�

��� Order of Taylor Polynomial

The derivative information is used to build a Taylor polynomial� which approximates the un�
derlying trajectory� A Taylor polynomial is constructed as follows�

��	� �� l� � ��	� � pl��� �� � ��	� �
lX

j��

����j��j���	�� �����

Here ��j���	� is computed from �	���� pl�x� ��� pl�y� ��� pl��� ��� pl�r� ��� pl�s� �� are de�ned in a
way similar to pl��� ���

Early in our experiments we found that the choice of the order of polynomial is important to
the stability of the basic algorithm� For several problems a �xed choice of the order of polynomial
at all iterations� while keeping all other aspects of the algorithm unchanged� failed in achieving
desirable accuracy in the solution� The same problems were successfully solved if a lower order
polynomial �of �xed order� was used� An examination of computational results revealed that these
failures were not due to numerical errors� It appears that the failures are due to the �bad� search
direction often computed by using a higher order polynomial�

The best way to deal with such situation is to use a progress function and perform a higher
dimensional search� However� the choice of an appropriate progress function in the current situation
is not completely understood� In our implementation we adaptively decided an appropriate order
of polynomial by using a simple heuristic� On all of the experiments that we have performed so
far� the performance of this heuristic has been satisfactory� We now describe our heuristic� Let

�l�x� � maxf� j xk � pl�x� �� � � for all � � � � �l�x�g� l � 	� � � �lmax�

�l�y� � maxf� j yk � pl�y� �� � � for all � � � � �l�y�g� l � 	� � � �lmax�

�l�r� � maxf� j rk � pl�r� �� � � for all � � � � �l�r�g� l � 	� � � � lmax�

�l�s� � maxf� j sk � pl�s� �� � � for all � � � � �l�s�g� l � 	� � � �lmax�

�l�p� � min��l�x�� �l�y�� 	��

�l�d� � min��l�r�� �l�s�� 	��

�l � min��l�p�� �l�d���

Here lmax is the maximum order of polynomial to be used� It is given a priori based on other
considerations� �l�p� is the maximum possible step along polynomial pl�x� �� in the primal space
which does not violate non�negativity� The restriction of maximum step size one ensures that we
do not go beyond a feasible point� �l�d� has a similar interpretation� �l is the maximum possible
step along polynomial pl��� ��� Now we �nd

l� � argmaxf�lg






and take

l�p � max�l�� argmaxf�l�p�� l � l�� � � � lmaxg��

l�d � max�l�� argmaxf�l�d�� l � l�� � � �lmaxg��

to be the order of polynomials for primal and dual spaces� The use of dierent order of polynomials
in primal and dual spaces generally results in slightly superior performance� This procedure was
used for all the results reported in this paper�

��� Search Direction and Step Factor

For both algorithms after the order of Taylor polynomial is decided we compute the search
directions in the primal and dual spaces as

dx � �pl�p�x� �l�p
�p��� dy � �pl�p�y� �l�p

�p��

d� � �pl�
d
��� �l�

d
�d��� dr � �pl�

d
�r� �l�

d
�d��� ds � �pl�

d
�s� �l�

d
�d���

A step factor along directions dx� dy and d�� dr� ds is computed as follows� This procedure is a
straight forward generalization of a similar procedure in Mehrotra�	�� for the bounded variable
case� We �rst �nd

lx � argminfxki 	�dx�i j �dx�i � �� i � 	� �� � � �ng�

ly � argminfyki 	�dy�i j �dy�i � �� i � 	� �� � � �ng�

lr � argminfrki 	�ds�i j �ds�i � �� i � 	� �� � � �ng�

ls � argminfski 	�ds�i j �ds�i � �� i � 	� �� � � �ng�

If minfxki 	�dx�i j �dx�i � �� i � 	� �� � � �ng � minfyki 	�dy�i j �dy�i � �� i � 	� �� � � �ng� then we
compute fp such that

