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Stochastic Optimization

(z , x∗) = min
x

f (x) := Eω F (x , ω) :=

∫
Ω

F (x , ω) dP(ω)

s.t. x ∈ K

(1)

I K ⊆ Rd

I K and F are “nice”

I K convex

I F convex =⇒ f convex

I we can sample from P



Ellipsoid Method

min
x

f (x)

s.t. x ∈ K := {x : g(x) ≤ 0}
(2)

Assumptions

I f convex

I g convex =⇒ K ⊆ Rd convex

I oracles for f , f ′, g , g ′

I B(r) ⊆ K ⊆ B(R)

Result: f (xN)− z∗ ≤ ε and g(xN) ≤ ε~1 if

N = O(1)d2 log
R max |f |

rε



Gradient Descent

min
x∈K

f (x) (3)

Assumptions:

I f convex

I L Lipschitz constant of f

I oracle for f ′

I ignoring constraints for now

I K ⊆ B(R)

Algorithm:

xi+1 = xi − αi
f ′(xi )

‖f ′(xi )‖

Step size: αi = R/
√

i
Performance:

f (xN)− z∗ ≤ ε if N = O(1)
L2R2

ε2



Stochastic Approximation
Assumptions:

I L :=
√

supx∈K E ‖F ′(x , ω)‖2

I oracle for F ′ (and assume f ′ = E F ′)

I ignoring constraints for now

I K ⊆ B(R)

Algorithm:

I i.i.d. samples ω1, . . .

I yi+1 := yi − αiF
′(yi , ωi )

I step size: αi := R
L
√

i

I xN :=
[∑N

N/2 αi

]−1 ∑N
N/2 αiyi

Performance:

E f (xN)− z ≤ ε if N = O(1)
L2R2

ε2



Improved Convergence

I Assume c1 ‖x − x∗‖2 ≤ f (x)− z ≤ c2 ‖x − x∗‖2

I yi+1 := yi − αiF
′(yi , ωi )

I step size: αi := 3
ic1

I xN :=
[∑N

N/2 αi

]−1 ∑N
N/2 αiyi

Performance:

E f (xN)− z ≤ ε if N = O(1)c2
R2 + L2/c2

1

ε



Sample Average Method

original problem (z , x∗) = minx∈K f (x) := Eω F (x , ω)

sample average problem take i.i.d. samples ω1, . . . , ωN

(zN , xN) = min
x

fN(x ;ω1, . . . , ωN) :=
1

N

N∑
i=1

F (x , ωi )

s.t. x ∈ K

(4)

generally zN → z , xN → x∗, and f (xN) → z



Known Results for Sample Average Method

I
√

N(xN − x∗) ⇒ X

I Pr[f (xN)− z ≥ ε] ≤ δ if

N ≥ O(1)R̂2

ε2

[
d log

2RL

ε
+ O(1) + log

1

δ

]
(5)

Assuming
I F (·, ω) Lipschitz with modulus L
I K ⊂ Rd of diameter R
I R̂ := supx,ω |F (x , ω)|



New Results
The program:

1. Assume c1 ‖x − x∗‖2 ≤ f (x)− z ≤ c2 ‖x − x∗‖2, then

Pr[‖x∗ − xN‖ ≥
√

ε/c1] ≤ Pr[f (xN)−z ≥ ε] ≤ Pr[‖x∗ − xN‖ ≥
√

ε/c2]

2. Pr[‖x∗ − xN‖ ≥ ∆] ≤ δ if

N ≥ 2C 2
0

∆2c2
1

[
log

1

δ
+ d log log

1

δ
+ O(1)

]
3. So, Pr[f (xN)− z ≥ ε] ≤ δ if

N ≥ 2C 2
0 c2

εc2
1

[
log

1

δ
+ d log log

1

δ
+ O(1)

]

C0 := supx ,i ,ω |F ′
i (x , ω)|



Comparison

General complexity:

stochastic approximation: O(1)
L2R2

ε2
c(δ)

sample average method: O(1)
R̂2

ε2
c(δ)

Assuming c1 ‖x − x∗‖2 ≤ f (x)− z ≤ c2 ‖x − x∗‖2

stochastic approximation: O(1)c2
R2 + L2/c2

1

ε
c(δ)

sample average method: c2
C 2

0

εc2
1

c(δ)



Two-period problems

min
x∈K

f (x) := Eω F (x , ω)

where

F (x , ω) := min
y(ω)

r(y ; x , ω)

s.t. g(y ; x , ω) ≤ 0



Multi-period problems probably hard

in a T period stochastic problem

min
x∈K

f (x) := Eω F (x , ω)

F is the solution to a T − 1 period problem
sample average method needs O(ε−2(T−1)) samples



Discussion

I how do you deal with multiple stages?

I how do you choose the probability distributions?

I ε−2 or ε−1 complexity probably good enough for real-world
problems



Summary

I generally ε−2 complexity

I a f ′(x∗) = 0 implies ε−1 complexity

I stochastic approximation and sample-average methods quite
similar
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