�xklx � fp � �dx�lx��rklx � fp � �dr�lx� � �xk � dx�T �rk � dr� � �yk � dy�
T �sk � ds�	n�a�

fp �� max�fp� �f��

otherwise

�ykly � fp � �dy�ly��s
k
ly
� fp � �ds�ly� � �xk � dx�T �rk � dr� � �yk � dy�T �sk � ds�	n�a�

fp �� max�fp� �f��

Similarly� for dual solutions if minfrki 	�dr�i j �dr�i � �� i � 	� �� � � �ng � minfski 	�ds�i j �ds�i �
�� i � 	� �� � � �ng� then we compute fd such that

�rklr � fd � �dr�lr��x
k
lr
� fd � �dx�lr� � �xk � dx�T �rk � dr� � �yk � dy�T �sk � ds�	n�a�

fd �� max�fd� �f��

otherwise

�skls � fd � �ds�ls��y
k
ls
� fd � �dy�ls� � �xk � dx�T �rk � dr� � �yk � dy�T �sk � ds�	n�a�

fd �� max�fd� �f��

	�



�f � �
 and �a � 		�	� �f� is used for all problems�

��� Solution Update

After computing the step factor and step direction for both algorithms we update the solutions
from�

xk�� � xk � fpdx�

yk�� � yk � fpdy �

�k�� � �k � fdd��

rk�� � rk � fddr�

sk�� � sk � fdds�

��� Starting Point

A starting point was generated by using a generalization of the approach in Mehrotra�	�� for the
bounded variable case� As in that paper� to generate primal and dual starting points we consider
the least�squares problems

minimize kx� yk
s�t� Ax � b�

x � y � d�
�����

and
minimize kr� sk

s�t� AT � r � s � c�
�����

Let �x� �y and ��� �r� �s be the solutions for ����� and ����� respectively� These solutions can be obtained
by factoring a matrix similar to H in �	���� We take p � max��	�� �minif�x�ig��	�� �minif�yig� ��
and d � max��	�� �minif�rig��	�� �minif�sig� ��� Now

�p � p � �� �
��x� pe�

T ��r � de� � ��y � pe�
T ��s � de�Pn

i����ri � d� �
Pn

i����si � d�
�

�d � d � �� �
��x � pe�T ��r � de� � ��y � pe�T ��s � de�Pn

i����xi � p� �
Pn

i����yi � p�
�

Finally� the starting point is generated as x� � �x � �pe� y
� � �y � �pe� �

� � ��� r� � �r � �de�
s� � �s � �de�

�� Computational Experience

This section documents our computational experience with the higher order methods discussed
in the earlier sections of this paper� The computational results reported here were obtained on
�� of the netlib problems� Problems pilot�� and d���� were too big for our current computing
environment�

A FORTRAN �� code implementing the algorithms described in the previous section was devel�
oped� All computations were performed on a SPARC�	 Sun workstation� The code was compiled

		



using FORTRAN compiler option ��O���

Table ��	 gives the data of the tested problems� The optimal objective value given in this
table is from Bixby���� The objective value for problem maros is from the netlib index �le� We
have found �	�� that the optimal values reported by Bixby are more accurate than those given in
the current version of netlib index �le� Problems with bounds and ranges are marked by B and
R respectively� All problems were processed to remove easily identi�able null and �xed variables
using the procedure CLEAN outlined in Adler et al����� The results for greenbea and greenbeb

were obtained after a small number of free variables� which had been modeled as dierences of
nonnegative variables� were identi�ed explicitly to the code� No scaling was performed�

The matrix H in �	��� was symmetrically factored at each iteration by using the procedure
described in Fourer and Mehrotra���� Our detailed implementation also used the approach for
handling free variables described in Mehrotra �	��� The work reported in ��� 	�� is essential for
the numerical stability of the results described here� Our earlier implementations of the same al�
gorithms� which used normal equations approach to compute search direction and handling free
variables by replacing it with two non�negative variables� were unsuccessful in satisfying the ter�
mination criterion ���	� for several problems� In fact� the work reported in ��� 	�� was motivated
from the observed performance of the normal equations approach�

Tables ��� and ��� report computational results for the two basic algorithms� These tables
report the number of iterations and the cpu time �in seconds� required to solve a problem using
Algorithms I and II for lmax � 	� �� �� � � �	� and lmax � �� �� � � �	� respectively� In all cases the
criterion

�bT� � dTs� cTx�	�	 � jbT� � dTsj� � 	��	 ���	�

was used to terminate an algorithm� This ensures about eight digits of accuracy in the objective
value for all the problems� This same criterion was used in Lustig� Marsten and Shanno �	�� to
report their results� For all the problems at termination the solutions were acceptably accurate�

The results in Tables ��� and ��� show that all the problems were solved using the default setting
to the desired precision� Signi�cantly� the procedures for generating a starting point� computing
centering parameter and step factor� which were used in Mehrotra �	�� for the smaller problems
�with no bounds� worked quiet satisfactorily for the entire test set for all the dierent higher order
methods�

Now we discuss the performance of Algorithms I and Algorithms II with respect to the order
of polynomial� For convenience we use Algorithm I�o to represent Algorithm I using lmax �o� A
similar convention would be used for Algorithms II�

Both algorithms show a signi�cant decrease in the number of iterations as the order of poly�
nomial is increased from order two� From the results in Mehrotra�	�� and Lustig� Marsten and
Shanno�	�� we already know that a method using second order information saves �� to ��� iter�
ations over the �rst order method� For example� Algorithm I�� saves ��� iterations over Algo�
rithm I�	� The results here show that Algorithm I�� and I�� would save an additional 	��� and
��� iterations over I��� If we go up to I�	�� the savings in the number of iterations would be
approximately ���� For Algorithms II the respective savings in the number of iterations are ���
	�� and ����

The results also show that the number of iterations reduce very slowly �if at all� beyond a
certain order for both methods� This indicate that the improvement in the number of iterations

	�



from methods based on using Taylor polynomials may be limited�

The savings in the number of iterations does not always translate into savings in computational
time� This is because additional work is required to compute and use higher derivatives� For
Algorithms I� I�� saves about 		� time over I�� on the average� This is still more than the time
required by Algorithm II��� Note that Algorithms I solve �	��� because of the way the centering
parameter is estimated� On the average Algorithm II�� out performs all Algorithms II� However�
as expected� on several problems for which the work involved in matrix factorization dominates the
computational eorts of an iteration� II�� or II�� performs better� Most signi�cant savings are for
problems bnl�	 d�q�
c	 pilot	 which are the three most time consuming tested netlib problems�
The savings from II�� over II�� for these problems are 	��� 	�� and 	�� respectively�

	�



Name Rows Cols Nonzeros BR Objective

��fv�� ��� ���� ����� ���	�������
e�

�	bau
b ���
 � �	�
 B ����������e��
adlittle �� � ��� �������
��e��
a�ro �� 
� �� �������
�����e��
agg �� ��
 ���� �
���������e��

agg� ��� 
	� ���� ���	�
���
��e��
agg
 ��� 
	� ��
� ��	
�����
�e��
bandm 
	� ��� ��� ��������	����e��
beaconfd ��� ��� 
��� 
�
������	�e��
blend �� �
 ��� �
�	��������e��
bnl� ��� ���� ��� ����������e�

bnl� �
�� 
�� ����� ������
���	�e�

boeing� 
�� 
�� 
��� BR �
�
���
�����e��
boeing� ��� ��
 �

 BR �
���	�����	�e��
bore
d �
� 
�� ���� B ��
�
	�	
��e�

brandy ��� �� ���	 ������	���e�

capri ��� 
�
 ���� B ���		���
�e�

cycle �	� ���� ��
�� B ������

	��e�	
czprob 
	 
��
 ����
 B ���������e��
d�q	�c ���� ���� 
���� ���������	��e��
degen� ��� �
� ��� ����
����				e�

degen
 ��	� ���� ���
	 ������					e��
e��� ��� ��� ���� ��������	��e��
etamacro �	� ��� ��� B ���������


�e��
��f�		 ��� ��� ��
� �����������e��
�nnis �� ��� ���� B ������	���	e��
�t�d �� �	�� ���
	 B �����
��	��e�

�t�p ��� ���� �	�� B ����
��	��e�

�t�d �� �	�		 �
�	�� B ��������
��e��
�t�p 
		� �
��� �	��� B �������
��e��
forplan ��� ��� ��� BR ������������e��
ganges �
�	 ���� �	�� B ���	����
��
e��
gfrd�pnc ��� �	� 
��� B ��	��
��e��
greenbea �

 ��	� 
�� B �����������
	e��
greenbeb �

 ��	� 
�� B ���
	���	����e��
grow�� 
	� ��� ���� B ���	���	���e��
grow�� ��� �� �
�� B ����	�
�

���e��
grow� ��� 
	� ��

 B �������������e��
israel ��� ��� �
�� ������������e��
kb� �� �� �� B �����		��e�

lot� ��� 
	� �	�� ��������	�	��e��
maros ��� ���
 �			� B ����	�
��
�	�e��
nesm ��
 ��
 �
�� BR ���	��	
����e��

Table 
��� Problem Data Summary �A�N�
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Name Rows Cols Nonzeros BR Objective

perold ��� �
�� �	�� B ��
�	�������e�

pilot�ja �� ��� ���	� B �����
�
�����e�

pilot�we ��
 ��� ��� B �����	�	��
��e��
pilot� ��� �			 ���� B �������
���e�

pilotnov �� ���� �
�� B ������������e�


recipe � ��	 ��� B ��������					e��
sc�	� �	� �	
 ��� �����	�	�����e��
sc�	� �	� �	
 ��� �����	�	�����e��
sc�	a �� �� �
� �������	��	�e��
sc�	b �� �� �� ���										e��
scagr�� ��� �		 �	� ������
�

	��e��
scagr� �
	 ��	 ��
 ���

�
����
e��
scfxm� 

� ��� ���� ��������	��e��
scfxm� ��� �� ��� 
����	������e��
scfxm
 � �
�� ���� ���	������	e��
scorpion 
� 
�� ��	� ������������e�

scrs� �� ��� �	� �	����
�	e��
scsd� �� ��	 
��� �����������
e��
scsd� ��� �
�	 ���� ��	�						��e��
scsd� 
� ���	 ��

� �	�
e��
sctap� 
	� ��	 �	�� �������					e�

sctap� �	� ���	 ���� ������	����e�

sctap
 ���� ���	 �	�
� �����							e�

seba ��� �	�� ���� BR �������					e��
share�b ��� ��� ���� ������
����e��
share�b � � �
	 ������
���	��e��
shell �
� ���� �		 B ���	����
��	e�
ship	�l �	
 ���� ���	 ���

���
�	e��
ship	�s �	
 ���� ���	 ��������		�e��
ship	�l �� ���
 ��	�� ��		������e��
ship	�s �� �
�� �	� ���		���	�e��
ship��l ���� ���� ���� ����	����
e��
ship��s ���� ���
 �	�� �����
��
��e��
sierra ���� �	
� ��� B ���
�
�����e��
stair 
�� ��� 
��� B �����������e��
standata 
�	 �	�� 
	
� B �������			e�

standmps ��� �	�� 
��� B ���	�	���			e�

stocfor� ��� ��� ��� �����
�����e��
stocfor� ���� �	
� �� �
�	���	��
�e��
tu� 

� ��� ���
 B ���������	e��
vtp�base � �	
 �� B ����
������e��
wood�p ��� ��� �	��� �����	�����e�	
woodw �	 ��	� 
���� ��
	����


�e�	

Table 
��� Problem Data Summary �P�W�
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Order of Polynomial
Name � � � 
 � �  	 � ��
��fv
 
� �� �
 �� �� �� �� �	 � �	
��fv
 ������ ����� ������ ������ ��
�
 �����
 �
��
� �����
 ������ �
��	�
	�bau�b 	� �� 
 �� 
� �� �� 
� 
� 
�
	�bau�b ������ 

���� ��	�� 
	���� ���� �����	 ������ 	���		 	����	 �����
adlittle � �� �� � 	 	  	 	 
adlittle ��	
 ��	� ���� ��	� ��� ��� ���� ���� ���� ���

a�ro �� 	 � � � � � � � �
a�ro ���	 ���� ���	 ���� ���� ��� ���� ���� ��
� ��
�
agg �� �
 �� �� �� �� �� �	 �� ��
agg 	��� 	�

 �	� 	�� ���
 ����
 ����� ���
� ���	� �����
agg� �� �� �� � � � � �� �� ��
agg� ����� 
��� 
��
� 
��
� 
���� 
	�
� ���	� ����� ����� �����
agg� �� �� �� �� �� �� � �� � ��
agg� ����� 
��	� 
���	 
���	 
���� 
��
� ����� ����� ����� �����
bandm �� �	 �� �� �� �� �� �� �� ��
bandm 	��� ���� ���� ���	 ���� ��� �
� 	��� ��� 	���
beaconfd ��   � � � � � � 

beaconfd ��� ���� ��
� ��� ���� ���� ���
 ��	� 
�� ����
blend �� �� � 	  	 	   �
blend ���� ��	� ���
 ��� ���� ���� ���� ���� ���
 ��
�
bnl� 
� �� �
 �� �� �� �� �� �� ��
bnl� ���	 
���� ���� 
���� ���	� �
��	 ����� ����� ����� ���

bnl� �� 

 �
 �� �� �� �� �� �
 ��
bnl� ������� ����	 ������ ��	��� 
��	
 ������ �
�� 
	���� ��
�� �����	
boeing� �	 �� �� �� �	 � �� �� �� ��
boeing� ���		 ����
 ����� �	��� ���	 ���	� ���	� �
�
� ����
 ����	
boeing� �	 �� �� �� �
 �
 �� �� �� �

boeing� ���� 
�
� 
��	 ���� ��
� ���
 ���	 ���� �
� 	��
bore�d �� �� �� � �� �� �� �� �� ��
bore�d ��� ��
� ��
� ��� ���� ��	� ���� ���� 
��� 
�
�
brandy � �� �	 � �� �� � � �� �
brandy 	��� 	��� ��
 �� �	
 ����� ���� ���� ���
� �����
capri 
 �� � � �� �
 �� �� �
 ��
capri ����� 	��� 	�	� ����� ���� ����� ����� ���

 �
��� ���
�
cycle 
 �� � �� �� �� �� �� �
 ��
cycle ����� �����	 ����
 ����� ����	 ������ �	��� �����	 ��
�	 �����
czprob �� 
� �� �� �� � � � �
 �
czprob ���
� ����� ����� ���
 ���
� �	��� ��� 	�� 	��� ������
d�q��c �� �	 �� �� �� �� �� �� �� ��
d�q��c �
	��� ������ 		���� 	����� ���� 	���
 �
� 	�	��� 	�
�	� 		��
degen� �� �� �� �� � 	 � 	 � 	
degen� ���� ����� ���
� �	�
� ���
� ���� ����� ����� 
���� �����
degen� � �	 �� �� �� �� �� �� �� ��
degen� 	�
��� ��	��� �����
 
		��� 
�
��� �	
��� 
�
��	 
���� 
�
��� �

�
�
e��� �� �� �	 �� �
 �� �
 �� �
 ��
e��� ����� ���� ���� ��� ���
 ����� ����� ���	� ���� ���	
etamacro 

 �� �� �
 �� �� �� �� �� ��
etamacro ����� ����� �	�� ���� ���� ���	
 ���		 ����� ����� ����	
��f	�� 
 �� �� �	 �� �� � �� �� �

��f	�� ����	 
���� 
��	� 
���� ���� 
��� ����� ����	 ���� �����
�nnis 
� �� �� �� �� �	 �� �� �� ��
�nnis ����� �	�
 ��
� ����
 ��� ����� ����	 ���	� �	�
 ���		
�t�d �	 �� � � �� �� �� �� � ��
�t�d ����� ����� ����� �
��	 ����� ���
 �
��� �	�	� 
��� 
��
�t�p �� �� � � �
 �� �� �� �� �
�t�p ����� ����� ����� �
�� ����� �	�	 �
��� ����� 
���� �����
�t�d � �	 �� �� �	 �� � �� �� �

�t�d ������ ������ �
��
 �	�	� �����
 ���
	 ������ �	���� 
���� 
�	���
�t�p �� �� �	 �	 �� �� �� �� �� ��
�t�p ������ ������ ������ �����	 ������ ����� ����� ����
 ��	��� �
����

Table ���� Performance of Algorithms I �A�Fi��
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Order of Polynomial
Name � � � 
 � �  	 � ��
forplan� 

 �� � �� �� �� �� �	 � �	
forplan� �	��� ����� �
��� ����	 ���	� �
�	� ����� ����� ����� ���
�
ganges �� �� � �� �� �
 �� �� �� ��
ganges 
���� �
��� �
�� ����� �	�	� 
���� �	��� 
��

 
��
� ���	
gfrd�pnc �	 �	 �� �� �� �� �� �� �� ��
gfrd�pnc ����� ���� ����� ���
� ����� ���
 ���
� �	��� ����� ����
greenbea �� 
� 
� �� �� 
� 
� �� � ��
greenbea ������ ������ ������ ������ �����
 ����	� ����� �	���� ����� 
�����
greenbeb � �� �� �
 �� �� �� �� �� ��
greenbeb ����
 �
���� ������ ��	��� ���� �
��� �

��� ����� �	��� ������
grow�� �� �
 �� �� � � � �� � 	
grow�� ����� ���	� ����� ����� ���� �
��
 ����
 ����� ����� �	�	�
grow�� �� �
 �� �� �� �� �� �� �� ��
grow�� ����� �	��� �	��� ���
� ���
 ���
� �
�	� ���� ����� ���	

grow � �� �� � � �� � 	 	 	
grow ���� ���� ��
� ���� ���
 �� ��
 ��� 	��� 	�	�
israel �	 �	 �� �� �� �	 �	 �	 �	 �
israel ���� 	�
� 	��� 	��
 	��� 	�
	 ���� ����	 ����� �����
kb� �� �� �� �� �� �� �
 �
 �
 �

kb� ���
 ��	� ���� ���	 ���
 ��
	 ���
 ��
 ���� ���	
lot� �� �� �� �� �� �� �� �� � �
lot� ���� ��� ��� ���	 ���� ��� 
��� 
��� 
�� ����
maros �� �	 �� �� �� �� �� �� � �	
maros ���� ���� ���	� ����� ���	
 �	��� ���� ��
� ��� ����
nesm � 
� �� �� �	 �� �
 �
 �� ��
nesm ����� ��	��� ��
��� ��	��� ����	 ��
�
	 ������ �
���	 ��
�
� ����
perold 
	 �� �	 �	 � �
 �
 �
 �� ��
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 �� �� �� �� � � � �
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 �� �� �� �� �� ��
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 ���
 ����� ���	� �
��� ���� �	�
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